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NOTE ON THE CERTAIN SPECIAL FUNCTIONS
REPRESENTABLE AS o

RECEP SAHIN, OGUZ YAGCI

ABSTRACT. Here,we will give relationship between Sumudu and Laplace trans-
form for a great number of the special functions which can be stated in the
sense of the ® (or 1F}). Also, we present fractional derivative operators for
the special functions expressible as ®.

1. INTRODUCTION

In 1836, E. E. Kummer investigated many detailed solutions for Confluent (or
Kummer) hypergeometric function (CHF) which can be defined as the following
equation [4]:

= (a),
1F1(a;b;2) = ®(a;b; 2) g D (1.1)

(R(b) > R(a) > 0; |2| < 0).
Also, you can see the properties of the (CHF) for furher reading see [2} [6].

Definition 1. The certain special functions which can be expressed as in terms of
the (CHF) defined as[6);

Je(z) = F((gfl) exp(iz) ® (5 + 32641, q:2m> (1.2)
Mec(2) = 2F3 eXp(—lz) (C £+ L2 41 z) (1.3)
Mec(2) = 2F3 eXp(% )@ (C +¢ + 120+ 1;— ) (1.4)
vy(a,2) =a 2 ® (a;a + 1; —z), (1.5)

Erf(z )_zch ‘; z2>, (1.6)
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L (z) = F(I;f;;?z;lll)@(—f;aﬂ;@, (L7)

and
ce (C2)=(—2)5(C—E+1)e®(—&C—E+ 1 2). (1.8)

In this paper, we will show the relationship betwenn the Sumudu and Laplace
transform for the some special functions which can be expressed as with regard to
the (CHF) (L.1). Besides, we will give the fractional calculus operator for these
speacial functions.

2. MAIN RESULTS

In this section, we will investigate the relation between Sumudu and Laplace
transform for the some special function such as J¢(2), Me ¢ (2), v (@, 2), Erf(z),Léa) (%),
and c¢ (¢, z) which can be stated as (CHF) (L.1]). For detailed reading see [T [5] [§].

Theorem 1. Assume that \,&,¢ € C and |w| < 1. The Sumudu transform of the
certain special functions (1.2))-(1.8) are obtained:

(L) T +¢

S {7 Je(wa)} = T 1) (1+iw) e

. (2.1)
<o [e4 s g2t (T )]
B W) TET (A +C+1)
& {M ! Mg ¢(w2))} = —
(1+)* " (2.2)
1 1 2w
X oI |:C—f+2,)\+<+2§2<+1; (2—|—’LU>:|,
R (A +C+3
G{Z)‘fl M&C(wz))} = (w) w( )\Hﬁ; 2)
-5 (2.3)
1 1 2w
X o} |:C+£+27)\+C+2;2C+1; (_2—’LU>:|7
S {z’\’lfy(a,wz))} =a 'w'T (A +a) 2 [a, A+ a;a+ 1;—w], (2.4)
& (A Erstw) = ur (1) o |3 2 205 ] )
A—1 7 (a) _ () ). .
G{Z L¢ (wz)}— (5+a+1)B(§+1,a+1)2FI[ & XNa+ L, (2.6)
and
& {1 e (Gwa)} = ((— €+ 1D (~w) T (A=) @7

X 2By [=GA = G ¢ —E+ 1w
, respectively.
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Proof. Using the Sumudu transfrom [§] to defined in (|1.2)),

& {1 Je(w)} = /OOO 2 exp(—2) Je(w2)dz, (2:8)

and interchanging order of integration and summation ([2.8). Taking advantage of
the well-known integration formula for the Gamma function [2, []:

I'(s)= /000 571 exp(—t) dt,

we can be easily yield the required result (2.1). In the same way, we can get the

equation ([2.2))-(2.7). O

Theorem 2. Assume that \,£,(,d € C and |w| < 1. The Laplace transform of the
certain special functions (1.2))-(1.8]) are obtained:

w 6
=77 Je(wa)so) LA+ 1) (6 +iw) e (2.9)
1 F2iw
X oF] |:§+23/\+§;2€+1; <5iiw)} ;
Ct+3 1
2 {ZA—l M&C('LUZ),&} — (w) Fw();\j__Ci;— 2)
(0+3%) (2.10)
1 1 2w
X oF) [C—§+2,>\+C+2;2C+1; (25+w)],

