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A NOTE ON ORDINARY HYPERGEOMETRIC SERIES AND
BAILEY’Y TRANSFORM

LAKSHMI NARAYAN MISHRA, RAVINDRA KUMAR YADAV AND DEEPMALA

ABSTRACT. In this paper, making use of Bailey’s transform and certain known
summation formula, we have established certain interesting transformation
formula of ordinary hypergeometric series.

1. INTRODUCTION, NOTATIONS AND DEFINITION:

The generalized ordinary hyper geometric series ,. Fs is defined by

- (a1)n(a2)n...(ar)n n

rFslay,as, ..., a.;61,ba,...,bs; 2] = z 1.1
a1, a2 b ] n; 1! (b1)n (b2) .- (bs ) (L.1)
In the above series
(7) If r < s, then it converges for |z| < oc.
(#) If r = s 4+ 1, then series converges for |z| < 1.
(#41) If > s+ 1, then series converges only at z = 0.
Gauss’s hypergeometric series is defined as
. _ = (a)n(b)n n
QFl[(Z,b, C; Z] = Zmz s (12)
n=0
where
(a)p=ala+1)(a+2)(a+3)...(a+n—-1),n=1,2,.
~ I'(a+n)
- I(a)
(a)o = 1~( :
_ (=1 "
(@)-r = f=ay;
(@)m4n = (@)m(a+m)y
Gauss- summation formula is
Fe)'(c—a—»5
o Fyfa, by c; 1] = (l(c—a—b) (1.3)

I'(c—a)l(c—1b)’
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provided that R1(¢ —a —b) > 0. [6; (1.7.6)p.28]

Some interesting formula for multi-basic hypergeometric series appear in the work
of [1 — 7). Also, many useful summations and transformations for elliptic hyper-
geometric series have been established by [8 — 19] In 1947, Bailey’s established a
remarkable, simple and useful transformation formula, which is given in the follow-

ing form.
If
n
ﬁn Z CrUp—rUn+r (14)
r=0
and
(oo}
Tn = Z6r+7nurv7'+2n (15)
r=0
then subject to convergence conditions,
oo oo
n=0 n=0

Where o, d,, u, and v, are functions of r alone.
In this paper, we shall also use the following summations.

(14+a)n(a+ 5 —=0)p
(1 + %)n(l +a— b)n
[6:(2.3.3.6)p.52]

3F2[a7bv_na(1+a_b)v(1+a’+n)71]:

(1.7)

I+ a)s(140d),

F N 1 '1 =
2 1[0,,(),( +a+b)7 ]n n'(l—l—a—i—b)n

(1.8)

[6; (2.6.1.9)p.84]

5F4[a,(1+%),b,qd;g,(l+a—b)7(1—|—a—c)7(1—|—a—d);1]n:

1+a),(1+b)n(14+c)n(l+d)y,

nl(1+a—b)(l+a—c)(l+a—d), (1.9)

[6; (2.3.4.6)p.56)
provided that, a =b+c+d

(1+a),(14+b),(14+c)p
nl(d)p(a+b+c—d),
[6;(2.6.1.10)p.84]

sFyla,b,c;d, (a+b+c—d); 1], =

(1.10)

Av1Falag, a1, ...;aq; (1 +01), (1 +b2),...(1 +ba);1]n =
(14 ao)n(1+a1)nv(1+az)n...(14+aa)n
N'(l + bl)N(]- + b2)N(1 —+ bg)N(l —+ bA)N '

(1.11)

[6; (2.6.1.7)p.84]
Under the condition

a0+a1+a2+...+aA :b1+b2+b3+...+bA,
apal + ajag + ... +ap_1a44 = blbg -+ b2b3 —+ ...+ bAfle,
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apai10ag....aa = blbgbg....bA,

2. MAIN RESULTS:

In this section, we shall establish our main results.
(¢) Choosing o, = % and u, = ﬁ, Ur = rgy; and 6 = (a)r(8), in

(1.7), then using (1.4) and (1.5), we get

(1+%_b)n
o wT ra ), M
(@)n(5n) D+ 0T +a—a )

= X )
T l4+a—a),(l4+a-0), Td+a—a)I(l4+a-—0)
Putting the value of a,, By, 7 and §, in (1.6), we get

4F3[aaﬂaa7b;(1+aib)7(]‘+aia)a(1+a’7ﬂ);7l]:

'l+al'l+a—a—p)
I'l+a—a)l'1+a—p)
(#4) Choosing

xa Polon B (14 5 =0 (1Ha—b). (1+ 1), (21)

(a)r(b)r
r(I+a+b),

in (1.8), then using (1.4) and (1.5), we get

— (4a)n(14+b)n
/Bn - n!(14a+d),

Putting the value of a,, By, 7 and 6§, in (1.6), we get

a, = and u, = v, =1, and 6, = 2"

and v, = %

oF[a,b;(1+a+0b);2] =(1—2) xo Fi[(L+a), (1 +b); (14 a—+b);z]. (2.2)

