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ON A GENERAL THEOREM CONNECTING LAPLACE
TRANSFORM AND GENERALIZED WEYL FRACTIONAL
INTEGRAL OPERATOR INVOLVING FOX’S H-FUNCTION AND
A GENERAL CLASS OF FUNCTIONS

VIRENDRA KUMAR

ABSTRACT. The aim of the present paper is to establish a general theorem
which asserts an interesting relationship between the Laplace transform and
generalized Weyl fractional integral operator involving Fox’s H- function and
a general class of functions. The general theorem involves a multidimensional
series with essentially arbitrary sequence of complex numbers. By suitably
assigning different values to the sequence, one can easily evaluate generalized
Weyl fractional integral of special functions of several variables. An illustra-
tion for (Srivastava- Daoust) generalized Lauricella function is mentioned. On
account of general nature of generalized Lauricella function, Fox’s H-function
and general class of functions a number of results involving special functions
can be obtained merely by specializing the parameters. For the sake of illus-
tration I have given generalized Weyl fractional integral of elementary special
functions including G-function due to Lorenzo-Hartley, which is a generaliza-
tion of a number of functions of practical utility in fractional calculus.

1. INTRODUCTION

Definition 1. Fox’s H-function occurring in this paper is defined and repre-
sented by means of the following Mellin-Barnes type contour integral [14]:
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For the convergence, existence conditions and other details of the above Fox’s H -
function, one may refer to the treatise by Srivastava, Gupta and Goyal [14].

Definition 2. Parseval-Goldstein theorem [6] for Laplace transform is defined
as follows:

If
L{fi(x); s} =1 (s)

and
L{f2(x); s} = da(s)

then

/ f1(2) é2 (x) dz = / fo (x) 61 (z) de, 3)
0 0

provided that both the integrals in (3) are absolutely convergent.
Definition 3. The generalized Lauricella function introduced by Srivastava
and Daoust [15, p.454] is defined as follows:
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The multiple series (4) converges absolutely (see[16]) for all zy , ..., z,, when Q; > 0
or for @Q; =0 and |z| < p;, (i =1, 2, ..., v), where [16, p.157]
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Definition 4. The author [8] introduced a general class of functions called
V-function defined in the following form (see also [10]):

Vo () = V™ " p, 7,k w, 4, o, a, by, @, B, 8 )
\ oo (—p)" mf:11 [(h7”)n+km] (d+an+pB)"7 (x/2)"Ftdwta (9)
n=0 jl;Il [(9-7)n+aj} 7‘1;[1 [(d)anﬁ{»br]

where

(0) p, k, w, q, By 0, kmmy aj, by (m=1,...,t; j=1,..., s;r=1,..., u) are real num-

bers.

(i) t, s, ware natural numbers.

(148) hm, g; > 1 (m=1,..84j=1,..s).

(iv) a >0, Re (1) > 0, Re(d) > 0, zis a variable and A is an arbitrary constant.
(v) The series on the R.H.S of (9) converges absolutely if ¢t < sor t =s with
(z/

o2
For detalls of convergence conditions of the series on the R.H.S of (9) one may
refer to the paper [9].

The general class of functions defined by (9) is very important and general in na-
ture as it unifies and extends a number of useful functions such as unified Riemann-
zeta function [5], generalized hypergeometric function [1], Bessel function [2], gen-
eralized Bessel function [2], Struve’s function [2], Lommel’s function [2], generalized
Mittag-Leffler function [7, 11], exponential function, sine function, cosine function
and MacRobert’s E-function [1] etc.(see, e.g.[8, 10]).

Definition 5. The well known Laplace transform is defined as follows:

o0

L{f(z);s}= /e_”f(x) dx =F (s), Re(s) > 0, (10)
0

Definition 6. The generalized Weyl fractional integral operator occurring in
this paper is defined as follows:

Wk {g (x5 21,00y 20) V{y(z —a)’} H [z(x - a)fg} ca, vy, z]

T(w)
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(11)

X g (x5 21, ..., 2y) dz,

provided that the integral on R.H.S of (11) converges absolutely.

In this paper we establish a general theorem which interconnects the Laplace
transform and generalized Weyl FIO defined by (10) and (11) respectively. This
theorem is then applied to evaluate generalized Weyl FIO of generalized Srivastava-
Daoust Lauricella function defined by (4). Several (known and new) special cases
of our results are mentioned briefly. Our findings may be useful in handling the
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problems involving Weyl FIO, as our results involve certain special functions which
are highly useful in fractional calculus.
2. ELEMENTARY RESULT

In this section an elementary result is established. This result will be used to
prove the general theorem in the next section.

