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SOME NEW FRACTIONAL INTEGRAL INEQUALITIES FOR
GENERALIZED-m-((h?, h1); (n1,72))-CONVEX MAPPINGS VIA
GENERALIZED MITTAG-LEFFLER FUNCTION

ARTION KASHURI, ROZANA LIKO

ABSTRACT. The authors discover a new identity concerning differentiable map-
pings defined on m-invex set via fractional integrals. By using the obtained
identity as an auxiliary result, some fractional integral inequalities for generalized-
m-((hY, hd); (n1,m2))-convex mappings by involving generalized Mittag—Leffler
function are presented. It is pointed out that some new special cases can be
deduced from main results of the paper. Also these inequalities have some
connections with known integral inequalities. At the end, some applications
to special means for different positive real numbers are provided as well.

1. INTRODUCTION

The following notations are used throughout this paper. We use I to denote an
interval on the real line R = (—o0,+00). For any subset K C R", K° is the in-
terior of K. The set of integrable functions on the interval [a, b] is denoted by Lla, b].

The following inequality, named Hermite-Hadamard inequality, is one of the most
famous inequalities in the literature for convex functions.

Theorem 1.1. Let f: I C R — R be a convex function on I and a,b € I with
a < b. Then the following inequality holds:

f<a+b>§ 1 /abf(x)dxﬁw- (1.1)

2 b—a 2
This inequality is also known as trapezium inequality.

The trapezium type inequality has remained an area of great interest due to its wide
applications in the field of mathematical analysis. For other recent results which
generalize, improve and extend the inequality through various classes of convex
functions interested readers are referred to [I],[3]-[34],[36]-[43], [45]- [55], [57], [58] .-
Let us recall some special functions and evoke some basic definitions as follows.
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Definition 1.2. The Euler beta function is defined for a,b > 0 as
1
Bla,b) = / t77 11 —t) ae. (1.2)
0

Definition 1.3. [36] Let f € Lla,b]. The Riemann-Liouville integrals Jg, f and
Jit f of order o > 0 with @ > 0 are defined by

Jife) = g [ @ 0r 0 2> a

and
b
T fw) = g [ €= b
+o00o
where I'(a) :/ e “u*"'du. Here JO, f(z) = J)_f(x) = f(z).

0
Note that a = 1, the fractional integral reduces to the classical integral.

Definition 1.4. [45] Let p, v, k, 1,7 be positive real numbers and w € R. Then the

generalized fractional integral operators containing Mittag-Leffler function eZ"Z’]lc woat
and 62’,(15/75@,17, for a real valued continuous function f is defined by:
x
6,k 8,k
(ks t) @) = [ =0 B a0 0d (13)
a
and

b
(o )@= [ @2y B @l -2 St (0

where the function E%V’ , is generalized Mittag—Leffler function defined as

Y, 6k
EYOT(t) ZFW+V (1.5)
and (a),, is the Pochhammer symbol, it defined as
(a)p =ala+1)(a+2)-...-(a+n—-1), (a)o=1.

For w =0 in 1) and 1) integral operator 1ok reduces to the Riemann—

pvlw,at
Liouville fractional integral operators.
In [45] [51] properties of generalized integral operator and generalized Mittag—Leffler

functions are studied in details. In [45] it is proved that E7’ 5k( t) is absolutely

vl
4,k
wt ()-

convergent for k < |+ u. Let S be the sum of series of absolute terms of E;

We will use this property of Mittag—Leffler function in sequal.

Definition 1.5. [56] A set S C R™ is said to be invex set with respect to the
mapping 7: S X S — R, if z +tn(y,x) € S for every x,y € S and t € [0,1].

The invex set S is also termed an n-connected set.

Definition 1.6. [38] Let h : [0,1] — R be a non-negative function and h # 0.
The function f on the invex set K is said to be h-preinvex with respect to 7, if

fla+tn(y,z)) < h(1—1t)f(z) +h(t)f(y) (1.6)
for each z,y € K and t € [0, 1] where f(-) > 0
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Clearly, when putting h(t) = ¢ in definition f becomes a preinvex function [44].
If the mapping 7(y,z) = y — « in definition then the non—negative function f
reduces to h-convex mappings [53].

Definition 1.7. [55] Let S C R™ be an invex set with respect ton : S xS — R™.
A function f : S — [0, +00) is said to be s-preinvex (or s-Breckner—preinvex) with
respect to 1 and s € (0, 1], if for every x,y € S and ¢ € [0, 1],

flz+tn(y,z)) < (1—1)"f(z) +°f(y). (1.7)
Definition 1.8. [4I] A function f : K — R is said to be s-Godunova-Levin—
Dragomir—preinvex of second kind, if

fla+tn(y,2)) <A =1)""f(2) +tf(), (1.8)

for each z,y € K,t € (0,1) and s € (0, 1].
Definition 1.9. [52] A non-negative function f : K € R — R is said to be
tgs-convex on K if the inequality

F((1 =t + 1) < 80~ (@) + F(0)] (1.9
grips for all z,y € K and t € (0,1).

