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HANKEL DETERMINANT FOR BI-BAZELEVIC FUNCTION
INVOLVING ERROR AND SIGMOID FUNCTION DEFINED BY
DERIVATIVE CALCULUS VIA CHEBYSHEV POLYNOMIALS

I. T. AWOLERE

ABSTRACT. In this investigation, a new subclass of bi-univalent function was
introduce by means of differential operator involving error function and mod-
ified activation function via Chebyshev polynomials. The coefficients bounds
and second Hankel determinant of this class were established using subordina-
tion principle.

1. INTRODUCTION

Let H denote the class of functions of the form
f) =2+ aps® (1)
k=2

which are analytic in the open unit disk E = {z: z € C, |z| < 1}, which satisfying
normalized condition f(0) = f/(0) —1=0.

A function f is said to be univalent in a domain F if it is injective in E and it is
call a starlike domain with respect to origin denoted by f € S*. A function f € S
convex function is one which map unit disk comformally onto a convex domain
denoted by K. For a given 0 < v < 1, a function f € A is call a starlike of order +,

Z}C(S)) >~and z € E.

Furthermore, for 0 <y < 1, a function f € A is called convex function of order ~,

class of such function denoted by K(v) if Re (1 + ZJ{,/;S)) > .

Fractional calculus is considered one of the important branches of mathematical
analysis and enormous progress has taken place recently in the study of fractional
integral and differential operators because various operators provides tools of con-
siderable importance in geometric function theory. Different types of fractional
integral and differential operators were introduced by different researchers such as

Salagean operator, Ruscheweyh operator, Strivastava operator, Abdunaby el al.

class of such function denoted by S*(v) if and only if Re (
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operator,e.t.c [see (3,9,12,30,37,39)]. For details about the fractional calculus oper-
ator see [2,22,47].

Also, in recent time, several authors studies family of analytic function involving
special functions such as activation, error function , Bessel function defined by A
to find different conditions such that the member of such functions have certain
geometric properties like univalency, starlikeness and convexity. But concern of
this paper is that of error function which was by normalized by Ramanchandran
[38] as

mZ = —1)k1
Erf(z) = Cerf(\/g) =2+ 1;2 DT (_ 1))(k — 1)!Zk (2)

Originally before normalization the error function is given by [4] as
1)k=1,2k+1

2 2 (=
erfe)= gz [ et = 23 o @

The function (3)is an important in estimate the probability of observing a particle
in a specified region [3]. Error function also present in which is a part of transport
phenomena, significance in many discipline of physics, chemistry,biology, thermo
mechanics and mass flow [4]. See [13] and [5] for properties and inequalities of error
function and [16] for the properties of complementary error functions.

It is well-known that every function f € S has an inverse f~! defined by

UE) =5 (e B)
F () = w, (|w|<ro<f>, To(f)>1)7

It is easily seen from above that where

FHf@) =2 (z€B)

p ) =ut (jol <. nlh) = 7).

Let > denote the class of bi-univalent in E by the relation (1). The idea of bi-
univalent was conceptualized by Lewin [26] in 1967 and he confirmed that the second
coefficient |as| < 1.51. However, Netanyahu [27] later proved that maxy |as| =
%. The coefficient problem for each of coefficients |a,| is still an open prob-
lem see ([11],[27], [28]) for details. For more work on bi-univalent one can see
[8,17,21,30,31,32,41,43,45,46,48].

Now, Noorman and Thormas [29] stated the ¢*” Hankel determinant for ¢ > 1 and
n>1

2% Ap+1 T An+q+1
H2(2> _ An+1 An42 s An+q+2 (4)
Uptqg—1 Opiqg—2 =" Ap42q—2

where al,s are coefficient of various power of z in f(z). Later, this determinant
has been repeatedly investigated by several authors and researchers [15,19,23,37,38]
among others. In particular, Fekete and Szego consider the Hankel determinant of
feAforg=2andn=1

ayp a2

B®) =14, o

()




254 I. T. AWOLERE JFCA-2020/11(2)

Then they later generalized the estimate as |a3 — ,ua%’ where p is real and f € S.
Recently, Fadipe et al.[19] considered a function involving modified Sigmoid func-
tion

Fr(2) =24 ) ()2 (6)
k=2

where v(s) = 1-&-%’ s > 0 and s is real. Furthermore, if f and g are analytic in
E, and f is as defined (1) and g(2) = 2 + Yoy bi2” then

