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EXISTENCE AND UNIQUENESS OF MILD INTEGRABLE
SOLUTIONS TO SOME QUASILINEAR CAUCHY PROBLEMS
FOR NONLOCAL FRACTIONAL INTEGRODIFFERENTIAL
EQUATIONS

MOHAMED A. E. HERZALLAH, ASHRAF H. A. RADWAN

ABSTRACT. The purpose of this paper is to discuss the existence and unique-
ness of mild L!-solutions to some quasilinear Cauchy problems for Caputo
fractional integrodifferential equations with nonlocal conditions. The nonlin-
ear term of the considered problem contains a fractional derivative or fractional
integral. Illustrative examples will be given.

1. INTRODUCTION

In this paper, we discuss the existence and uniqueness of mild integrable solutions
to the quasilinear Cauchy problems

‘D%u(t) = A(t,u)u(t) + f(t,u(t), [“u(t)), ae., t€J (1)
and

‘D(t) = A(t,w)u(t) + f(t, u(t), D u(t)), a.e., t € J (2)
each together with the nonlocal condition

iak u(tk) = Up (3)
k=1

where ug € D(A), Y jt ar # 0 and J = [0,T], T < oco. “D* I denote the
Caputo derivative and fractional integral of order o € (0, 1), respectively. A(t,u)
is a bounded linear operator. t; satisfy 0 <t <ty < .. <t, <T, k=1,2,..,m.
Our results are based upon the contraction mapping principle and Krasnoselskii’s
fixed-point theorem.

In fact, papers on integrable solutions for fractional-order integrodifferential
equations are limited, see for instance: El-Sayed and Abd El-Salam [10, [I1], Ben-
chohra and Souid [2, Bl 4], B], Gaafer [I5] and Souid [30]. Integrodifferential equa-
tions of fractional-order have affirmed to be valuable tools in modelling of many
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phenomena in various fields of science and engineering. For the history, appli-
cations and significant results on fractional derivatives and integrals, we refer to
[T, 7, 19, 23 25 27, B1]. Many author’s are interested in investigating the ex-
istence and uniqueness of solutions to quasilinear fractional Cauchy problems in
Banach spaces, see [26] 28] [29]. A lot of papers contain a fractional derivative or
integral in the nonlinear term of the considered Cauchy problem, see [4} [I8] 22].
The existence of solutions for abstract Cauchy differential equations with nonlocal
condition in a Banach space has been considered first by Byszewski [7]. Deng [9]
indicated that the nonlocal condition, as a generalization of the classical condition,
gives more precise measurements, accurate results and better effect for describing
natural phenomena. For different forms of nonlocal conditions, see [12, [16].

This paper is organized as follows: In section 2, Some notations, main definitions
and theorems, which are used through out the paper, will be given. In section 3,
we will study the existence and uniqueness of mild L'-solutions to the quasilinear
problem with the nonlocal condition . A clarifying example will be given. In
section 4, we will investigate the existence and uniqueness of mild L!'-solutions to
the nonlocal quasilinear problem (2))-(3)) with giving an illustrative example.

2. PRELIMINARIES

Here, we introduce some notations, main definitions and theorems which are
crucial in what follows.

As usual, let R be the set of real numbers. AC(J,R) be the space of functions
which are absolutely continuous on J, L'(J,R) be the class of Lebesgue inte-
grable functions v : J — R with the norm |[v||;1= [} [v(t)|dt, and B(L'(J,R))
be the set of all bounded linear operators from L!(J,R) into itself with the norm
Al = supyyoi {l[Au(®)],u € LI, R)}.

Definition 1 [I9, 24] The fractional integral of order @ € R* with the lower
limit 0 of a function u € L*(J,R) is defined by

L t —5)* Lu(s)ds
o [ = s

where I'(.) is the Euler gamma function.

I*u(t) =

If v e LYJ,R) and a > 0, the integral I®v(t) exists for almost every t € J.
Moreover, the function I%v itself is also an element of L!(J,R).

Definition 2 [19, [24] The fractional derivative of order oz where 0 < o < 1 with
the lower limit 0 of a function v € AC(J,R) is defined by

1

‘Du(t) = F(a)/ (t—s)* 1/ (s)ds

where the prime sign denotes the usual first derivative.