Definition 1.10. [35] A function f:I C R — R is said to MT-convex, if it is
non-negative and Vx,y € I and t € (0,1) satisfies the subsequent inequality

Vi Vi—t
fltz+ (1 —-1t)y) < 2\/1—_tf(w)+ N f(y). (1.10)

Definition 1.11. [43] Let K C R be an open m-invex set respecting 7 : K X K —»
R and hi,hs : [0,1] — [0,4+00). A function f: K — R is said to be generalized
(m, h1, he)-preinvex, if

£ (ma + tn(y, ma)) < mhy (£) f(2) + ha(t) () (1.11)
is valid for all z,y € K and t € [0, 1], for some fixed m € (0, 1].

The concept of n-convex functions (at the beginning was named by ¢-convex func-
tions), considered in [I6], has been introduced as the following.

Definition 1.12. Consider a convex set I C R and a bifunction n : f(I) x f(I) —
R. A function f: I — R is called convex with respect to 7 (briefly n-convex), if

Oz + (1= Ny) < fly) + M(f (), f()), (1.12)
is valid for all z,y € I and X € [0,1].
Geometrically it says that if a function is n-convex on I, then for any x,y € I,
its graph is on or under the path starting from (y, f(y)) and ending at (z, f(y) +
n(f(z), f(y))). If f(z) should be the end point of the path for every x,y € I, then

we have n(z,y) = ¢ —y and the function reduces to a convex one. For more results
about n-convex functions, see [ [9, 15, [16].

Definition 1.13. [I] Let I C R be an invex set with respect to n; : I x I — R.
Consider f : I — R and 7y : f(I) x f(I) — R. The function f is said to be
(1, m2)-convex if

flz+2m(y,2)) < f(z) +In2(f(y), f(2)), (1.13)
is valid for all z,y € I and A € [0, 1].



78 A. KASHURI, R. LIKO

Motivated by the above literatures, the main objective of this paper is to es-
tablish in Section [2, some new fractional integral inequalities for generalized-m-
(R}, hd); (m,m2))-convex mappings by involving generalized Mittag—Leffler func-
tion. It is pointed out that some new special cases will be deduced from main
results of the paper. Also we will see that these inequalities have some connections
with known integral inequalities. In Section [3] some applications to special means
for different positive real numbers will be given. In Section [d] some conclusion and
future research are given.

2. MAIN RESULTS
The following definitions will be used in this section.

Definition 2.1. Let m : [0,1] — (0,1] be a function. A set K C R™ is named as
m-invex with respect to the mapping n : Kx K — R™, if m(t)z+£&n(y, m(t)z) € K
holds for each z,y € K and any ¢,& € [0, 1].

Remark 2.2. In definition under certain conditions, the mapping n(y, m(¢)x)

for any ¢,£ € [0,1] could reduce to n(y, mz). For example, when m(¢) = m for all
t € [0,1], then the m-invex set degenerates an m-invex set on K.

We next introduce the concept of generalized-m-((hY,hd); (n1,n2))-convex map-
pings.

Definition 2.3. Let K C R be an open m-invex set with respect to the mapping
m: K x K — Rand m: [0,1] — (0,1]. Suppose hq, hs : [0,1] — [0, +00) and
¢ : I — K are continuous. Consider f: K — (0,+00) and 0y : f(K) x f(K) —
R. The mapping f is said to be generalized-m-((hY, h3); (11, n2))-convex if

F(m(t)e(@) + Emle(y), m(t)p(z)))

< [m(OR ()" (x) + h3(E)n2(f" (y), f7(2))] 7, (2.1)
holds for all z,y € I, r # 0, ¢,£ € [0,1] and any fixed p,q > —1.

Remark 2.4. In definition if we choose m =p=¢=r =1 and ¢(x) = z, then
we get, definition [1.13

Remark 2.5. In definition if we choose m=p=q=r=1, h(t) =1, hao(t) =
t, m(e(y),

m(t)p(x) = o) — mOe@), (W), (@) = @), @) and o(z) =
z, Vo € I, then we get definition [T.12] Also, in definition 2.3 if we choose
m=p=q=r=1 h(t) =1, ho(t) = t and ¢(x) = z, YV € I, then we get
definition [I.13] Under some suitable choices as we done above, we can get also the
definitions [[.7 and [[.8

3=

Remark 2.6. Let us discuss some special cases in definition [2.3] as follows.

(I) Taking hi(t) = h(1 —t) and he(t) = h(t), then we get generalized-m-((hP(1 —
t), h(t)); (11, m2))-convex mappings.

