Journal of Fractional Calculus and Applications
Vol. 12(1) Jan. 2021, pp. 213-222

ISSN: 2090-5858.
http://math-frac.oreg/Journals/JFCA /

INTEGRAL TRANSFORMS OF GENERALIZED M-SERIES

DHEERANDRA SHANKER SACHAN, SHAILESH JALOREE

ABSTRACT. Integral transforms provide powerful operational methods for solv-
ing initial value problems and initial-boundary value problems for linear dif-
ferential and integral equations. Keeping these features in mind, in this paper
we have provided certain integral transforms of generalized M-series. The re-
sults are provided in terms of hypergeometric function and generalized Wright
function.

1. INTRODUCTION

The generalized M-series [I] is defined as

pMz?ﬁ(Z): Ma’ﬁ(ala"' ap;bi, -+, bg; 2)

aple 2 (1)
B ,;) q) I'(ak + B)

where o, 8 € C, z € C, Re(a) > 0; (ai)x (z =1,p) and (b;)x (j = 1, q) are Pochham-
mer symbols. The series (1) is defined when none of the parameters (b;); (j =1, q)
is a negative integer or zero; if any numerator parameter a; is a negative integer or
zero, then series terminates to a polynomial in z. The series is convergent for
all z if p < g; it is convergent for |z| < § = a® if p = g+ 1 and divergent if p > g+1.
When p = ¢+ 1 and |z| = §, the series is convergent on conditions depending on
the parameters.The detailed account of the M-series can be found in the paper [1]
The generalized M-series is a special case of the Wright generalized hyperge-
ometric function p14(2). The M- series has following relationship with various
classical special functions and trigonometrical functions.
(i) When o = 8 =1 then (1)) reduces to a generalized hypergeometric function [2]
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2| <o ifp<gq, |2|<lifp=g+1
(iil) Whenp=q¢=1,a=p € C,b =1 then reduces to generalized Mittag-Leffler
function introduced by Prabhakar [3]

o0 k
MOP (1) =S W2 g 3
1M (p; 15 2) ];) (1) T(ak + B) a,b’(z) (3)
Re(p) > 0, Re(ar) > 0, Re(B) > 0
(iii) When there are no upper and lower parameters (p = ¢ = 0) then reduces
to generalized Mittag-Leffler function [4]
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k=0
Re(a) > 0,Re(B) >0

(iv) When there are no upper and lower parameters (p = ¢ =0) and a = =1
then reduces to exponential series

OOZ
Y D o)
k=0

(v) When p=0,¢=1,b= %,a = B =1 and z is replaced by —24—2 then reduces
to sine series
e (_1)k22k+1

k=0
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3
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(vi) Whenp=0,¢g=1,b= % = [ =1 and z is replaced by 7% then reduces
to cosine series
i, 12 o (—1)F2?
01\411 (*;5;*1)22(27]6),:0052 (7)
k=0 '

(vi) When p=1,¢g=0and a = 8 =1 then reduces to binomial series

Ly s (@eF Ca
1MO (a7 ) Z) - Z k! - (1 - Z) (8)

k=0

Wright generalized hypergeometric function [6 [7, 8] is defined by means of the
series representation in the form
z]

pg(2) = ity { ((“:g;’))

= o[ i

Where z € C, a;(j = 1,2,---p),b;(j = 1
The conditions for the existence of the generalized Wright function ,i4(z) are

7q) € Ca Q 7& Oa/BJ # 0 and
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given by
q P
A=) Bim)
Jj=1 Jj=
P
= H a7 H Iﬁy\B] (10)
J=1
q P
T SRS SF
j=1 j=1
If A > —1 then the series @ is absolutely convergent for all z € C' and also if
A = —1 then the series (J) is absolutely convergent for all values of [z| < § and

2] = 5, Re(u) > 1

5

Various properties and applications of are studied by Saxena [5], Chouhan
and Saraswat [9], Gehlot [I0], Singh [II] Chouhan and Khan [I2] Kumar and Sax-
ena [I3] Suthar et al.[T4] Khan et al.[15] etc.