(+3 1
L{A Me(w2):6} = () TTACE)

w S
(0-%) (2.11)
1 1 2w
X2F1 |:C+§+27)‘+C+2724+17 (_25_w>:|7
2{2)‘71 v (a, wz) ;5} = a'w'T (A +a) o F} {a,)\—ka;a—k 1;—%} , (2.12)
1 A4+1 XA+2 3  4dw?
-1 s 2.
E{Z E?“f(’ll)Z),(S} = wF(/\—i—l) 3F1 |:2,2,272,—52:| 5 (213)

L)
(E+a+1)B(E+1,a+1)

w

o F {—g,A;a—Fl; 6}’ (2.14)

£ {Z)‘71 Léa)(wz); 5} =

and
{7 e (Cw2);0} = (C— €+ 1) (—w) T (A=)
w (2.15)
X 2P [~ A= G-+ 1 2]

,respectively.
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Proof. Applying the Laplace transfrom [I}, 5] to defined in (1.2)),
{1 Je(wz); 6} = / 2 exp(—62) Je(wz) dz (2.16)
0

and shifting order of integration and summation ([2.16). Taking advantage of the
well-known Laplace transfrom equation for power function [I [5]:

e _ L'(A+n)
A+n—1 _
/0 t exp (—ot) dt = e

we can be easily yield the desired result (2.9). In the same way, we can get the

equation ([2.10))-(2.15). O

As you see that we can be easily seen the relation between Laplace transform
and Sumudu transform for the certain special functions which are expressible as
(CHF), if we take § = 1 in the Theorem 2.

3. FrRACTIONAL CALCULUS OPERATORS

In this section, we derive certain fractional derivative operators for the some
special functions such as v (a, 2), Erf(z), Léa)(z), and c¢ (¢, z) which can be stated
as (CHF) (L.1). In accordance with this purpose, we evoke the derivative op-

erators {Dgf"i f } (y) and {D&i’” f } (y), which are given as integral operators
{I{)‘f’”f} (y) and {Igg:é’”f} (y). In addition to these fractional derivative oper-
ators, we give following definition for the relationship between Riemann-Liouville,
Erdélyi-Kober and Weyl fractional operartors [3] [7].

Definition 2. Fory > 0,%(n) > 0 and u, 9,k € C,the left sided fractional integral
and derivative operators {Dgf’ﬁf} (y) and {IS‘_f’Kf} (y), and also the right sided

. . . . 0K ,—0,K
fractional integral and derivative operators {Dgo_ f} (y) and {If;o_ f} (y) are
defined by [3,1];

{weesyw =5 [ amrs-mui-Hioa, 6
(o = (o= () {leee ey,

(3.2)
{I{;;‘E”f} (y) = ﬁ/o (t—y) "t Py (4 6, — ks s 1 — %) f(t)dt, (3.3)

and

{prsfw = i sfw = (g ) {mee o,

(3.4)
where m = [R(u)] + 1, respectively. Together with above fractional derivative oper-
ators, we have the following equalities:

RLY, = DM7H" and EKMP = DR 3.5
0+ 0+ 0+ 0+

and
W = DM apd EK™%" = DMO" (3.6)
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where RL, EK, W is the Riemann-Liouville, Erdélyi-Kober and Weyl fractional
calculus operators, respectively [3) 7).

Theorem 3. The left-sided fractional derivative of the certain special functions
(1.5)-(1.8) are obtained:
{DEE 0 5 (@ w2)} (p) = a temphreti?
FA+a)TA+a+p+d+k)
FA+a+)TA+a+k) (3.7)
Ada A X+a+p+6+k,a

X3F3 —zp
Ada+d,A+a+k,a+1;

(p>0;R(u) > 0; RAA+a) >—min{0, R(p+d+k)}),

{ Dbt Brwa)} () = 20
PA+D)TA+14p+0+k)

A1l A+2 A14p+d+k A24p+0+K 3.
2 v 2 2 ) 2 ’ 9
X X 5F5 2
A+146 AF245 A+l+r A424rk 1, —(2p)
2 2 2 o 2

(p>0; R(p) >0; RAA+1) > —min{0, R(p+d+x)}),

bk )\ L p)\+571
{pt L& w2)} (0) S tat DBELLat D)
r(x ()\+,u+5+/{)
T + k) (3.9)

x 33

)T
(A +
A, )\+/L+5+Iif,
A+ A+ K,a+1; =P
R(A

(p>0; R(p) > 0; ) > —min{0, R(u+6+rk)}),

and

[DgP A ce (G wa) b (o) = (—2) 7 (C— €+ 1) e+
TA+OTA+E+p+3+r)
FA+E+)T(AN+E+R) (3.10)
A+EA+E+ p+ 0+ K, =&