(IT) Taking h1(t) = (1 — ¢)® and ha(t) = t* for s € (0,1], then we get generalized-
m-(((1 — ¢)*P,¢%7); (n1, n2))-Breckner—convex mappings.

(IIT) Taking hq(t) = (1—t)~ % and ha(t) =t~ for s € (0, 1], then we get generalized-
m-(((1 —¢)~°P,t=%9); (1, n2))-Godunova-Levin-Dragomir—convex mappings.

(IV) Taking hy(t) = ha(t) = t(1 —t), then we get generalized-m-((¢t(1 —1¢))*?, (¢(1—
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1))%9); (1, m2))-convex mappings.

(V) Taking A1 (f) = %\; and ho(t) = 2\/\1/%,

_<(( 21/—;)'9, (2\/\{%)(1) : (nl,nQ))—conveX mappings.

It is worth to mention here that to the best of our knowledge all the special cases
discussed above are new in the literature.

then we get generalized-m-

Let see the following example of a generalized-m-((hY, hd); (91, n2))-convex mapping
which is not convex.

Example 2.7. Let take m = r = 1, hy(t) = t!, ho(t) = t* for all [, s € [0, 1], any
fixed p,q > 1 and ¢ an identity function. Consider the function f : [0,+0c0) —
[0, +00) by

z, 0<z<1;

f(:”){ 2, &>l
Define two bifunctions n; : [0, +00) x [0, +00) — R and 75 : [0, +00) X [0, +00) —

[0,400) by
_ v, OSyS ]-;
m(z,y) —{ ty oyl
and

_ )ty z <y
772(5573/)—{ 2(x+y), z > .

Then f is generalized -((#'7,+59); (11, m2))-convex mapping. But f is not preinvex
with respect to n; and also it is not convex (consider z = 0,y = 2 and ¢ € (0, 1]).

For establishing our main results we need to prove the following lemma.

Lemma 2.8. Let ¢ : I — K and g : K — R are continuous functions and
m: [0,1] — (0,1]. Suppose K = [m(t)p(a), m(t)p(a)+ P(p(d), m(t)p(a))] C R be
an open m-invex subset with respect to ¥ : K x K — R for ¥(p(b), m(t)p(a)) >0
and ¥Vt € [0,1]. Assume that f : K — R be a differentiable mapping on K°. If
1,9 € L(K), then the following equality for v > 0 holds:

m(t)e(a)+¥(p(b),m(t)p(a)) 5k v
/ g(s)ET "V (wst)ds

TR
m(t)p(a)
<[ £(mi)e(@) + F(m(b)e(a) + U(e(b), mb)p(a)]
t @(b),m(t)p v—1
—1// ettt minee ( ‘ EZ:i:f(mﬂ)ds)
m(t)p(a) t)<p(a)
g(E)E) D (we

vyl

m(t)p(a)+¥(¢(b),m(t)e(a)) m(t)p(a)+¥(¢(b),m(t)e(a)) Sk vl
_V/ / g(s)ET 0 (wst)ds

m(t)e(a) 3

< (&) BT (weM) £(€)dE
m(t)p(a)+¥(p(b),m(t)p(a)) 13 v
:/ </ (t)¢(a) o wl)gk(wsu)ds) Fie
m(t)p(a

m(t)p(a)
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m(t)p(a)+¥(p(b),m(t)e(a)) m(t)p(a)+¥(p(b),m(t)p(a)) sk v
—/ / g(s)E) ) (wst)ds | (2.2)
m(t)p(a) 3 o
x f'(€)de.
We denote
Tfl.l,g(E’ \:[17 907 m; a? b)

m(t)p(a)+¥ (e (b),m(t)p(a)) 3 Sk v .
-/ [ seEiwsas) s

m(t)p(a) m(t)p(a)

/m(t)w(a)+‘P(&0(b)ym(t)w(a)) </m(t)w(a)+‘P(<P(b)7m(t)w(a))

m(t)e(a) €

g(s)E;;iszs“)ds) (23)
x f'(§)ds.
Proof. Integrating by parts eq. (2.3)), we get

T]I”/,g(Ev \117 w, 1m; a, b)

¢ v m(t)p(a)+¥(e(b),m(t)e(a))
= < / g(s)E;;i:?<ws“>ds> £€)

m(t)e(a)

m(t)p(a)
m(t)p(a) +¥(o(b),m(t)p(a)) [ & - vl
—V/ / g(s)EZ:V’l (wst)ds
m()e(a) m(t)¢(a) ’
xg()E) ) (we) f(€)de
< / m(0)e(a)+¥ ((b), m (1) (a) m()e(a)+ Tle(E)mlt)o(a))