For the Caputo fractional derivative and the fractional integral, we have

°D*Iu(t) = u(t) and I* °D*u(t) = u(t) — u(0), a € (0,1).
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The Kolmogorov compactness criterion [4, [8,20] gives the necessary and sufficient
conditions in order to the set ¢ of functions in LP(J,R) be relatively compact.
Theorem 1 Let v C LP(J,R), 1 <p <oo. If

(a) v is bounded in LP(J,R), and
(d) yn =1 tt+h y(s)ds =y as h — 0 uniformly with respect to y € 1,
then 4 is relatively compact in LP(J, R).

The results of Schauder’s fixed point theorem and the contraction mapping prin-
ciple are combined into the following result by M.A. Krasnoselskii [13] 211, [32].
Theorem 2 Let (Q be a nonempty, closed and convex subset of a Banach space X.
Suppose that A: Q — X and B : Q — X satisfy the following properties:

(a) Az + By € @ for all z,y € Q;
(b) A is continuous and compact;
(¢) B is a contraction mapping.

Then, there exists ¢ € @ such that Aq + Bq = q.

3. NONLOCAL QUASILINEAR FRACTIONAL INTEGRODIFFERENTIAL EQUATION

This section deals with investigating the existence and uniqueness of mild L'-
solutions to the quasilinear problem with the nonlocal condition .

We introduce the following assumptions:

(H1) A(t,u) is a bounded linear operator on L!(J,R), for each t € J and u €
L'(J,R), and there exist constants a,b > 0 such that for all t+ € J and
u,v € LY(J,R)

JAG0) = A < alfu = v, snd b= max [A(0)].
(Hz) f:J xR? — R is measurable in ¢t € J, for any (u,v) € R? and continuous

in (u,v) € R2, for almost all t € J;
(H3) There exists a constant ¢ > 0 such that:

|f(t,uz,v2) — f(tur,v1)] < q(|ug —ui| + va —v1| ),

where (t,u;,v;) € J x R?, i = 1,2 and there exists a positive function
w(t) € L'(J,R) such that for all ¢ € J,

|£(2,0,0)] < w(t).
Consider the nonempty, convex, bounded and closed set B, such that
B, ={ueL"(JR):|lullpr <r, r>0}. (4)
To facilitate the next discussion, let
T T T2«
Tat) 27 Tlasr) "TRa+1D)

Now, we give some assistant calculations.
From (H,), we get

"= and p:=

1
Z;cn:1|ak|'

[AG, w)l| < [JAC, w) = AC, 0)] + [[AC, 0)]
< allullLr +0. ()
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Moreover,

JA(, w)u — A(,v)v]pr < ||A(, w)u — AL w)v||pr + A, w)v — A(, v)v]
< AC)lllu = ol + [[AC, w) = AC, o) [[[o]] L1
< (alluflor +b)l[u = vl + allu = o L1 ][ol s
< la(flullr + [JvllL1) + b} [l = v]| 1. (6)

From (Hs), we obtain

[t u,0)] < |F(Eu(d), o(t)) = £(2,0,0)] +[£(2,0,0)]

<q(fu@®)]+ @] )+ w(?), (7)
then
1£(u )| S/O [a(lu@®)]+o@)] ) +w(t) ]dt
< q(lullpr + [vller) + flwl - (8)
Moreover,

T
1oz, o2) — £, on) s = / [F(tua(t),va(t) — F(tun(8),00(0)] dt
OT
s/ ¢ ( Jua(t) — 1 ()] + [va(t) — a(8)] ) dt
0
< q( flug —urllpr + [lvg —vilpr). 9)

Consider the integral

¢ t
/ st — )" tds = 1>t / s*(1- st_l)ai1 ds
0 0

1
= t2a/0 (2)* (1 —2)*""dz

_ T+ 1T() s,
(2 + 1)

Using (7), and Young’s convolution inequality [6], we obtain
11 (o), I%u()] oo
T
= / [1%f(t, u(t), [%u(t))| dt
0

g/T/Ot@F(Wu(s,u(s),/os (SF(TQ))MU(T) dr )| ds dt

/ / [ <|u(8)| + /Os (5;8;_1|u(7)| dT) 4 |w(s)] ds di

IIU||L1 +71 lwllz,- (11)

