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INITIAL BOUNDS FOR A CLASS OF bi—-UNIVALENT
FUNCTIONS OF COMPLEX ORDER ASSOCIATED WITH
CHEBYSHEV POLYNOMIALS

M. K. AOUF, A. O. MOSTAFA, F. Y. AL-QUHALI

ABSTRACT. In this paper, we obtain initial coefficient bounds for functions
belong to a subclass of bi—univalent functions by using the Salagean differential
operator and Chebyshev polynomials and also we find Fekete-Szego inequalities
for functions in this class.

1. INTRODUCTION

Let S be the class of analytic and univalent functions of the form:

f)=24+) az* ,z€U={z:2€C: 2| <1}. (1)
k=2
For f and g analytic in U, we say that the function f is subordinate to g in U
(f(2) < g(2)) if there exists an analytic Schwarz function w(z) in U, with w(0) =0
and |w(z)] <1 (z € U), such that f(z) = g(w(z)) (see [19]).
Indeed, it is known that

f(z) <9(2) (2€U) = f(0) =g(0) and f(U) C g(U),
and if ¢ is univalent in U, then
f(z) <9(2) (€)= f(0) =g(0) and f(U) C ().

It is well known (see Duren [13]) that every function f € S has an inverse map
1, defined by

F7UfR) =2 (€0,

and
U @) = (ol <l rolf) 2 7).
In fact, the inverse function g = f~! is given by
g(w) = fH(w) = w — asw? + (2a3 — az)w® — (5a3 — Sazaz + a))w + ... (2)
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A function f € S is said to be bi—univalent function in U if both f and f~! are
univalent in U. Denote by A the class of bi—univalent functions in U. For a history
and examples of functions which are (or which are not) in the class A, together
with various other properties one can refer to [1, 9, 11, 15, 17, 21, 22, 24, 27].

The Chebyshev polynomials of the first and second kinds are well known and
defined by ( see [2, 10, 12, 14, 16, 18])

in(k+1)0
Th(t) = coskd  and  Up(t) = SBEFDO oy,
sin 0

where the degree of the polynomial is k¥ and ¢ = cos 6.

Consider the function
1

T 12tz 22
Note that if t = cosa, « € (57, §), then for all z € U

H(z,t

~—

o0

sin(k+ 1)«
H(z,t) = 1+ ;(sin—tx)Zk
= 1+2cosaz+ (3cos®>a —sin®a)z? + ... . (3)
Thus, we have [26]

H(z,t) =14+ U ()2 +Us(t)2* + ... (€T, te(~1,1)), (4)
where Up_1 = %, for k € N = {1,2,...}, are the second kind of the
Chebyshev polynomials. Also, it is known that

Ur(t) = 2tUy—1(t) — Ug—2(2), (5)

and
Ui(t) =2t, Us(t)=4t> —1, Us(t) =8> —4t, Uy(t) =16t* —12t>+1,.... (6)

The Chebyshev polynomials Ty (t), t € [—1,1], of the first kind have the gener-
ating function of the form

1 -1tz
k _
kEZOTk(t)z =1 2 (z €U). (7)

The first kind of Chebyshev polynomial Ty (¢) and second kind of Chebyshev
polynomial Uy(t) are connected by:
dT(t)
dt
For f(z) € S, the Salagean operator is defined by ( see [23] and [3, 4, 5, 6, 7, 8])

D'f(z) = Df(2) = 2f (2),

= k/’Uk,l(t); Tk(t> = Uk(t) — tkal(t); 2Tk(t) = U}c(t) — kag(t>. (8)

D" f(2) D(D"'f(2)) = 2(D" ' f(2))

z—&-iknakzk (neNy=NU{0},N={1,2,...}). (9)
k=2
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By using the Salagean differential operator for g of the form (2), Vijaya et al. [25]
(also see [20]) defined D"g(w) as follows:

D"g(w) = w — aa2™w? + (243 — a3)3"w® + ... . (10)

Definition 1. For a > 0, b € C* = C\ {0} and t € (—1,1), a function f € A of
form (1) is said to be in the class R} (b, o, t) if the following subordinations hold:

D" f(2)) +az(D"f(2) 1
1+E (1—a)D"f(2) + az(D™f(2)) _1] < H(zt) = 1— 2tz + 22’ (11)
and
L[ 2D g(w)) +az? (D g(w))” 1
L+ b | (1= a)Drg(w) + az(Drg(w)) 11 < H(w,t) = 1 — 2tw + w?’ (12)
where z,w € U and g is given by (2).
For suitable choices of n, @ and b, we obtain:
(i) RQ(b,a,t) = Ra(b, v, t), where
1| z2f (2) +az2f (2) B 1
L+ bl (1—a)f(z)+azf(z) 1] < H(z1) = 1—2tz + 22’
and
1 g (w) + az2g” (w) B 1
'y (1*04)9( )+azg (w) _1] <A = T e
R0 = REOD,
1 Z(an(z))' 1
1+5 D f(z) 1]<H(Zt) 1— 2tz + 2%’
and
1 [2(Dg(w)) i
1+5 Drg(w) _1] < H(wt) = 1 — 2tw 4 w?’
(i1i) RRA(b,1,t) = R%(b,t), if
12(D"f(2))” _ 1
ey SN = T
and .
1z(D™g(w)) 1
Y Drgwy” S H Y = T
(iv) RQ(1,a,t) = Ra(a,t), if
2f (2) + az2f" (2) B 1
(1—a)f(z)+azf (2) < H(zt) = 1— 2tz + 22’
and ) y
zg (w) + az’g (w) 1
(1 a)g(w) + azg' (w) < H(w,t) = 1 — 2tw + w?’
() RA(1L.0,0) = R (1), i
2(D"f(2) _ 1 _ 1
CDf(z) < H(zt) = 1- 2152—1—227< H(zt) = 1— 2tz + 22’
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and )
I < H ) = g
(vi) RA(1,1,1) = RK (%), if
AD"f(2)) 1
ey ST
and
2(Dg(w)) B 1
(Dng(w))’ < Hwt) = 1 — 2tw + w?’

vit) RE((1 —Ne P cosh, o, t) = RA(N,0,0,t) (0< A< 1,0 <), if
A A 2

o [ D) + a2 (D ()
(1= a)D"f(z) + az(D"f(:))

< H(z,t)(1 —X)cosf + Acos@ + isinb,

and

w | 2(Dmg(w) + az2(Drg(w))” ]
(1—a)Dg(w) + az(Dg(w)) |

< H(w,t)(1 = X)cosf + Acosf + isin .

In this paper, we obtain the initial coefficients bounds and Fekete-Szego problem
for functions in the class R} (b, o, t).

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS R} (b, a,t)
Unless indicated, we assume that o > 0,¢ € (—1,1), f given by (1.1) and b € C*.

Theorem 1. Let f € RX (b, a,t). Then

[b]2tv/37
as| < , 13
a2 < \/|{41‘,2{b[(2+4a)3"—(1+a)222"]—(1+a)222"}+(1+(x)222"}I (13)

and
442 |b|? 2t |b|
(14 a)?227  (2+4a)3"

las| < (14)

Proof. Let f € R%(b,a,t) and g = f~1. From (11) and (12) , we have

"

14+ % (j(?;{ 1()23} (j) TZ(ZZ() ;{i (JCZ()Q)>, 1| = 14 T Op() + Us(BDp*(2) + . (15)
and
4 (f(?lfﬁi); (J) Cfl(j;i (g“(?j)), — 1| = 14U () g(w) + Us(t)g?(w) + .. (16)
for some analytic functions
p(z) =crz+ o+ + ... (2€U), (17)
q(w) = dyw + dow? + dzw® + ... (w e ), (18)

such that p(0) = ¢(0) =0, |p(z)]<1 (z€U)and |g(w)] <1 (weU).Itis well
known that if |p(z)| < 1 and |¢(w)| < 1, then

le;l] <1 and |dj| <1 forall j € N. (19)
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From (15) — (18), we have
l 2D(2) +azA (D () 1}
)

(1 —a)D"f(z) + az(D" f(z2))

1
b
1
b
Ui(t)erz + [Ui(t)es + Us(t)ei] 2% + ..

and

2(D"g(w)) +az* (D g(w))
(—a) D g(w) +a=(D" g(w))’

|
{— 1+ o) 2"aw+
{

—_— = O

(4+8a)3" — (1+a)? 22"}% 2+

{(1 + a)2"azz + [(2 +40) 3"as — (1 + a)? 22"a§} 22+ }

da))3"a }w2+...}

= Ui(t)diw + [Ui(t)ds + Ua(t)di ] w* + .. .

Equating the coefficients in (20) and (21) we get
1

g (1 + O[) 2”&2 = Ul(t)cl,

b

! |2+ 40)8a3 — (1+ @) 22a3] = U1 (t)ez + V(1)

1
— g (]. + Oé) 2”(12 = Ul(t)dl,

and
1

b
From (22) and (24) we obtain
Cc1 = —d1

and
1

b2
Also, (23) and (25) yield

{[(4+80)3" = (14 ) 22| a3 - 2+ 40)3"as } = 1)

(t)ds + Us(t)d3.