Lemma 7. IfRe(c) >0, p€ R, 0 >0, Re(u+ pnk + pdw + pg) > 0 and the
conditions pertaining to the Fox’s H-function and V-function are satisfied, then
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Proof. We first express the V-function occurring on the left hand side of (12)
in series form and the Fox’s H-function involved therein in terms of Mellin-Barnes
type contour integral. Then, changing the order of summation and integrations, we
find that left-hand side of (12) is

oo (=)™ T1 [(hm)nys,, ] (d+ant)~" (y/2)mk+dute

=1y - v
n=0 I [69)ns0;] T @ansie,

(13)
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Now, evaluating the inner integral in (13) with the help of the following known
result [3, p.137, Eq.(1)]:

o0

/e*”’ o da :Fc(j), [Re(c) > 0, Re(A) > 0] (14)

0
we get that left-hand side of (12) is
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provided that Re (¢) > 0,Re (u + pnk + pdw + pg — c€) > 0.
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On interpreting the resulting Mellin-Barnes type contour integral in terms of
H-function, we arrive at the desired result (12).

3. GENERAL THEOREM

Statement 8. Let Q(rq,..., ,) be a sequence of arbitrary complex numbers,
Re(c) >0,Re(n) >0,a>0,u; €R,i€{1,..., v},

¢ (x5 21,00y 20) = 271 Z Q(r1y ey )H{(Z)x“} (16)

1m0, Ty =0 =1

and

g (¢ 21,0y 20) = L{@ (x5 21,y 20); ¢} (17)
then

WH g (z; 21y, 20) V{y(x —a)’} H [z(x - a)_a} a, vy, z]

(—p)" mfll [(hm)pyr] (d+an+B8)"7 (afy/2)mitdwte
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(18)
v k2
X Q1. o) [T { &0 @
i=1
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provided that
> 0, Re (1) Re (K =1 >0,A>0, | |<1A €ER
o , Re (p UlgbaSXN e - , , larg =z 5 ) ,
where
N P
I D VRS DR o 19
J=1 J=N+1 J=M+1

and the multiple series on the R. H. S. of (16) converges absolutely.
Proof.  On substituting the value of ¢ (z; 21, ..., 2z,) from (16) in (17) and
evaluating the Laplace transform with the help of (14), we find that

g(c;zl,...,zv):c_” Z Q(ry, .., r )H{(i), —“7} (mzum),

<y Ty =0 i=1
(20)
where Re (¢) > 0, Re(n) >0, u; € R, i € {1, ..., v} and multiple series on R.H.S
of (20) is absolutely convergent.

Replacing « by (2 — a) and using the second shifting theorem for Laplace trans-
form in (12), we get
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L{(ZL’ - a)lt_lH (ZE - CL) me;d;gj [pa T, k? w, 4, kaH aj, b7"7 Q, ﬂa 53 y(.T - a)f’]

g o[ s = emrnto

(ps,wi)1, g

(21)
where H(x — a) is Heaviside Unit function.
Now applying well known Parseval-Goldstein theorem for the Laplace transform
for the pairs (17) and (21), we obtain

f ((1j - a)uilH ({E - CL) V;Lmr,d’gj [pu T, k? w, g, kma aj, b’r7 Q, ﬁ7 57 y(‘T - a)p]
0

o |(ka, TJ)l, P
(ps,wid1, g

} g (x5 21, ..., 2y) dx

e~ (x) ¢ (x5 21, -y 2p) da.

Il

(22)
Expressing L.H.S. of (22) in terms of generalized Weyl fractional integral oper-
ator, substituting the series form of ¢ (z; z1, ..., 2,) from (16), ¥ (x) from (12) in

R.H.S of (22) and interchanging the order of integration and summation therein,
and then evaluating the z-integral thus obtained by using the Laplace transform,
we get required result (18).

4. SPECIAL CASES

(O)If we take n=0,d=1,m=1,j=1,r=1,7=1Lw=0,q=0,k =
0,a1 =0,b1=0,8=0,=0 and A =1 in (18), the V-function reduces to unity
and we obtain the results due to Goyal and Goyal [4].

(1))If we take p=1,r=1,d=1t=p,s=¢,p=-2,71=1Lk=1w=
0,¢g=0kn=0a =00b =-1l,a=18=-16=1A=1,M=1N =
P,o=1and Q@ =Q+1 in (18), the V-function reduces to generalized hypergeo-
metric function [8] and using the following known relationship [14, p.18, Eq.(2.6.3)]
therein:

D
(1—a;, 1) P
e oo, = IIT@ R TIT @) o ol G)s =)

Jj=1

we have after a little simplification
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Corollary 9.