For our study of integral transforms of generalized M-Series, we need the follow-
ing well known facts.

(i) Beta Transform (Sneddon [I6])
The Beta (Euler) transform of the function f(z) is defined by

B{f(2);a,b} = /2“71(1 — 2)"71f(2)dz, Re(a) > 0, Re(b) > 0 (11)
0

(ii) Laplace Transform (Mathai et al. [18],p.48, eq. 2.11)

The Laplace transform of the function f(z) is defined by
F(s)=L{f(») /e **f(z)dz, Re(s)>0 (12)
0

(iii) K-Transform (Mathai et al. [I§], p. 53, eq. 2.33)

The K-transform of function f(z) is defined by the following integral equation

-

R {f(x):p / VEE, () () da (13)

0
where p is a complex parameter and K, (z) represent a modified Bessel function of
third kind.

(iv) Varma Transform (Mathai et al. [18], p.55, eq. 2.38)
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The Varma transform of function f(z) is defined by the following integral equa-
tion

V(fbymis) = /Oo<sx>m—%exp( - ;x) Wiosn (s2) (@) de (14)

0

where Wi, (z) represents a Whittaker function defined by (Mathai et al.[I§], p.55,
eq. 2.39)

(v) Hankel Transform (Mathai et al. [I8], p. 56, eq. 2.43)

The Hankel transform of function f(z) is defined as

HAf(2);0} = 9(piv) / V0, (p2) f(x)da, p> 0 (15)
0

where J,(z) represents a Bessel function of first kind.
(vi) Sumudu Transform (Watugala[l9] p. 38,eq. 12)

The Sumudu transform is defined as
G(w = SIf(0)] = [ Flute™'dt, we (~ri.m) (16)
0

over the set of functions

11l
A={f(t) € RI3M, 11,72 >0,[f(t)] < Me™7,
it t e (~1) x [0,00),j = 1,2}

(vii) Fractional Fourier Transform (Luchko et al.[20] p.460, eq.4)

The fractional Fourier transform of the order o, 0 < o < 1 is defined as

{1 (@) = Suu] (@) = /R (T () d (17)

where u is a function belonging to the Lizorkin space of functions. On setting
a=1, reduces to conventional Fourier transform given by

iw) = Sful(w) = /R 972 dz (18)

2. INTEGRAL TRANSFORMS OF GENERALIZED M -SERIES

In this section, several integral transforms like Laplace transform, Beta trans-
form, Varma transform, K-transform, Hankel transform, Sumudu transform and
fractional Fourier transform are discussed for the generalized M-Series under the
following theorems.
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Theorem 1 (Laplace Transform): If a, 8,a,s € C,Re(a) > 0, Re(8) >
0, Re(s) > 0 and |as™®| < 1 then there hold the following formula

1
/zﬁ_le_sszqa’ﬁ(azo‘) dz = 7 p+1F (1, A1y ey Gp3y b1, oy by S‘l) (19)

Proof. In virtue of and

o o} 0o b _ak

B—1_—sz a,f3 « _ B—1 e 5 a“z®
/z e M, (az)dz-/ Z (ak+ﬁ)d

—_ q
0 0 k=0

Interchanging the order of integral and summation which is permissible under
the conditions stated with the Theorem , we get

_ - (al)k( i —sz ak:Jr,Bfld

substituting sz = t, we get

o

i ) aF 1 / —tyok+B—1 gy
=0 bo) T(ak + ) sok+P

on applying the definition of Gamma function, we obtain
_ 1 i (a)e - (ap)i ()
7 = (b )i (bg)r \ 8™
a
= 875 p+1Fq <1, A1..., Qp; bl, ceey bq; SO‘>

Hence the required result.