(f*9)(z) =2+ Y anbiz" = (g% f)(2)- (7)

k=2
From (1) and (6) using (7) we define
- (=D*! k
E = —_
rfy(z) =z + kZZQ @h—1) (k= 1)!7(5)%2 (8)

where all parameters are as earlier defined.
From (8) we have

E a - (_l)k_l k * 9
rfy(z)*=|z+ kz::z mV(S)GkZ 9)
Expand (9) binomially we get
a _ aig a+1 g 01(05*1) 2 2| jat+2
Erf.(z) z 37(5)1122 + 107(5)(13 + TR (s)az| =
- 2a(ega — MO 2 yana - O g g
Ergy(w)” = w® + Sy(s)anu! + [+°‘(‘”1§”v2<s>a3 - 1087(8)613] zot2
00 = ST ey + MO D e s

Applying Salagean derivative operator [41] on (10) and (11) we get

PEELEE ot (U20) i [ratoias + ey ] (12) s

anz® 3\ « 10
s = 22 g - MO g (222) e g

D"Erg.,(w)“ o o fa+1\" o ala+1) ! a+2\"
anzZa —witg T, v(s)azw +T72(S)ag - 17)7(5)“3 a 2T
®(Saa a(a—i_l)ny(s)a ot a(a+1><a+2)73(8)a3 a+3\" s (13)

42 4 30 28 162 2 a

Researchers like [1], [20], [32], [33], [34], [42] and the likes have used (10) to define
several classes of analytic functions and obtained interesting results which are too
numerous to discuss.

The Chebyshev polynomials are a sequence of othogonal polynomials which are
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practically related to De Moivres formular and which are defined recursively. Cheby-
shev polynomials play an important role in numerical analysis. For details about
Chebyshev polynomials see ([6],[7],[10],[19]). There are four kinds of Chebyshev
polynomials, we shall only concern ourself with Chebyshev polynomials of second
kind. Chebyshev polynomials of second is given as

sin(k 4+ 1)«

sina

where k denotes the degree of the polynomial and t = cosa. The Chebyshev

polynomials of the second kind Ug(¢), ¢ € [—1,1] have the generating function of
the form

U(t) = te[-1,1], (14)

1 = sin(k + 1)
H(z,t —_— =1 —_— " 15
(2,1) = 1— 2tz + 22 + I; sina * (15)

Note that if ¢t = cosa, a € (FF, ).

Thus
1 sin(k + 1
H t T e T n.
(2,1) 1 — 2cosaz + 22 21 sino

Using Fadipe et al [19], we state that
H(z,t) =14+ U ()z+Ua(t)22 + ...  (2€E, te[-1,1]),

where
sin(karccost)

Vi—
are Chebyshev polynomial of the second kind.
It well known that

Ui_1 = ke N

Uk(t) = 2tUk,1(t) — U}C,Q(t)

so that
Ul(t) =2t, Us(t)=4t> —1, Us(t) =8t — 4t. (16)

2. Lemma and Definitions
Lemma 1 [14]: If w(z) = byz+boz? +..., b1 # 0 is analytic and satisfies |w(z)| < 1
in the unit disk E, then for each 0 < r < 1, |w/(z)] < 1 and |w(re?)| unless
w(z) = €2 for some number 6.
Lemma 2 [42]: The power series for p(z) = 1 + > oo, k"cp2".function Let the
f € By, be given by (1) then

2 = +x(4—c)
for some z,|z| < 1 and
deg = +20(4— ey —a1(A— A2 + 24— (1 — |z*)z

for some z,|z| < 1.
Definition 1: A function Erf® given by (5)is said to be in the class THs- (v, A, 7(s)),
a >0, s> 0if it satisfies the following
D"Erf.,(z)* N )\D”HErf,y(z)a

amzo an+1 P

(1- ) < H(z,t) (17)

and
D"Erg.,(w)® N )\D”“Ergv(w)o‘
anw® an-‘rlwa

(1-=2X) < H(w,t) (18)
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where v(s) = ﬁ
Theorem 1: Let f € THy-(a, A, y(s)). Then
o] < A (19
V12022 (2£2)" [+ 23] — (422 — 1) (%£2)" [a+ A]2[ 12(s)
20t 20t
las] < (O“TH)2 nla + Ay(s) ’ (QTH)YL [ + 2A]7(s) (20)
aa < 168t N 168t3 283+ 4)
= (O‘TH)2 nla+ A]2v(s) (QTH)R (QTH)H [ + Ao + 2A]7(s) (QT‘H)?’ nla 4+ AI3v(s)
B 84t B 84(4t* — 1) B 42(8t% — 4t) (1)
()" [a+3M7(s) ()" o+ 3Av(s)  (2E)" [a + 3M]y(s)
Proof: It is evident from (17) and (18) that
% (“Z 1) o+ AJy(s)as = Uy (£)es (22)