WH g (z; 21, ..., 20) v Fy [(hp’)Q (gq’)3 y(z — a)]

x pFq [(AP) (Bq): 3 Za] 4, Y Z}

- aFM(;; ﬁ I'(By) { ﬁ F(AJ)}_l ioj Q (11, .y ) ﬁ {(zjz,ia—“m}

J=1 J=1 Ny T1,..., Ty=0 i=1
f ( > wire ). (1-Ap)
R 1+pt+n—m— u"“), 1-Ap
% 7711_[:1( )n( ) G2 P41 z =
/ P+1,Q+2 | a |0, (p+n), (1—Bg) )

(24)
where g (x; 21, ..., 2y)is given by (20). The conditions of validity of (24) are
(')a>0Re()>0 u; € R, €{1,2,.., v}.

(i3) p' < ¢ orp' =¢ +1 with |y|<1andP<QorP Q + 1 with |z] < 1.

(#i1) Series on R.H.S of (24) are absolutely convergent.

(Gilf wetake p=1,m=1,j=1Lr=1,h =1, g1=1,p=-2 7=1,k=
Lw=0g=0k —=0,a =0,b =—1,8=-1,6=1,\=1T(d),o—
1, M=2, N=0,P=1,Q=2,ki=ad - N+1, 171 =1, p1:a’+u’+1/27w1:
1, po =a' —p'+1/2 and we =1 in (18), the V-function reduces to the generalized
Mittag-Leffler function [7,11] and using the following known relationship [13, p.11,
Eq.(1.7.6)] therein:

Lp
Hp q+1[

(a—A+1,1) g -z
(Z+#+1/211)-,(a7,u+1/2,1)} =xz%e 2 Wy u(2), (25)

we have after a little simplification
Corollary 10.

W [g(gg; 2150y 20) Ba,a {y (x —a)} Wy ( ) &Y 2 }

i = ™ B (e - )y Wi (25)
a
X g (5 21, ey 2y) dx
(26)
O = R W Tlantd)

(1+/A+TL7177 i WUiT;, 1), (alf)\'+1, 1)
~ H3,1 z i=1
2,3 | a |(u4n, 1), (/4 +1/2,1), ('~ +1/2,1) |
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a

where W/ ./ (wf ) is the Whittaker function [1].

The conditions of validity of (26) are easily obtainable from those given with
(24).

5. APPLICATIONS

Example 11. If we choose € (71, ..., r,) as given by (5), then from (16) and
(20) we have

O (x5 21, ey 20)
n—1pb:p1;...;po (AJ;O/J’ ’a(’w)l :<CIJ”YI")1»P1"";( ))1 Pu U,
=x qul_ ' . (v) ~(w) zacl ey Zpx™Y
et | (B8 BYY) 08700y gy (457,65 )1q

v
(27)
and
g(C; CARRED Zv)

—n F( )Fb+1 P1iei Do (15 21545 20), (AJ§D/J7---704§;]>>1 b:
=c eeed ,
l:q1;...5qu (BJ; 5/]7_“75‘(]1’))1’1 . (28)

L) () .
(C/J7’Y/‘])1,p1’“" (c‘] g )1,1’1/’ zic Z,C Y
(d,J)[sIJ)l’ql;"‘;(d(Jv)755]v)>1 : 1 g eeey Ry
) Qv
=c"T'(n) F [zlc_“l, ey 2yl MY ] , (29)
or
9(@5 21,0 20) =TT () P [127 ey 2007 ], (30)

provided that Re(¢) > 0, Re(n) > 0, w; € R*, i € {1,..., v} and the conditions
mentioned with (4) are satisfied.

Substituting the value of Q (71, ..., 7y)and g (z; 21, ..., z,) in (18) of general the-
orem, then replacing H-function in the expression so obtained in contour integral
form with the help of (1), changing the order of integration and summation therein
and reinterpreting the series involved in terms of F-function, we obtain

WHz™"F [z127" .., zpz~ | V{y(x —a)’} H [z(ac - a)_g} ;a, Y, z}

s (—p)" li[<hm>n+km}(d+an+ﬁ>—*<a*’y/2>"k+dw+%a>“—"

E S U
=0 11 [0 0] T [@ansps, JEOIT(0)

F(u+pnk+pdw+pq—a§)

h%

XT (1 — 1 — prk — pdw — pg + 7€) FL g7 ive [k ket oo ).