IN
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Applying (H3), and Young’s convolution inequality, we get
1 1f Coul), I%u() = fv() I ()] 2

T
= [ o). 1)~ e o00) 1000
T t(t_s)a—l
g/o / T(a)
~f(tw(t), / (‘S‘F(Q)vm ar )

/ / (Iu(S) —v(s)| + /OS (S_F(Ta))awu(f) — (1) dr> ds dt

S (s—r)ol
f(s,u(s),/o (F@z)u(T) dr)

dsdt

< a7 |U*v||L1 (12)
From (5),
IT*AC, wu()lllpr < 7 (allullz, + ) [z, (13)
From (6),

I [AG, wu() = AG 0oz, < nla(lluller + [vllz) + 0 lu = vl (14)

We need the following lemma to give the main results.
Lemma 1 The solution of the quasilinear problem with the nonlocal condition
(3) can be expressed by the integral equation

m
(') 1

Z;n—l ar D Ok kz:l

Zk ar Zak IO u(t), Iu(t)) =,
+ IaA(tu) ()+Iaf(7 (t), I*u(t)). (15)

u(t) = ar I*A(t, w)u(t)|i=t,

Proof
Let u(t) be a solution of problem together with condition . Operating ¢

on , we have
u(t) = w(0) + I“A(t, w)u(t) + I f(t,u(t), I%u(t)). (16)
Putting ¢t =t in and using , we have

Uy = Zak u(ty)
k=1
= ap u(0)+ Y ap I*A(t, w)u(t)i=r, + Y ax I°f(t,u(t), Iu(t))|i=t,,
k=1 k=1 k=1
then
U
’LL(O): 0 Zak I“Atu )|t =t

Z;cn—la’k Ek 10k
Zk : kZak I F(t,u(t), I%Uu(t))] i=t, - (17)
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Substituting into ([L6]), we get the required.

By a mild integrable solution of the quasilinear problem with the nonlocal
condition (3), we mean a function w € L'(J,R) such that Y, ap u(ty) =
ug, dopqar #0 and u(t) satisfies (1F).

The following theorem gives the uniqueness result.

Theorem 3 Let the assumptions (H;)-(Hs) be satisfied. Then, the quasilinear
problem with the nonlocal condition has a unique mild solution u € L!(J,R)
if for Ay :=by1 + g2 € (0, %), we have

1—2)\

1—2X)% and
( 1) and r < Jam,

afyl[ pHuOHLl + 271”‘*}”[/1 ] <

| =

where 7 > 0 is the solution of the quadratic equation
2a1 7% + [2 (v + q72) = 1] 7+ plluol Lt + 2m [[wl[ L = 0. (18)

Proof
Suppose that the operator K : L'(J,R) — L'(J,R) is defined by

m

4o L Zak 1At w)u(t) i,

2211 ak - D ke Ok
Zk ™ Zak It u(t), I%u(t)) =, + I¢A(t, w)u(t)
+I°f(t,u (),I" (t)). (19)

The proof will be given in two steps.
Step 1. (KB, C B;)
Let u be an arbitrary element in B,..

Using with applying and , we have

Ku(t) =

T
K = / | Kut) |dt
/ |uo||dt+pz|ak|/ 11 AGt, w)ut) s, | dt
+pkzzjl|ak| / 1T £t ), Tu(t) ey |
T T
+ / 11 At wyu(t) | dt + / 1% F (b, u(t), Tu(t)] dt

< plluollzs +p Y law] 1% At wyult)]ime, | 1s
k=1

+p Y lar] 11 f(tu(®), Iu(®) le=s, |11
k=1

+ AC wu()fl[or + 11 F G ul), Iu) e
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[ K ullLx

m

< pluollr + py(allullzr +b)l[ullz Y larl + plavzllullr + yillwl o] Z\akl
k=1 k=1

+yiallullr + )l + grellullze + 7wz,
then
IKu|lpr < r

where r satisfies the quadratic equation . Therefore, K maps B, into itself.
Step 2. (K is a contraction mapping)