5 (22) farooan 60+ U (C22) farron 00 = a0+ 30t

10 18
(23)
5 (22 s+ 2anno - L () s s
a0 2) (013Y o g = o 0+ 2l ) (20
% (OZ;—I) l [ + ANy(s)ag = Uy (t)dy (25)
(alg : <a;2> [a+2A]72(8)a§—T10 <a22> [o+2)]7(s)az = daUs (1)+d3Ua(1)

(26)
and

5 () + 2(oga - 20D () o a2

(ot 11)6(; +2) (a ;_ 3)" [a+3My3(s)a3 = d3U; (t)+2d1d2Us (t) +d3Us(t) (27)

From (22) and (25)

o1 = —dy. ay= 3UL(t)er _ 30D
L (D e+ As) () [a+ A (s) (28)

and

g <a . 1> nla + N*y%(s)a3 = U (t)[c] + df] 29
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It is evident from (23), (26), (28) and (29) that
QU (t)[c2 + do]
[QU2(t) (222)" [a + 2X] — 205(t) (2£2)* nfa + AJ2]72(s)
It is fairly well known [14] that if |w(z)| < 1 and |v(z)| < 1 then
leil <1, andl|d;)| <1, for all i€ N (31)

2 _
Qg =

Applying Lemma 1 in conjunction with (31) and (16) on (30) readily yields
6tv/2t
o < n n
\/‘2at2 (2£2)" [+ 2M] — (442 — 1) (2£2)" [a + A]2|72(s)
Again, from (23) and (26) it is evident that
5UZ(t)(c? + d? 5U (T —d
o SUEOCEEE) U= ) .
2 () nla+ Ny(s)  2(%22)" [+ 2M]y(s)

Applying Lemma 1 for the coefficients ¢1, ¢, di and do and making uses of (16)
and (31) we have

202 20t
() ot () (%2 o+ 20(s)
Next, by (24) and (27) we notice that

21(C? + d3)U3 () 21(Cy — do)UE (1) T(a? +4)UR(t

(33)

las| <

ay = _ )
FT D @ )R() 2 () (22) (a+ Aa+20705) (ZEL) (a4 A (s)

21(63 - dg)Ug(t) . 21(0102 - dldg)Ug(t) . 21(0? - d?)Ug(t) (34)
()" (@ +30)7(s) ()" (a+3M\)7(s)  (2H)" (a+3M\)y(s)

[e3 o [e3

Again, applying Lemma 1 for the coefficients ¢y, ¢, di, da2, c¢3 and dz and
making uses of (16) and (31) we have

0] < 168t3 N 168t3 28t (e* 4+ 4)
T ) Ay ()T () o+ Xl 203(s) (25 nfa + ABA(s)
84t 84(4t% — 1) B 42(8t% — 4t) (35)

() e+ 3M(s) (2E) [a+3Ny(s) (<L) [+ 3A](s)

[0
as asserted by (21) which complete the proof.
Corollary 2: Let f € THs (1, A,7(s)). Then

al < G2t (36)

V12082371 + 2X] — (42 — 1)37[1 + AJ2[72(s)

20t2 20t
<
sl < S ) T T 2 () (37)
aa < 168t* N 168t 28t (a® +4)
T4 APy (s) T 2031+ Mo+ 20]5(s) 23 [a + AJPA(s)

84t 84(4t% — 1) 42(8t% — 4t) (38)

_4”[1 + 3\y(s) B 471 + 3\]y(s) - 471 + 3\]v(s)
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Theorem 2: Let f € THg-(a, A, y(s)). Then

lazas — a3| < 07* + By (39)
where
—2(By + B) a+1\" fa+1\"" )
0=A — B —By, y=-——1T72 o 3
1 1 2, 7 Al*Bl*BQ’ o o (a+ )
336t% — 168t%a?]A — 126t B — [1008t% — 252¢] — 100t D
12[ n] Tan [ ] , Y=4B1+CY)
(253)" (2™ (a+ 3N (@ + 3A)2(s)
1008t3 + 252t — 252¢ 126¢2
B, = * C =