(1+a)? 2203 = UR(t) (¢ + d3).

1
b [(4 +80)3" — (14 @) 22" a3 = U (1) (c2 + da) + Ua(t) (¢ + d7) ,

which by (?7?), leads to
U2 (t)22n+1
bU ()

From (6), (19) and (29), we have (13).
Next, by subtracting (??) from (23), we have

[(4+8a) 3 — (14 a)® 22! — (14 a)?

% (2 +4a) 3™ (az — a3) = Uy (t) (ca — dg) +

Further, in view of (26), we obtain
bU, (¢)
_ 2 1
=0+ 55 gy g (2

Hence using (27) and applying (6), we get (14).

ag = bUl(t) (02 + dg) .

Us(t) (¢f — d3) .

—dy).

JFCA-2020/11(2)
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This completes the proof of Theorem 1. O

Taking n = 0 in Theorem 1, we get the following consequence.
Corollary 1. Let f € A be in the class Ra (b, o, t). Then
|b|2tv/2t

|CL2‘ S )
VI{#2{p[2+40) - (1+0)?] = (1+0) }+(1+a)* }

and )
42 |b| 2t |b|
(14+a)* (2+4a)
Taking a = 1 in Corollary 1, we get the following consequence.
Corollary 2. Let f € A be in the class Ra(b,t). Then
[bltv/2t
V2 [2b—4]+1|’

b
Jas| §t2|b|2+%.

las| <

las| <

and

Taking b = e~ (1 — A)cosf (0 < XA < 1, |§] < %) in Corollary 2, we get the
following consequence.
Corollary 3. Let f € A be in the class Ra (A, 0,t). Then

t\/2t(1—)\) cos @

|a2| = \/\t2[2(1—/\)cosﬁ?—4]-‘,-1\7
and L 0
lag] < t2(1 — \)? cos? 6 + %.

Taking A = 0 in Corollary 3, we get the following consequence.
Corollary 4. Let f € A be in the class Ra(6,t). Then

|a2| < t\/2t cos 6

\/|t2[2 cos 6—4]+1]’

tcosf
3
3. FEKETE- SZEGO INEQUALITIES FOR THE CLASS R} (b, a,t)

Theorem 2. If f € R} (b,a,t) and £ € R, then

and

las| < t?cos? @ +

2[bt
2 (24+4a)3™ |£ - 1| <k
|as — €a3| < 8Jb[2[6—1¢* €1 >k
[{4t2{b[(24+40)3" — (1+0a)?22" |- (1+@)?22" } +(1+a)?227 }|’ ="
(31)
4t2{b[(24+40)3" — (1+a) 222" |- (14+2)?22" } +(1+a) 222" }|
where k = ] 4t2|b\(2+]4a)3n ) ) :
Proof. From (29) and (30)
2y b2US (1) (ca4d2) bU, (1)
(a3 - §a2) - (1 - f) |:bUlz(t)[(4+8a)3”—(1+1oz)222"+1]—Ufz(t)(1+a)222"+1:| + 2(2+40)3™ (C2

= U (1) [(1() + ey ) 2 + () — srorkarr ) ]

where

— b(1-§UF (t)
h(g) = bUlz(t)[(4+8a)3"7(1+a)222’3+1]7U2(t)(1+a)222”+1'

— d2)

(32)
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Then, by taking the modulus of (32) and considering (6), we have

2|b|t 1
|a3 _ é‘a%| < (2+4a)3n> 0< |h(§)| < 2(12+4a)3n
4ol [n(&)It, (&) = spramys
This completes the proof of Theorem 2. O

Taking £ = 1 in Theorem 2, we get the following consequence.
Corollary 5. Let the function f € A given by (1) be in the class R% (b, o, t).
Then
2 21b|t
jas — a3] < 2+ 4a) 3"
Taking « = 1 and n = 0 in Corollary 5, we get the following consequence.
Corollary 6. For t € (—1,1), let the function f € A given by (1) be in the class
RA(b,t). Then
t|b
jay — a3 < T
Taking b = e (1 — A)cosf (0 < XA < 1, |§] < %) in Corollary 6, we get the
following consequence.
Corollary 7. For t € (—1,1), let the function f € A given by (1) be in the class
RA(M, 6,1). Then
t(1—X)cosf
3 .
Taking A =0 in Corollary 7, we get the following consequence.
Corollary 8. For t € (—1,1), let the function f € A given by (1) be in the class
RA(0,t). Then

jay — a3 <

t 0
‘ag —a§| < C(;S .
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