Using with applying and 7 we have
1K u(t) = Ko@)| < p)_ lax] 1% [A(t, w)u(t) — At 0)o(t)] |i=s, |

k=1
+p Y Jan] [T [f (8 ut), I%u(t) = f(t,0(), I0(0)] |, |
k=1

+ HI‘;[A(-,U)U(-) —A(,0)v()] ||
I [f(Eult), 17u(t) — fE, o), 17 (0)] |,
then
[Ku — Kvl|r,

m m
< lalllullzs + ollp) + 8 lu = vl Y larl + paye fu = vl Y la]
k=1 k=1

+nla(llullpy + llvllz) + 0] [lu— vl + 72 [lu— vl
For u,v € B,., we get
[Ku— Kol < 22anr +by+gv2) [lu—vfm (20)

Since 2(2avyir + by1 + qy2) < 1, K is a contraction mapping [13| 4] and it
has a unique fixed point which is the unique solution of the integral equation (L5]).
Therefore, by lemma 1, the quasilinear problem with the nonlocal conditio
has a unique mild solution v € B, C L'(J,R). This completes the proof.

For the existence result, we give the following theorem.
Theorem 4 Let the assumptions (H;)-(Hs) are satisfied. The quasilinear problem
(1) with the nonlocal condition has at least one mild integrable solution u €
L'(J,R) if for Ay € (0, %), we have

1+2(qv2 — A1)

1
am [ plluollz, +2nllwllz, | < g(l —2\)? and 7 < dam,

where r > 0 is the solution of the quadratic equation .

Proof
Suppose that the operator K is defined by Ku(t) = Kju(t) + Kau(t), where

Kiu(t) = I*f(t,u(t), ["u(t)) Zk : kzakf Ftu(t), I%u(t)) |i=s,, (21)
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and

m
(N 1

Kou(t) = = - =
7ulf) D k1 Ok Zk:ﬂlk;

ar T (A(t, uu(t)) =, + (At wu(t)).

(22)

The proof will be given in four steps.
Step 1. (Kju + Kav € B, whenever u,v € B,.)

Using and with applying and , we obtain
[ K1u(t) + Ko (t)]|

< f(tu() )+ p Y] 117 u(t), Iu(t)) o=, |

k=1

+plluoll +p Y lanl 115A( 0)o(8)i=ee | + 117 A, v)0 ()],

k=1
then
||K1u + KQUHLl
m
< grellull + nllwlo + plevallullr +mllwllz] D laxl
ps
m
+ plluollr + pra(alvllpr +0) vl > larl+yiallv)r + b)lvllzr.
k=1

For w,v € B,, we get
| Kyu+ Kavl[pn < 7,
where 7 is the solution of the quadratic equation .
Therefore, Kiu+ Kov € B, whenever u,v € B,.
Step 2. (K, is continuous)
Let {u,}2°; be a sequence in L'(J,R) such that u, — u € L'(J,R) as n — o0
for all t e J.
By using and applying , we have
[ K yun (t) — Kyu(t)]|

< I (f @ un(t), I%un(t)) — (1t ult), Iu(t))) |
+ ) Jar] 11 (f(t un(t), Tun () = f(E,ult), I*u(t))) =, |,
k=1
then

m
[Kyun — Kvulln, < g2 lun —ullpr + pgyz [t —ullpr Y lax|
k=1

< 2¢72 |Jun —ulpr. (23)

Letting n — oo, the right hand side of tends to zero. Therefore, K; is
continuous.
Step 3. (K is a compact operator)

Clearly that KB, is bounded in L!'(J,R) which is the first condition of Kol-
mogorov compactness criterion (Theorem 1).
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Firstly, we prove the continuity of Kyu for all u € B,.. For 0 <t; <ty <T, we
have

Y= (-9 .
Iwaten) ~ svutel < [ (R0 - B ) I, ) ds
[Tt 1) s
then
ty (tz _ S)a—l (tl _ 8)(1—1
IKiulte) - Kouen)los < G+ ol [ (Bp 2 - B2 a
to —g)a—1
) [T
qurza‘*‘JolJ)HLl (19 — 2.

As ty — t1, we obtain ||[Kju(te) — Kqu(ti)||pr — 0. This shows that Kju is
continuous.