(AJ;O/Jy (]v)>1 (( Iy 7)1,plv"' (v)”y(u))l pv; —uj —Uv | ],
(B B g B ) 8 )1 grs (d(v) 5(1)) 214 7, 2@ 3
T3 B gseens dy, 8 1,q77"" 1, a0
(31)
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Now, expressing F-function in terms of Mellin-Barnes type contour integral form
[14, p.88, Eq. (6.4.2)] and reinterpreting the expression so obtained in terms of
H-function of (v + 1) variables [14, p. 253-254, Eq. (C.9], we finally obtain

WH I z7F 2107 %y g2~ | V{y(z —a)’} H [z(:c - a)fg} s a, vy, z]

(=0)" T1 [(hm)nys, | (d+antB)~" (aPy/2)ri+duta

o0
at ™" Z m=1 _ -
Al &, T [0, ] TT (@D ansin,]

=1

!
x 1
J=1

el o)

za” 7

—z1a U1
0,b+1: M+1,N;1, P 1, P, . 1
H e

: (I=n+p+pnk+pdw+pg; o, u1,..., uy),
b+1,1: P, Q+1 P17Q1+1 »»»»» i Py, Qu+1 | "—zpa™"v

(1-B;0,8 ..., 8)

1,1

(1—AJ,0 ag,.. 70(]")) (kg 7o)y, p7 1 c gy /) S (1 e (1}))1,“
(it ot pdurtpa; 0, (9 05);. 3 (0, 1), (1— @280y, gy 505 (0, (1=, 057)
(32)
The conditions of validity of (32) are
()a>0,0>0,u; € R, i € {1, 2. v}, Re(n)+o min Re( ) >0, Re (1) —

o max Re (M) > 0.
1<J<N TJ

(i1) A > 0, |arg z| < 3Am, where A is defined by (19).
(7i7) The conditions (modified appropriately) which are given just below (4).

In (32) and elsewhere, H [z1, ..., 2,] stands for the multivariable H-function in-
troduced by Srivastava and Panda through a series of research papers. For the
convergence, existence conditions and other details of the above multivariable H-
function, one may refer to the treatise by Srivastava, Gupta and Goyal [14].

6. SPECIAL CASES OF (32)

(HIf wetake n=0,d=1, m=1,7=1,r=1,7=1Lw=0,¢=0,k =
0,a;1 =0, b1 =0, 8=0,0=0and A =1 in (32), the V-function reduces to unity
and we obtain the result due to Goyal and Goyal [4].

(fi)fwetake p=1,m=1,7=2r=1hm=1,g=1,¢go=1,p=1, 7=
Lk=2w=1 ¢q=0,k =0,a1 =0,a2=0,b =0, =1, =0, =1, A=
1/T'(d), u; =0, J€{2,...,v},u; (=) #0and t =1 =0 in (32), the V-function
reduces to the Bessel function and using the following known relationship [14 , p.19,
Eq (2.6.11)] therein:

T (a; + a;r)

—e

x
I (bj + 5]'7”) ’

I
M8
i

»¥q [bj,ﬁj)l ., x}

%
Il
o
v:]'Q

<
Il
—

we have after a little simplification
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Corollary 12.

W Loty [0 ety o - @) oo - )0

_ _a"" N (=D"(ay/2)*
=TT EO T(T+d+n) n!

1,0: P,Q+1p1, it | —z/a—# |(pt+2n+d;0), (ps,wi)y o3 (0,1), (1—dy,d5)

XH0711M+17N;17P1 za=?
1,91

(1=ntut2n+dio,u’): (ks 7)1, ps (1=ca, 7)1,y }
)

(34)
where the functions occurring on the L.H.S and R.H.S of (34) are Wright’s general-
ized hypergeometric function and H-function of two variables respectively (see e.g
[14]).

(#4i) Next putting p1 =0, 1 =1, v’ =1,d; =n¢ —v and §; = ¢ in (34), we
get

wH {m_"quv}n {z', x_l/q/} Ji{y(x—a)} H [z(x — a)_a} a, v, z}

_ _atm i": (=1)"(ay/2)*"*¢

=TT &~ T(itd+n) ol

0L MAT, N3 1,0 | a7 (A=ntpt2ntdio, 1) (ks,71), ;

X0 @r150,2 | Z2/a - (ut2ntd; o), (pr,wi)y i (0,1), (1—ng'+v,q')
(35)

where Gy, 5 [2/, t] is Lorenzo-Hartley G-function [12, p.15, Eq.(101)].
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