Theorem 2 (Beta Transform): If o, 8, p, o, b € C, Re(a)) > 0, Re(8) > 0, Re(p) >
0,Re(c) > 0 and v > 0,7 > 0 then there hold the following formula

t
/zp_l(t —2)7 M P (bz"(t - Z)T> e [ e
0

(a vl)a"' v(apvl) (P, ) (077)(171) v+T
XW”’W[ (br.1),- - (bys 1), (Br)s (o4 0,1 4 7) ’bt +]
(20)



218 D.S. SACHAN, S. JALOREE JFCA-2021/12(1)

Proof. If we apply the definition of the M-Series to the given integral, we
have

¢
/z”fl(t —2)7 71, M P (bz”(t - z)T) dz
0

t
1 U L bk Uk(t Z)Tk
O/ZP Z Tk 1 ) dz

k

Interchanging the order of integral and summation which is permissible under
the conditions stated with the Theorem , we get

t

e k
— Z ( Z+ ﬂ) /Zyk+p71(t - Z)'rkJrcrfl dz
o

k=0 q

substituting z = st, we get

0o 1
— gpto—1 Z ((C;)l koo (ap), bEEVTTR / vktp=1(] _ g)Thto—1 gq
1

= <b )i Tlak +8) )
o1 Z ap k F(Vk + p)T(7k + o) (1) bt +7)k
L(ak +B)L((v + 1)k + p+ o)k!

by adjusting the terms, we obtain where ,1, is Wright’s generalized hyperge-
ometric function defined by @

Theorem 3 (Varma Transform): If o, 8,p,v,A,a,b € C,0 > 0 and Re(a) >
0, Re(B8) > 0,Re(p) > 0,Re(v) > 0,Re(\) > 0,Re(a) > 0 then there hold the
following formula

1 L
/zplea:p< — 2az> Wi, (az),M > (b2°)dz = a™" =

HF(%)

j=1

X P+3wq+2 (ahl)’.“ 7(%’1)7 (p—'_y—’_ é70—>, (p_ v é’o>(171) a,i
(blv]-)a”' 7(bq>1)7(6aa),(1 - )‘+p7 U)
(21)

Proof. If we apply the definition of the M-Series to the given integral, we
have

T 1
/ zp_lexp< — 2az) Wi (az), M, (b27) dz

0
= i P~ rex flaz az 3 (a1)ie - (ap) i z
= [ p< = )WM )Y e

0 k=0
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Interchanging the order of integral and summation which is permissible under
the conditions stated with the Theorem , we get

= 3 (al)k.”(ap)k bk r ok+p—1 _laz az)az
_kZ:O (O1)k -+ (bg)w F(ak+5)0/z ' eacp( 2 )W)‘J/( )d

Now using the integral of Mathai and Saxena ([18], p.56, eq. 2.41)

oo

/zp—lexp< - 2az> Wiw(az)dz =a™" (o ;(1 i)k(i p)” 2
0

in the above equation, we obtain

_a_pi(al)k~-~(ap)k D(ok+p+v+5)T(ok+p—v+3)(1) (b)’“
B = (b (b T(ak+ B)T(1 = A+ p+ ok)k! ac

by adjusting the terms, we obtain .

Theorem 4 (K-Transform): If o, 8, p,v,a,b € C,0 > 0 and Re(a) > 0, Re(8) >
0, Re(p) > 0, Re(v) > 0 then there hold the following formula

q

. (11
ez [ B
’ 1:[1 I'(a;) (22)

X pratgt1

ot ot (S5} 00 (2

a
Proof. If we apply the definition of the M-Series to the given integral, we
have

oo B . i - [eS) - o) (a1>k"'(ap)k bkzok
/Zp K, (az),M, B(bz )dz—/z Kl,(az)z (bl)k"'(bq)k T(ak + B)

0 0 k=0

dz

Interchanging the order of integral and summation which is permissible under
the conditions stated with the Theorem , we get
o) (al)k"'(ap)k bk: 7 ko1
= 27 K, (az)dz
2 G Tk 7)) )

using the integral of Mathai and Saxena ([I8],p. 54, eq. 2.37)
r +
/zpflKu(az) dz = 2”2a‘T<p2y>
0

in the above equation, we obtain

() e e (0 (27

k=0
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by adjusting the terms, we obtain (22)).