6 g<s>Eg;§f(ws~>d8) £(€)

m(t)p(a)
m(t)p(a)+¥(p(b),m(t)e(a)) m(t)p(a)+¥ (e (), m(t)p(a)) Sk vl
—v / g(s) B (wst)ds
m(t)p(a) 3 v

< (&) B0 (weM) f(€)de
m(t)p(a)+¥(o(b),m(t)p(a)) v
= ( / g(S)EZjijf(WS“)d8>
m(t)(a)
X [f(m(t)sa(a)) + f(m(t)p(a) + ¥ (p(b), m(t)w(a)))}
m(t)p(a)+¥(p(b),m()p(a)) [ 1€ vt
L / ey ( / g(s)E;;if(ws“)ds)

m(t)p(a) m(t)p(a)
X (&) B0} (weh) f(€)dE

m(t)p(a)+¥(p(b),m(t)e(a)) m(t)p(a)+¥ (e (b),m(t)p(a)) sk vt
71// / g(s)EZ:V:l (wst)ds

m(t)p(a) 3
Xg(€)E, 1 (wE") F(€)de.
The proof of Lemma [2.8]is completed. O

Using Lemma[2.8] we now state the following theorems for the corresponding version
for power of first derivative.
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Theorem 2.9. Let hy,hy : [0,1] — [0,+0), ¢ : I — K and g : K — R are
continuous functions and m : [0,1] — (0, 1]. Suppose K = [m(t)e(a), m(t)p(a) +
Uy (p(b), m(t)p(a))] € R be an open m-invex subset with respect to Uy : K x K —
R for ¥1(p(b), m(t)p(a)) > 0,Vt € [0,1] and ¥y : f(K) x f(K) — R. Assume
that f : K — (0,400) be a differentiable mapping on K° such that ', g € L(K). If
(f'(x))? is generalized-m-~((hy*, h5?); (¥, ¥s))-convexr mapping, 0 < r < 1, p1,p2 >
—Lk<l+up,g>1,p +¢t=1and| gl =supsex |g(s)|, then the following
inequality for v > 0 holds:

29115 8" w7 ((b), m(t)p(a))
S+ 1
< Y/ (f(@)ralr (ha (), mi(€)s pr, ) + W (F/(0))79, (f(a)) ) I7 (h2(€): 2, 7).

where
1 P2
1(ha(€), m(€): pr.r /mTM)%ImeFA@W6

Proof. From Lemma 28] generalized-m-((h}", h5?); (¥, ¥5))-convexity of (f'(z)),
Holder inequality, Minkowski inequality, absolute convergence of Mittag—Leffler
function, properties of the modulus, the fact g(s) < ||g|lco, Vs € K and chang-
ing the variable v = m(t)p(a) + £¥1(¢(b), m(t)p(a)), Vt € [0,1], we have

’T]l:,g(Ea\Ijhspa m;aab)‘ S (24)

‘Tfl{,g(E7\I’17<p7m;a”b)‘

L/ g(s) B 2K (ws)ds
m(t)p(a) ”

/m(t)w(a)+‘1’1(w(b)ﬁm(t)w(a))
3

v

m(t)p(a)+¥:1(e(b),m(t)p(a)) .
g/ 11 (€)]de

m(t)¢(a)

v

(5)E) 0} (wst)ds

N
d¢ )

m(t)p(a)+¥1(p(b),m(t)p(a))
)
m(t)p(a)

x| f(€)ldg

m(t)p(a)+¥1(e(b),m(t)p(a)) 3 sk
< / / g(s)E;Z’V’l (wst)ds
m(t)p(a) m(t)¢(a) o

m(t)p(a) ¥ (o () m(D)p(a) q
y / (f'())0de

m(t)e(a)

m(t)p(a)+ V1 (p(b),m(t)p(a))
“\
m(t)p(a)

m(t)e(a)+¥y(e(b),m(t)p(a)) . q
y / (f(€))%de

m(t)i(a)

m(t)p(a)+¥1(e(b),m(t)e(a)) .
< gll% 8" x / (f'(6))"de

m(t)p(a)+¥1(e(b),m(t)e(a)) Sk
/ g(s)ET "7 (wst)ds

vl
3

dg) p

Q=

(t)¢(a)
m(t)p(a)+¥1(p(b),m(t)e(a))
</ (€~ m(D)g () de

m(t)¢(a)
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m(t)e(@)+ 01 (p(b),m(t)p(a) »
+ </ (m(t)p(a) + V1 (p(b), m(t)p(a)) — €)p”d§> }

m(t)¢(a)

_ 2llgll5 ST (0(b), m(t)p(a))
pv+1

1
q

1
X (/O (f'(m(t)p(a) + EW1(p(b), m(t)p(a))))” df)

 2lgl5 ST (p(b), m(t)p(a)
N pv+1

1
q

([ Im@m @@y @ (o () )