(55)" (25)" (e + N+ 3X)72(s)”

[e3 (03

A= (“23>n(a+x)3(a+3x), B— (“:3>”(a+A)3, D O‘;r?’)n(wm)

(253)" (2E1)" (o + M) (o + BA)Y2(s)

[e3

Proof: It is evident from (28), (32) and (34) that
ara—a2 = 21(24— Uit 2 63¢2(cy — do)U2(t) B 55031[]{1@)
2(922) " (e N12(s) 2 (o) (92) " (a+ 22 (e +20)92(s)  (23H) ™ (a+ A)1y2(s)
252U12 (t)C%CQ _ 126U1 (t)U3 (t)cél1 63[03 — d3]U12 (t)Cl

() @ N +302(s) () @+ N(a+3072(s) ()" (@ + M (a+3N)72(s)

256? (62 - d2)U12 (t) o 25Ui‘3(t)[62 - ngUlz(t)
2 (CE1)*" (22)" (0 4 N)2(a + 20)72(s)  (2£2)™" (a + 20)292(s)

(e «

(40)

According to Lemma 2 we have
2 =c +a(d—cl) and 2dy = d? + (4 — d?)
hence we have
Cy = dg
deg =4+ 22(4— ey — 24— A)er + 24— ) (1 — |2])
4ds = d3 4+ 22(4 — d2)dy — 2%(4 — dP)dy +2(4 — dD)(1 — |2%)
and ) )
cs —ds = ici’ +z(4— ey — §x2(4 — ey
Thus upon substitution and letting ¢; = ¢ we get
5 [336t* — 168t1a?]A — 126t* B — [1008t% — 252¢] — 100t*D \ ,
204 — Q3 = Py an C
(95)" (45) " (a+ 304+ 3X)72(s)

[e3%

[

[e% [e%

( 10083 + 252t — 252¢ 12612

) (a‘jl)n(aJ”\)(aer)VQ(s)) clie )$+<(a;3)n (W)n(a+/\)(a+3/\)72(s)> Sl

where

A= (O‘“’)n (@+AN*a+3)), B= (“3)" (a+ )7,

« «

C = <O‘a+1>n <O‘Zl>3n (a+3))7% D= (O‘a 3)n(a+3)\)

+
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Since |¢| < 1 by using Lemma 2, we may assume without restriction ¢ € [0, 1]. Thus
using the triangle inequality, with p = |z| we obtain

|a2a4 — a§| < Ayt + Blc2(4 — pz)p + 0102(4 — C2)p2

= F(c, p),
where
A [336t* — 168t*a?] A — 126t* B — [1008t3 — 252t] — 100t* D
1 = n n

(22)" (=)™ (a + 304 + 3A)2(s)

B 10083 + 252t2 — 252t o 126t2
1= T o [0 ’ 1= 75 "« n
(982)" (25" (@ + M (a+ 3A)72(s) (252)" (551)" (a + M(a +3M0)72(s)
Then,
Z—F = Bic*(4 — )+ 20124~ A)p
p

It is clear %—i > 0 which shows that F(c, p) is an increasing function on the closed
interval [0, 1]. This shows that maximum occurs at p = 1. Therefore maxF(c, p) =
F(e,1) = G(c)
Now
F(c,1) = G(c) = Aic* + Bic?(4 — ) + C1c*(4 — ¢2)
G(c) = (Ay — By — C1)c* + 4(By + C1)c?

G'(c) = 4(A; — B, — C1)c® +8(B, + Cy)e (41)

G"(c) =12(A; — By — C1)c? + 8(B;, + Cy) < 0. (42)
For optimum value of G(c), consider G’(¢) = 0. From (41) we get
2o —2Bita)
A1 — B1— By
Upon substitution for the value of ¢? from (43) in (42), it can be shown that
G"(c) =12(A; — By — C1)c® +8(B; + Cy)

Therefore, by using second derivative test G(c) has the maximum value at ¢, where

c? is given by (43). Substituting the obtained value of ¢? in the expression which

gives maximum of G(c) as

lazas — a3| < 67* + By
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