Theorem 5 (Hankel Transform): If «,S,p,v,a,b € C,0 > 0 and Re(a) >
0, Re(B) > 0, Re(p) > 0 then there hold the following formula

o ﬁF(bj)
p= az)pM 4> (b2 Z:1 2 ’ 7j;1
/z LI, (az), M P (b27) d 2<a> 7 o)

" 11

(a1, 1), -+ (a1, ( 222, 2 ). (1,1) .
ot <b1,11>,~' ,<bq,1>,w£>,2 ()) ')
(2

Proof. If we apply the definition of the M-Series to the given integral, we
have

r p—1 a, . _ r o—1 = (an)g - (ap), P2k
/z Jy(az)y M ;P (bz )dz—/z Jy(az)z (61)s - (bg)s Tk + ) dz

0 0 k=0
Interchanging the order of integral and summation which is permissible under
the conditions stated with the Theorem , we get
— (a)k -~ (ap)p B 7 fbp—1
27 J,(az)dz
2 oy Tk + ) (e2)

k=0 ’ 0

using the integral of Mathai and Saxena ([I§], p. 57, eq. 2.46)

i (252)
/zp_lJ,j(az) dz =27 1g=P 2/
) I'(1+%%2)

in the above equation, we obtain

— 1(2)p§: (a1)r -~ (ap)sl (% + (5F) (V) {b(2>g}k
2\a) & (b1)i--- (bl (ak + BT (3= — )k | \a
by adjusting the terms, we obtain (23).

Theorem 6 (Sumudu Transform): If a, 8 € C,Re(a) > 0, Re(8) > 0 and
|u®| < 1 then there hold the following formula

oo
/(uz)ﬁflefszqa’B(uz)a dz = uP7l 1 Fy(1,a0, .y ap; by, ey by u®) (24)
0

Proof. In virtue of and

/(uz)ﬁfle*Zqua’B(uz)a dz =
0

o0

ue)—1e—2 N @)k (ap)ru
W) e e o)y Tk + 7

akzak

)dz
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Interchanging the order of integral and summation which is permissible under
the conditions stated with the Theorem , we get

e
ak

— P — (a1)k"'(ap)k U o2 okt B-1 g
- kg 00k (o) F(ak+ﬁ)0/ I

on applying the definition of Gamma function, we obtain

— P! - (al)k"'(%)k uek
B ,;) (01)k -+ (bg)k

-1 . .
= p+1Fyg <1, a1y .., Gp; b1, ooy gy u®)

Hence the required result.

Theorem 7 (Fractional Fourier Transform): If o, 8 € C, Re(c) > 0, Re(8) >

0,z <0 and ’(}“})
W

< 1 then there hold the following formula

Bs—1 iw%z o, o (_l)ﬁ_l —a\’
/ z e qu ’ (az) dz = ‘1p+qu(17ala~-~7ap;b1a"'abq; (1) )
R (iwa )P iwa
(25)
Proof. If we apply the definition of the M-Series to the given integral, we

have
1 1 0 ok ok
B—1 iwaz o, o . _ B—1 iwaz (a1)g - (ap)k  a”"z
z" " "e M az)’ dz = / z" e dz

/. pMo"a)"de= [ 2 B o) Tk 1 5)

Interchanging the order of integral and summation which is permissible under
the conditions stated with the Theorem , we get

0

= i (al)k o (a’p)k aO’k? / eiwézzo’k?-‘rﬂ—l dz
=0 bk (bg)i Dok +6) J
changing the variable iwaz = —t, we get
— i (a)r---(ap)e @  (=1)7FHA1 /e*ttakJrﬂfl dt
= (b1)g e (Do) T(ok +B) (iwa)ok+s /

on applying the definition of Gamma function, we obtain

_ (=Pt i (ar)r - (ap)k (=1)7%a*

C (iww)8 = bk (bg)k (iww)ok

-1 B—1 —a o
= (,)1Bp"rqu(l?a’l?"'?a‘p;bl’"'7bq; ( 1) )
(lwa) iwa

Hence the required result.

3. CONCLUSION

In this study, we have developed various integral transforms of the generalized
M -series. The results obtained in this article are general in nature and are likely to
find useful in applied problems of science, engineering and technology.
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