 2lgl5 ST (p(b), m(t)p(a)
- Ypv+1

1
q

([ mto@@m©d) + ([ v oy @t ed) |
( ) (] )]

_ 2/lgll5 57T ((b), m(t)p(a))
py I 1

x X/ (f/(@) I (h (), m(€); pr, ) + W2 ((f/(8))79, (f(a))™0) I (h2(€); pa, 7).
The proof of Theorem [2.9]is completed. O

Remark 2.10. In Theorem for hi(t) = t, ha(t) = 1 —t, r = 1, if we choose
U1 (p(b), m(t)p(a)) = p(b) — m(t)p(a), where m(t) = 1, Vi € [0, 1,
o ((f'(0))", (f'(a))") = (f'(0))" and @(x) =z, Va € I, then

(1): If we put w = 0, we get [[46], Theorem 7].

(2): If we put w = 0 along with v = ¢, we get [[14], Theorem 2.5].
(3): If we put g(s) =1 and w = 0, we get [[10], Theorem 2.3].

(4): If we put w =0 and v =1, we get [[10], Corollary 3].

Remark 2.11. In Theorem for hi(t) = t, ho(t) = 1 —t,r = 1, if we choose
V1 (p(b), m(t)p(a)) = ¢(b) — m(t)p(a), where m(t) =1, Vit € [0, 1],

Wo ((f/ ()™, (f'(a))™) = (f'(b))"? and ¢(x) = z, Va € I, we get [[13], Corollary
3.8].

We point out some special cases of Theorem
Corollary 2.12. In Theorem[2.9 for p = q = 2, we get

2)|gl5 5" T ((b), m(t)p(a))
V2r+1

X X/ (F(a))?r I (ha(€), m(€)s pr, ) + W2 ((F/(0))%7, (/(a))?") I (ha(€); P2, 7).

<

‘T}‘jg(Ea\Ill,soa m;aab) (25)
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Corollary 2.13. In Theoremfor g(s) =1, we get

m(t)p(a)+¥1 (o(b),m(t)¢(a)) - v
‘T}/<E7\II17SD7 m;a7b)‘ = / EZ’UI(WSH)dS
m(t)p(a)

% [Fmit) (@) + £ (mit)o(@) + W1 (p(0), mlt)e(@))]

m(t)p(a)+¥1(p(b),m(t)e(a)) ¢ -, v—1 .
_V/ / oy D @sds | B (@) (€)dg
m( m(t)p(a

m(t)p(a)+¥1(p(b),m(t)e(a)) m(t)p(a)+¥1(p(b),m(t)e(a)) Sk vl
/ B (ws)ds
m(t)e(a) 3 ’

B 0% (weh) £(€)de

_ 28797 (p(b), m(t)p(a)
- pr+1

(2.6)

< P (@) T (i (), ml€); pr ) + B (PO, (@) ) I (o E): P ).

Corollary 2.14. In Theorem|[2.9 for hi(t) = h(1—t), ha(t) = h(t) and m(t) = m €
(0,1] for all t € [0,1], we get the following inequality for generalized-m-((hP*(1 —
), hP2(t)); (U1, Us))-convexr mappings:

29l 5" ¥ (p(b), mp(a))
Upv+1
x N/ m(f'(a)) eI (h(1 = &§);p1, 1) + Wa ((f/(0))79, (f'(a))™9) I7(R(E); 2, 7).

(
Corollary 2.15. In Corollary for hi(t) = (1 —t)® and ha(t) = t°, we get the
following inequality for generalized-m-(((1 — t)%P, ¢°P2); (U4, Wy))-Breckner—convex
mappings:

‘Tfu’g(E>\Dlag07m;a7b)‘ S (27)

2[|g[|%,S* WY+ (p(b), mep(a))
Ypv+1

‘Tﬁg(Evlplv(pvm;avb)’ < (28)

. \/ m(rays () (o o ()

Corollary 2.16. In Corollary for hi(t) = (1 —t)~%, ha(t) = t° and r >
s -max{p1,p2}, we get the following inequality for generalized-
-m-(((1 —t)=%P1 ¢t=5P2); (U, Uy))-Godunova—Levin-Dragomir—conver mappings:

2lg]l% 5" ¥ (0 (b), mp(a))
Ypv+1

x’“(/m(f’(a»w( ) n e e ()

T — S8p1 T — 8p2

‘Tf”g(E,\Ill,cp,m;mb)‘ S (29)




84 A. KASHURI, R. LIKO

Corollary 2.17. In Theorem[2.9 for hi(t) = ha(t) = t(1—t) and m(t) = m € (0,1]
for allt € [0, 1], we get the following inequality for generalized-m-((t(1—1t))P*, (¢(1—
t))*P2); (U1, Uy))-convex mappings:

2/|gl1% 8" Wi (o(b), me(a))