X 3F3 Zp
A+E+GA+E+R,(—E+ T

(p> 0: R(u) > 0RO\ — &) > —min {0, R(u+ 6+ 1)}),
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Proof. Using the left sided hypergeometric fractional transfrom (3.2)) to defined in

(1.5), regulating order of integration and summation, we get,
{Dé‘f’”wk‘l 7(6%“)2)} ()

(3.11)

=a 2% (a;a+1;—2) {Dgf’“w)‘“*”’l} (p)

and taking advantage of the well-known fractional derivative operator equality for
the power function [7]:

_ AT+ TA+n+p+d+k)
DH,(S,K A+n 1} — A+n+d—1 312
{ 0+ W () =1p TA+n+6)T(AN+n+k) (3.12)
Applying the equation (3.12)) in the equation (3.11)), and making some arragen-
ments. We can be easily yield the required result (3.7). In the same way, we can
get the equation ([3.8))-(3.10). O
If we put 6 = —p and 6 = 0 and using the equalities (3.5) in Theorem 3,

respectively, we can obtain the Corollary 1 and Corollary 2.

Corollary 1. The left sided Riemann-Lioville fractional derivative operators of the

certain special functions (L1.5))-(L.8]) are obtained:
{RLE, w1y (a,w2)} (p) = a~ 120 pFomnmt
I'A+a)
FA+a—p)
A+ a,a;

(3.13)

X oy

Ada—p,a+1; P

rn LA+
FA+1—p)
A1 M2 8, (3.14)

»y T 9 19
2
= (2p)

{RLy w*™" Erf(wz)} (p) = 2

hS)

x 3F3

Al—p A+2—p 1,
2 ) 2 )9
6.5, A1 7 (a) pr
(D 1 w2) } () =
LT
T —n) (3.15)
A&

1

X ol
)‘_N’aa—"l; P

and
{Dgf’ﬁw)\_l Ce (vaz)} (p) = (—z)f§ (C—€&+ 1)§p/\+€—u—1
_TA+9
FA+E—p) (3.16)

A€ =6
><2F2
R g
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, respectively.

Corollary 2. The left-sided Erdélyi-Kober fractional derivative operators of the
certain special functions (L1.5))-(L.8]) are obtained:

{EKY w5 (a,w2)} (p) = a™t22p et
T(A+a+p+r)
F(A+a+k) (3.17)
A+a+p+ kK, a;

X oFy .
Ata+k,a+1; P

{EKSLjr’fw)\*l ET’f(wz)} (p) _ )\F ()\ + 14+ A+ H)

T(A+1+k)
Altpts A24uts 3. (3.18)
2 9 2 ? 27
X 3F3 2
Alts A+245 1. = (2p)
D) 3 2 90
A—1
EK,LL,H A—1 L(a) } — P
{ by ¢ (wz) ¢ (p) Etat)BE+Lat1)
LA+t n)
I'(A+ k) (3.19)
A+ +k, €
X 2F2 ’

A4 K,a+1; =P

and
{EK(IJL-’i-Kw)\il Ce ((,wz)} (p) = (*z)_E (¢C—&+ 1)§p>\+571
ITA+E+p+k)
Faesn (3.20)
A+ &+ p+ k=&
X 2F2 i
)\+£+/€a<_£+1;
, respectively.

Theorem 4. The right-sided fractional derivative of the certain special functions

(1.5)-(1.8)) are obtained:

bk, A—1 z _ o —1,a Aaté—1
{Dm_lv 7(&u)}(m a2
" Frl—A—a-)Tr1—-A+p+k)
Frl—-X—a)T(1-A—a+x—19) (3.21)
l—-A—a—-901-XA—a+pu+k,a

x 33

ASEIN

1-A—a,1—-X—a+k—0,a+1;

(p>0;R(u) >0; RA+a) > —min{0,R(n+ 0+ &)}),
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ais T (A= O)T (=X + i+ k)
T(—NT (—A+r—0)

{Drlm 2 Brf (D)} (o) = 2p

“A=§ 1-A=8 —Atptr 1—=Afptr 1, (3.22)
2 2 ) 2 ’ 2 720

X 5F5 z 2
—A 1-)X —AtKk—5 1-A+k—5 3. “\p
290 2 2 ’ 2 20

(p>0; R(p) > 0; RA+1) > —min{0,R(p+d+x)}),

A+0—1

Ok, A— (a) i = p
{D/;o_w 1L5 (w)}(P)—(£+a+1)B(§+1,a+1)