Now, we have to show that (Kju), — (Kju) in L'(J,R) for each u € B,..
Consider then,

T
[(Eru)n = (Kyu)l| :/0 |[(EKyu)n(t) — (Kyu)(t)] dt

T
-,
Since Kju is continuous on J for all u € B,, then }lLin%)%fttJrh(Klu)(s)ds =
—

(Kju)(t). That is, the right hand side of tends to zero as h — 0 and

+ tt+h(K1u)(s)ds — (Kju) uniformly. Then, by Kolmogorov compactness cri-

terion, {Kju(t)} is relatively compact. Therefore, K is a compact operator.
Step 4. (K3 is a contraction mapping)

Using and (14), we have

t+h
%/t (Kyu)(s)ds — (Kqu)(t)] dt. (24)

1Kzu(t) = Kov(®)] < pY sl [1°(A(t wyu(t) = A(t,0)o(t))|e=, |
k=1

+ (A wul.) = A, v)o())]);

then for u,v € B, with applying @, we get

pv1(2ar + b)|lu — v|| 2 Z lax| + 1 (2ar + b)||lu — v|| 11
k=1
2v1(2ar + b)||u — vl 1. (25)

IN

[ K2u(t) — Kav(t)| 1

IN

Since 2791 (2ar + b) < 1, K, is a contraction mapping. As a consequence of
Kranoselskii’s fixed point theorem, K has at least one fixed point. Then, the
quasilinear problem with condition has at least one mild solution v € B, C
L'(J,R). Therefore, the proof is completed.
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Example 1 Consider the following fractional nonlocal problem

cni — —3,—t 3 .
D25 2(t) = 107 3e tsin(z(t)) z(t) + (et+9)(1+\z(1t)\+|1ax(t)|)7 te[0,1]; (26)
Zk:14 I(tk) =1, 0<t1 <ta < 1.
Set
A(t,x) =10 3e P sin(z(t)) I, (t,2) €[0,1] xR
and
1
ft,x,y) = , (tx,y) € [0,1] x R x R.
Ge) = G ey 000 €0
Then,
|A(t, 1) — A(t, x2)|| = |10 ™" (sin(z1 () — sin(z2(1))) |
<1073 ||y — 2|
S 10_3 Hxl — l‘QH,
and

|f(t,l’1,y1) - f(tv 172,y2)| =

1 1 1
(e +9) (1+x1|+y1| - 1+|le+lyz>’
|z2| — |@1] + |y2| — [v1]
(et +9)(1 + |z1| + |y1 (1 + 22| + [y2])
< |z1 — z2| + |y1 — Y2
(e 9+ 2|+ [y (A A+ [z2] + [y2])

R (lz1 = 22| + [y1 — y2])
< < (o — 2] + Iy — 12l)
=70 Tl — T2 Y1 —Y2|)-

So, we have

T=1, a:% —2 q=|lwl = 110, Shiar=8#0,up=1a=10"3 b=
0, p=5 m= (1 o 2= (118) + r(114) and Ay = 55 € (0, 7).

The quadratic equation will be

0.002254 1% — 0.5598 r + 1.5504 = 0

which gives r = 2.8 . Therefore, all conditions of Theorem 3 are satisfied. Then,
problem has a unique mild solution x € By g C L([0, 1], R).

4. NONLOCAL QUASILINEAR FRACTIONAL IMPLICIT DIFFERENTIAL EQUATION

In this section, we investigate the existence and uniqueness of mild integrable
solutions to the nonlocal problem —.
Let y(t) be a solution of the integral equation

y(t) = At ) (Vy + Iy (8) + f(&, Vy +1%y(1), (1)), (27)

where for brevity,

Uo
V = Qg I y It t (28)
Y Dk @ Ek 1@ Z *
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Lemma 2 Let u(t) be a solution of the nonlocal quasilinear problem (2))-(3)). Then,
u(t) is a solution of the integral equation

u(t) =V, + I%y(1). (29)
Proof
Let u(t) be a solution of the nonlocal quasilinear problem — and
CD%u(t) = y(t). (30)
Operating I on both sides of , we get
u(t) = u(0) + I%y(t). (31)

Putting t =t; in and using condition (3], we obtain

wo =Y _ag u(te) = > aru(0) + Y ax I*y(t)]i=s,,
k=1 k=1 k=1
then

u(0)

B > i a - D he A —

Substituting into , we get the required.