T} 4(E, Wy, 0,mia,0)| < 2.10
‘ f,g( 1,$,M;a ) W ( )
. Y41 P1 P2 b2
rq / rq AT L 2 / rq / rq r rs r=
pfmt@ra (142 2w (o ey o (14 20+ 2),

V31— t
Corollary 2.18. In Corollary |2.14| for hi(t) = 2T hg() = 2\/\% and
r > % -max{p1,p2}, we get the following inequality for generalized-
P1 p2
—m—((( 3{;;) , (2\/*/1%) ) ;(\Ill,\Ilg)> -convex mappings:
v 2]lg1l%5* ¥1F (0(b), mp(a))
‘Tf,g(E,\I/hw,m;ayb)’ < ! (2.11)

py T 1
mry(5) " (- )

O (PO, (7 (@)) (1> gr(1-2a )

X

L
q

2 2r’

Theorem 2.19. Let hy, hy : [0,1] — [0,400), ¢ : I — K and g : K — R are
continuous functions and m : [0,1] — (0, 1]. Suppose K = [m(t)¢(a), m(t)p(a) +
Uy (p((b), m(t)p(a))] C R be an open m-invex subset with respect to Uy : K x K —»
R for ¥1(p(b), m(t)p(a)) > 0,Vt € [0,1] and ¥y : f(K) x f(K) — R. Assume
that f : K — (0,400) be a differentiable mapping on K° such that ', g € L(K). If
(f'(x))? is generalized-m-~((hy*, h5?); (¥, ¥s))-convexr mapping, 0 < r < 1, p1,p2 >
—Lk<l+p g>1and|gllc = supsex lg(s)|, then the following inequality for
v > 0 holds:

g% 8" Ty (o(b), m(t)p(a))
(v+1) e

‘T}j,g(EalI/h(p, m;avb) S (212)

X{ (@) 1 (ha (€), m{€); v, pr, ) + W2 ((f/(0)79, (f/(a))70) Fr (ha(€); v, p2,7)

+ Y/ (f(a)r9G" (b (€), m(€); v, pr, 1) + Uy ((f’(b))’"q,(f’(a))’“q)G"(hz(ﬁ);v,pz,r)},
where

F(hy(€), m(€);v.p1, / m* (O hy (€)d; F(ha(€):v,par / erhat (¢

and /
= o

l 71
- r

G(h1(&), m(&);v,p1,7 (§)ds;

G(h2(§); v, pa, 7 "hz §)dg.
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Proof. From Lemma 2.8] generalized-m-((h}", h5?); (¥, ¥5))-convexity of (f'(z)),
the well-known power mean inequality, Minkowski inequality, absolute convergence
of Mittag—Leffler function, properties of the modulus, the fact g(s) < ||g|loc, Vs € K
and changing the variable v = m(t)p(a) +£¥1(p(b), m(t)p(a)), Vit € [0, 1], we have

‘Tfu’g(E7\Dla§0>m;a7b)‘

m(t)p(a)+¥1 (p(b),m(t)p(a)) - Y /
</ [ aEpiiwsas| I
m(t)¢(a) m(t)¢(a)
m(t)(a)+T1 (p(b),m(t)p(a)) | pm(t)p(a)+Ts (o(b),m(t)e(a) . v
+f / 9($) ) 5% (wst)ds
m(t)p(a) ¢ i
x| f(&)|d¢
_1
m(t)p(a)+ 1 (p(b),m()p(a) | € . v\ 'Ta
<(/ [ aeEiwsas) de
m(t)p(a) (t)p(a)
m(t)p(a) + 0 (p(b) m(t)p(a) | e ., v g
</ [ aEpiiesas| (e
m()¢(a) m(t)¢(a)

m(t)p(a)+¥1(p(b),m(t)p(a)) sk
/ g(s)ET "7 (wst)ds

( m(t)p(a)+¥1(p(b),m(t)p(a))

v 1—%
d{)

m(1)p(a) ¢ ot 1
y (/mrr(ltt)sa(aﬂ‘l/l(@(b% m(t)p(a)) /Em(t)w(a)Jr‘I’l(«P(b)ym(t)v’(a)) ( )Ezl‘if(wsl‘)ds (f’(f))%lg) 1
_ llss wrtie CRIED)
v+ 1) 1
H / & (f(m(t)p(a) + €1 (¢ ()m(t)@(a))))qdé‘]q

/0(1—5) (f'(m(t)p (a)+£\I’1(¢(b),m(t)<ﬁ(a))))qd£] }
()p(a))

||9H005”‘1’V+1(30(b),
(v + 1)

Q\H E

x{l/o & [m(ORY (' (@) + W5 ()W (£ (B). (F'(a))" >]7d£]

Q=

- / (1= )" [m(E)RE (€)(f' (@)™ + W (©)Wa (/6" (' ()" >}’ds] }

< llgll% S ¥t (@(b), m(t)p(a))
w+1)'"