(#41) Again by choosing

(@) (0)r
ri(14+a+b),
in (1.8), then using (1.4) and (1.5), we get

_ (14a)n(A4b)n _ Lt nz"
Bn = Satttarey, ad = {g—p + aont

o, = and u, = v, =1, and 6, = rz"

Putting the value of a,, By, yn and 6, in (1.6), we get

z abz
=) xo Fyla,b; (1+a+0); 2]+ ) xo F1[(14a), (14b); (24+a+b); 2]
_ (L+a)(+b): . .
= (1—|—a—|—b) X9 Fl[(2+a),(2+b),(2+a+b)72] (23)
(iv) Choosing
oy = (a)T(l—"_%)T(b)T(C)T(d)T

rl(5)r(1+a—=b),(1+a—c),(1+a—d),
and u, = v, = 1, and §, = 2" in (1.9), then using (1.4) and (1.5), we get

_ (14a)n(14b)n(A+c)n(1+d)n oz
6” T nl(l4+a—b)n(1+a—c)n(1+a—d), and Tn = (1-2)"
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Putting the value of a,, By, 7 and §, in (1.6), we get

sFila, (1+ 5) b, (a=b—c)i 5, (1+a—b),(1+a—c), (L+b+c)iz] =

z2(1—2) x4 F3[(14a), (1+b),(14+¢),(1+a—b—c); (1+c=b),(1+a—c), (L +b+c); 2]
(2.4)
(v) Again choosing

(a)r(1+5) ¢ (0)r(c)r(d)r
(%), (1+a—b),(1+a—c),(1+a—d),

and u, = v, =1, and J, = rz" in (1.9), then using (1.4) and (1.5), we get
By = (1+a)n(14b)n(1+c)n (1+d)n Pl
n T nl

Qp =

(e (ta—o. (ra—d, ad 1w ={g—0z + =5}
Putting the value of a,, By, 7 and d, in (1.6), we get

z a a
)

(1—2)2 X5 Fyla, (14 5),177 ¢,(a—b—c) .
za(l+ §)bc(a —b—c) )
0950 ta bta ol rbio
sFa[(1+a), (2+g)» (14D), (1+c¢), (a—b—c+1); (1—1—%)7 (2+a—D), (2+a—c), (2+b+c¢); 2]

I4+a—-0),01+a—c),(1+b+0);z2]+

_z2(14+a)(1+b)(1+c)(14+a—-b—c)
I+a—c)14+c=b(1+b+¢)

4F3[(2+a),(240b),(2+¢),24a—-b—c);(2+c—b),(2+a—c¢),(2+b+c¢); 2] (2.5)

(vi) Choosing

= —T!(d(i)(rji)gf_?_rd% and u, = v, =1, and §, = 2"

in (1.10), then using (1.4) and (1.5), we get

 (14a)n (1) n (140 o
Bn = 71(d)  (atbtc—d)n and yn = -2

Putting the value of a,, B, vn and 6, in (1.6), we get

shala,b,c;d, (a+b+c—d); 2] = (1-2)3Fy[(1+a), (1+0), (1+c);d, (a+b+c—d); 2]
(2.6)
(vit) Again choosing

r(0)r(c)r r
aT:%anduT:w:Land&:m

in (1.10), then using (1.4) and (1.5), we get

_ (1+a)n(1+b)n(1+c)n _ 2t nz"
P = S @n(arbtea, ad 7 =gz 02y

Putting the value of a,, B, vn and 6, in (1.6), we get

z abcz
1-2) 1—2)dlatbrc—d)
sFa[(14a),(1+40),(14+¢);(1+d),(l+a+b+c—d);z] =
(14+a)(1+b)(1+4c)z
dla+b+c—d)
(viii) Choosing

x3 Fyla,b,c;d, (a+b+c—d);z] +

X3 Fy[(24a), (2+D), (2+¢); (1+d), (1+a+b+c—d); 2] (2.7)
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(a[))r(al)T(QZ)T---A(QA)T
N!(1+b1)r(1+b2)r(14+03) ... (1+ba)

and u, = v, =1, and §, = 2" in (1.11), then using (1.4) and (1.5), we get

_ (A+4ao)n(A+a1)n(1+a2)n....(14+aa) _m
Bn = NKlbeN(1+bSN(l+b;ST“(1+bAi; and yn = 75y

Putting the value of a,, By, vn and 6, in (1.6), we get

Qp =

A+1Falag, a1y ..cyaa; (1 4+01),(14+02),...(1 +ba); 2] =
(1 - Z)A+1FA[(1 + CLQ), (1 + (11), ey (1 + CLA); (1 + bl), (1 + b2), (1 + bA);Z]. (28)
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