U 1 i
0 S a Y ()lier, = Vi, (32)
k=1

By a mild integrable solution of the nonlocal quasilinear problem —, we
mean a function u € L*(J,R) such that ;" | ar u(ty) = uo, Y ar # 0 and
u(t) satisfies the integral equation (29).

Consider the nonempty, convex, bounded and closed set B, such that

B, ={ye L'"(J,R): |yllp <o, 0 >0}. (33)

In what follows, we display some useful calculations.
For y € LY(J,R),

1%l <71 [lyllze- (34)
Using and , we obtain

m
Vyllz, < plluollzs + o larl 11y ()=t ll2s
k=1

< plluollzr +nllyllL:- (35)
From ,
lullz, < [Vylle, + 11yl L,
< plluollr + 2mllylzr (36)
Applying (Hy) with , we get
IAC, w)llz, < 1A uw) = AG, 0L, + [JAC, 0)| 2,
<alullz, +b
< a(plluollrr +2mllyllzr) + . (37)
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Moreover, as in (6]), we get
[AC, wu — A v)vl e < (a(fullpr + lvl[or) +0) [lu — vl 11
< [2a(plluollzr + 2mllyllLr) +b] [lu — v 1. (38)
Applying (Hj), and , we obtain
£ G Vy+1%0), y() e, < allfuller + [yllea] + [lwllz,
< q(plluollr + (271 + Dllyller) + llwlz,. (39)

Moreover,

||f(’ Vyz +Iay2(')7 yQ()) _f(" Vyl +Iayl(')a yl()) HLI

< pa ) lawl 177 (y2(t) = y1(8) le=ee |2+ 1% (2 = y1) oo+ g2 — w1l
k=1

< 4@ +1) |ly2 — ylle, - (40)
The following theorem shows the uniqueness result.
Theorem 5 Let the assumptions (H;)-(Hs) be satisfied. The nonlocal quasilinear
problem (2)-(3) has a unique mild solution u € L'(J,R) if for Aa := v1(2ap||uo|| 11+
b+q)+qe€ (0, %), we have

1—[(b+g) 7 + A
dan?

1
artlplluoll i (aplluol L +b+a)+|lwll ] < 75(1—=22)* and o <

where o > 0 is the solution of the quadratic equation

dario® +{[271(2apluo|l L1 +b+q) +q] — 1} +plluol| L (aplluoll L2 +b+q) +[|w| .+ = 0.
(41)

Proof

Suppose that the operator G : L*(J,R) — L!(J,R) is defined by

Gy(t) = A(t,u) (Vy + I%y(@) + f (8, Vy + I7y(1), y(1))- (42)

We divide the proof into two steps.
Step 1. (GB, C By,)
Using for y € L'(J,R), we have

IGy@OI < [AC ) CIVy I+ IO + [1F (Ve + 1y(@), y(®)]-

Then, for y € B,, by using ,, and , it is easy to see that |Gy||;r <o
where o > 0 is the solution of the quadratic equation . Thus, G maps B, into
itself.
Step 2. (G is a contraction mapping)

Using for all y,z € L'(J,R), we have

1Gy(t) = G=(0)
< AWl <pz lan| I1%(y(#) = 2(8)e=c, | + 117 (y(8) — Z(t))|>
k=1

+F(E Vy+I%(), y(t) — f (& Va+I%2(1), 2(0)) |
For y,z € L'(J,B,) with using (34), and ([40), one can get
Gy — Gzl < {2m [a(plluollLr +20m) + b+ gl +q} [ly — z[[11.
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Since 27v1 [a(plluollLr +2071) +b+4q]+g <1, G is a contraction mapping and
it has a unique fixed point u € B, C L*(J,R) which is, by Lemma 2, the unique
mild solution of the nonlocal quasilinear problem —.

What follows deals with the existence result.