»G\»—A

1

A mer@pent ) +( [ vt (royn ey ent @) |
{[U ) +(/ )|
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(/01 m7 (€)(f'(a))?(1 - E)yhf:@m)r

+
1
1 "

([ wrorns@rma-ont (f)d”:)rl }

_ llglls 8”9+ (p(b), m(t)p(a))
(v+1)'

X{ (@) 1 (ha(€), m(€); v, pr, 1) + 2 ((F/(0))79, (/(a))79) F7 (ha(€); v, p2,7)

+ /(@) G (i (€), m(€): v pr.v) + W2 (f/(0)7, (F(@))) G (ha(&): v, pas ﬁ}'
The proof of Theorem [2.19]is completed. O

We point out some special cases of Theorem [2.19

Corollary 2.20. In Theorem[2.19 for ¢ = 1, we get

74 (.01, 0, mia,b)| < [lgll5 8" W7 (o), mD)p(a)  (213)

X { V(@) Er(ha(€), ml€); v pr,r) + T2 ((f/(0)", (f(a))") E7 (ha(€); v, p2,7)

+3/(f'(@) G (h(€), m(&); v, pr,m) + W ((f/(0)7 (f/(a))") G" (ha(€); %mﬂ")}-
Corollary 2.21. In Theoremfor g(s) =1, we get

T (B, 01,0, mi,b)| < 8707 (0(0), mit) () (2.14)

X { V(@) Fr(ha(€), ml€); v pr,r) + T2 ((f/(0)", (f(a))") E7 (ha(€); v, p2, 1)

+/(F()) G (h1 (), m(&); v, pr, ) + 2 ((F/ (D)7, ('(a))") G (h2(€); Vypzﬂ")}-

Corollary 2.22. In Theorem[2.19 for hi(t) = h(1 —t), ha(t) = h(t) and m(t) =
m € (0,1] for all t € [0,1], we get the following inequality for generalized-m-
((RPr(1 —t),hP2(t)); (U1, ¥q))-conver mappings:

lgllss 595 (o(b): mp(a) (2.15)

‘T}’g(E,\Ill,go,m;a,b)
’ (v+1) "7

<

X{ Y/m(f(@)raFT (h(1 = €);v,pr,r) + W ((f/(6))79, (f(@)™) F7(h(€); v, pa, 1)

+ %/ m(f'(a)) G (h(L — €);v,p1,7) + L2 ((f(0)79, (f'(a))70) GT (h(E); v, P2, 7‘)}-
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Corollary 2.23. In Corollary[2.29 for hi(t) = (1 — t)* and ha(t) = t*, we get the
following inequality for generalized-m-(((1 — t)*P, ¢°P2); (U4, Uy))-Breckner—convex
mappings:

IIQIIZOS”\I’T“(cp(bz,WP(a)) (2.16)

(v+ 1)t

‘Tfy,g(Ea \Illa Y, m;a, b)‘ S

{ T\“/m(f/(a))rqﬁr (1) w0 @) ()

o L2 4y 41

1 " Sp2
rq 12 rq /! rq ! rq T =
- \/m(f @ (myg) + Oy @r s (2 +17u+1)}.
Corollary 2.24. In Corollary [2.29 for hi(t) = (1 —t)7%, ha(t) = t~° and r >
s -max{p1,p2}, we get the following inequality for generalized-

-m-(((1 —t)=%P1,¢t75P2); (U, Uy))-Godunova—Levin-Dragomir—conver mappings:

lgllzeS" ¥ (p(b). mip(a) (217)

(v+1)'7e

‘Tfy,g(Ev \Ijla Y, m;a, b)‘ S

x{ T\“/m(f’(a))”ﬁr (1= 25w+ 1) + 0 (O (1 (@)) <1+V1—>

1 " Sp2
Tq ! T ! T / T T - ==
v \/m(f(a)) (=) +R oy (-2 7u+1)}.
Corollary 2.25. In Theorem [2.19 for hi(t) = ha(t) = t(1 — t) and m(t) = m €
(0,1] for all t € [0,1], we get the following inequality for generalized-m-((t(1 —
£))°Pr, (t(1 = ))°P2); (W1, Wo))-conver mappings:

2|95 8" w7 (o), me(a)

TV (E,\Ill,@,m;mb)’ < : (2.18)
‘ fg (U+1)17§
Tq / T r pil Zﬂ / T / T r 12 pr
x \/m(f(a)) 08 (B4 v+ 1B 4 1) 4w () (@) pr (B4 v+, B ),
V1=
Corollary 2.26. In Corollary |2.29 for hi(t) = 7t, hao(t) = i and
2Vt 2v1—1

> % -max{p1,pa}, we get the following inequality for generalized-

P1 p2
-m-((( Vzi/_it) , (2\/%) ) 5 (U, Wg))—convex mappings:

v g+l
‘T]'éq(E,\I/1,<p,m,a,b)‘ S ||g||ooS 1 (4101(_1)); m‘/)(a)) (219)
‘ v+1)

mir@ye (3) (- Bt

1

s o @ (5) (v 2= 2) ] K

S
<13
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m(f'(a))"" <1> T (v+ 211

+ 2 2 2r

1
Tq

0 ((F/ (), (f(@))) (;) i (v-2 4114 2)

Remark 2.27. By taking particular values of parameters used in Mittag—Leffler
function in above Theorems 2.9 and several fascinating fractional integral
inequalities can be obtained.