FrQA-A+HT Q- A+pu+r)
Fr1-MNT1—-X+x-9) (3.23)
1=A4+6,,1=A+p+k,=¢

x 3F3

|

1-N1—-A+Kk—0,a+1; P

(p>0; R(p) = 0; R(A) > —min {0, R(n+ 6+ K)}),

and,

)}o) = (=27 (€= g+ Dep e
TA-A—E—OT(A-A—&+p+r)
FA-A-HTA-A=E{+r-9) (3.24)
1= A=&§+06,,1 =A==+ pu+k,—§
X 3F3 z
1-A—&1-A—E+r—30,(—E+1; 7

(p>0; R(p) > 0; RA+ &) > —min {0, R(n+ 35+ r)}),

Proof. Using the right sided hypergeometric fractional transfrom (3.4)) to defined
in (1.5, interchanging order of integration and summation, we get,

{ D21y (a,w2) } ()
(3.25)
=a '2"®(a;a+1;—2) {Df;’f;_"€ w)‘“k"*l} (p)

and taking advantage of the well-known fractional derivative operator equality for
the power function [7]:

I'(l1—X\ -0 (1-X
{Dgé(inw)\fnfl}(p):p)\fn+5fl ( +n ) ( +n+u+l€)' (326)

FA-A+n)T(1-X+n+k-19)
Applying the equation ([3.26)) in the equation (3.25]), and making some arragenments
5.21)

. We can be easily yield the required result (| . Similarly, we can get the equation

E23-E20). 0

Applying into 6 = —p and 6 = 0 and taking advatage of the equalities (3.6 in
Theorem 4, respectively. We can come to a conclusion Corollary 3 and Corollary 4.



CERTAIN SPECIAL FUNCTIONS REPRESENTABLE AS & 9

JFCA-2020/11(2)
Corollary 3. The right sided Weyl fractional derivative of the certain special func-

tions (L1.5))-(1.8) are obtained:

" A—1 i _ —1_a Ata—p—1
{W;_w W(mu)}(m a"2%
F(l—=A—a+up)
I'(l-XA-a) (3.27)
1—-A—a+p,a;

X oy z |
1-X—a,a+1; *

_ z _ (A +
{we =t B} ) = R
“Ap 1=A+p 1 (3.28)
r 2 2 20 9
X 313 2 )
2oy )
_ cemp D= A+ (+p)
Iz A-1 g z = (2 ¢ A—=C—p—1
(W He(2)} (o) = (22 AT 0
L-MChp 2=24CHp L1 1 (3.29)
P 2 ’ 2 12502 2> 9
X - )
e 1-M¢ 2-MC. *(%)
2 ) 2 ’
A—p—1
® A—1 7(a) i — P
{”@Hw Lﬁ(wﬁ”m E+a+)BE+1,a+1)
D —A—p)
L(1-2)\) (3.30)
L= XA—p, =
X oy PR
1-—) P
and
. _ z - e
(W e (¢ 2V} () = (=) S (= €+ Dep 7!
FA-A=&+p)
r1-x-¢ (3.31)
L—=A =&+ p,—§;
X 2F2 z

L=A—€C—E+1; »

, respectively.
Corollary 4. The right-sided Erdélyi-Kober fractional derivative of the certain

special functions(|1.5)-(1.8)) are obtained:
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{EKég'iw’\*l 'y(a, %)} (p) = atz2pMal
Fl—A+up+k)
Frl—Xx—a+k) (3.32)
l—-A—a+pu+k,a;
><2F2 z )
l1-A—a+kr,a+1; *°

(B e =

—Atptr 1-Atptr 1. (333)
) 2 ’ 2 ’» 92

X 3F3 2 2 )
—Ak 1—-A+r 3. -\ 7
2

’ 2 ’ 99

z _ p
Eﬁwm"@+a+1ﬂng+La+n

A—1

{EK&iw*JLSR

(I=A+p+r)
T(1—Atr) (3.34)
1=A+p+k,=¢;
X oFy R
1—-A+k,a+1; ~

and
{BELZ 0 e (G2 )} (o) = (=) ° (€= €+ D)ep <
T(1—XA—E+p+r)
F(1-A=E&+k) (3.35)
1=A=&+p+r,—§

X

X oly

|

l-A—E+m(—E+1; P

, respectively.
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