Theorem 6 Let the assumptions (H;)-(H3) be satisfied. Then, the nonlocal quasi—
linear problem (2)-(3) has at least one mild solution u € L*(/J, R) if for Ay € (0, 1),
we have

1
artlplluoll i (aplluoll: +b+a) + llwlln] < 5 (1= A2)?

and )
» < L= [2m (apllléoHL1 +0)]
daryi

where o > 0 is the solution of the quadratic equation .
Proof
Suppose that the operator G is defined such that Gy(t) = G1(t) + Ga(t) where

Gly(t) = f(tv Vy + Iay(t)a y(t))v (43)
and

Gay(t) = A(t, u) (V, + I%y(t).) (44)

The proof will be given in four steps.
Step 1. (G1y + Gaz € B, whenever y, z € B,,)

From and ( @,
1G1y(t) + Goz(t)]| < ||f(t Vy +1%(@), y@)I+ 1AC Wl CIVE -+ [T=2(0)]) -

For y,z € B,, by using (34)), (35), (37) and (39), we get that |G1y + Gaz|/12 <o
where where o > 0 is the solution of the quadratic equation . Thus, G1y+Gsz €
B, whenever y,z € B,.
Step 2. (G; is continuous)

Assumption (Hs) implies that Gy is continuous.
Step 3. (G; is compact)

Clearly that G B, is bounded in L'(J,R) which is the first condition of Kol-
mogorov compactness criterion. Let y € B,. Using with applying Theorem 1,
we have

1(Giy)n — (Gry)|l o2

/ (Gry)n(t) — Gry(t)|dt
:/ |E (Gly)h(s)dS—Gly(t)|dt
0 t

T t+h
< / {}1 / |<Gly>h<s>—aly<t>|ds}dt

T t+h
1
</ (h [ 156 Vo 100l 9(9) = Fl6 Vi 100, y(0) ds) ar
0 t

Since y € B, C L'(J,R) and assumption (H3) holds which implies f € L(J,R),
the right hand side of the above inequality tends to zero as h tends to zero. Thus,
(G1y)n — (G1y) uniformly as h — 0. Then, by Kolmogorov compactness criterion,
the class of {G1y(t)} is relatively compact and therefore G is a compact operator.
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Step 4. (G5 is a contraction mapping)
Let y,z € B,. Using , we have

[G2y(t) — Ga22(t) ||
<[l AC Wl (pZIGkI 1% (y(t) — 2(0)|e=e, | + 11 (y(t) — Z(t))H)

then
G2y — GazllLr < 2mfalplluollzr +2071) + 8] [y — 2|1

Since 2vi[a(p|luol|lrr + 2071) + b] < 1, Gy is a contraction mapping.

As a consequence of Kranoselskii’s fixed point theorem, G has at least one fixed
point in B,. Thus, the nonlocal quasilinear problem — has at least one solution
in B,. Therefore, the proof is completed.

Example 2 Consider the following fractional nonlocal problem

1 27 3¢ 1 .
“Dia(t) = warenirran () + wremEerEo=ens ¢ € 01 (45)
S 107 22(ty) =1, 0 <ty <ty < 1.

Set
2 3¢t
Alt, ) = I, (t,2) €[0,1] xR
(t,2) 99+ et)(1 + |z) (t,2) € [0,1] x
and
1
t,x,y) = , (tx,y) € [0,1] x R x R.
ftz,y) BT 71y (t,z,y) €[0,1]
Then,
93¢t 1 1
At Alt, _
ALt 21) = At ) ”99+et <1+x1 1+|x2|>H
2= 3¢t
<z = _
< 2 sl —
2 3¢t
<2 = _
< 59 e |21 — 22|
< oy — s
=800 1 — L2

and similar to Example 1, we obtain

1
|f(t,x1,y1) — f(t, @2, y2)| < 50 (lz1 = z2| + ly1 — y2l) -

So, we have

T=1, a—i m:2, = ||w||L1 Shiar =15, uo =1, a=gg5, b=0, p=

_ 1 _ 9 1 : ‘
50, v1 = i) = 05 + (%) and A\ = z5 € (0,5). The quadratic equation
will be

0.00608 02 — 0.66013 o + 4.145 = 0.

Therefore, all conditions of Theorem 5 are satisfied. Then, problem has a
unique mild solution = € Bg.7 C L'([0,1],R).
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