Remark 2.28. Also, applying our Theorems [2.9 and for 0 < f'(x) < L, for all

x € I, we can get some new fractional integral inequalities.

3. APPLICATIONS TO SPECIAL MEANS

Definition 3.1. [2] A function M : RZ — R, is called a Mean function if it has
the following properties:
(1) Homogeneity: M (ax,ay) = aM (z,y), for all a > 0,
(2) Symmetry: M(x,y) = M(y,x),
(3) Reflexivity: M (z,x) = x,
(4) Monotonicity: If x <z’ and y <y, then M(z,y) < M(2',y’),
(5) Internality: min{z,y} < M(x,y) < max{z,y}.

Let consider some special means for arbitrary positive real numbers o # [ as
follows: The arithmetic mean A := A(«, 8); The geometric mean G := G(a, 8);
The harmonic mean H := H(a, ); The power mean P, := P.(a, 3); The identric
mean I := I(«, 8); The logarithmic mean L := L(«, 8); The generalized log—mean
L, := L,(o,B); The weighted p-power mean M = M,. Now, let ¢ and b be
positive real numbers such that a < b. Let consider continuous functions ¢ : I —
K, VU, : KxK — R Uy : f(K)x f(K) — R and M := M(p(a), (b)) :
[p(a), p(a) + W1(p(d), (a))] x [p(a),p(a) + 1(p(b), v(a))] — Ry, which is one
of the above mentioned means. Therefore one can obtain various inequalities using
the results of Section [2| for these means as follows. Replace ¥1(p(y), m(t)p(x))
with Uy (o(y), ¢(x)) where m(t) = 1, for all ¢ € [0,1] and setting U1 (p(y), p(z)) =
M(p(x),(y)) for all z,y € I, in and (2.12), one can obtain the following
interesting inequalities involving means:

, , 2lgllz. 532"
’Tf,g(E,M(','),QD,l,a,b)‘ S W (31)
x R/ (f(a) I (ha(€); pryr) + W2 ((F/(0)79, (f'(a)79) I (ha(€); p2 1),
v qurtl
‘T}/,g(E,M('»'),SOa 1aa7b)’ < ”gHoosijl\{l (32)
v+ 1)

X{ (@) 1 F (ha(€); v, p1,m) + W2 ((f(0))79, (f/(a)™0) F7 (ha(€); v, p2,7)

+ %/ (f'(@) G (h(€); v, p1, ) + W2 ((f/(6)79, (£(a))™0) G (h2(€); v, p2, r)}’
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Letting M = A,G,H,P.,1,L,L,, M, in (3.1) and (3.2), we get the inequali-
ties involving means for a particular choices of (f’(x))? that are generalized-1-
((RY*, hB?); (1, m2))-convex mappings.

Remark 3.2. Also, applying our Theorems [2.9] and for appropriate choices
of functions hy and hy (see Remark such that (f'(z))? to be generalized-1-
((RY*, hB?); (1, m2))-convex mappings (see examples: f(z) = 2*, where « > 1,Vz >

1
0; f(z) = - Vo #0; f(z) =e*, Vo € Ry f(z) =Inz, Vo > 0; etc.), we can

deduce some new inequalities using above special means. We omit their proof and
the details are left to the interested reader.

4. CONCLUSION

The authors discovered a new identity concerning differentiable mappings defined on
m-invex set via fractional integrals. By using the obtained identity as an auxiliary
result, some fractional integral inequalities for generalized-m-((hY,h3); (n1,n2))-
convex mappings by involving generalized Mittag-Leffler function are presented.
Also, some new special cases are given. At the end, some applications to spe-
cial means for different positive real numbers are provided as well. Motivated by
this interesting class we can indeed see to be vital for fellow researchers and sci-
entists working in the same domain. We conclude that our methods considered
here may be a stimulant for further investigations concerning Hermite-Hadamard,
Ostrowski and Simpson type integral inequalities for various kinds of convex and
preinvex functions involving local fractional integrals, fractional integral operators,
Caputo k-fractional derivatives, g-calculus, (p, ¢)-calculus, time scale calculus and
conformable fractional integrals.
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