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ON GENERALIZATION OF SOME INEQUALITIES OF
CHEBYSHEV’S FUNCTIONAL USING GENERALIZED
KATUGAMPOLA FRACTIONAL INTEGRAL

T.A. ALJAAIDI, D.B. PACHPATTE

ABSTRACT. In this paper, we obtain a generalization of some integral inequal-
ities related to Chebyshev‘s functional by using a generalized Katugampola
fractional integral. With the help of generalized Katugampola fractional in-
tegral operator, some more integral inequalities of Chebyshev’s functional are
derived and some special cases for the result obtained in the paper are also
discussed.

1. INTRODUCTION:

The fractional calculus is generalized form of classical integrals and derivatives,
which study integrals and derivatives in case of non-integer order. In recent two
decades, fractional calculus theory acquires more importance due to its applications
in several fields such as computer networking, biology, physics, fluid dynamics, sig-
nal processing, image processing, control theory and other fields, for some examples
see ([1], [19]). One cannot deny the significance of fractional calculus, and one can
observe several researchers recently have shown their keen interest in studying it
deeply and subsequently, its classical concept has been extended and developed by
many authors.

In classical integral and differential equations, mathematical inequalities plays
very authoritative role and in the past several years, a number of useful and im-
portant mathematical inequalities invented by many authors.

In (1882), Chebyshev [3], has given the following functional
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Its extention is obtained by Mitrinovic as (see [14])
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where ¢ and 1) are two integrable functions on [a, b] . Many researchers have given
considerable attention to the both functionals and a number of inequalities and a
number of extensions, generalizations and variants have appeared in the literature,
for more details see ( [9], [10], [15], [16], [17]). If ¢ and ¢ satisfies the following
condition

(1) = () @ (1) =¥ () =0,
for any 7,7 € [a,b], then ¢ and v are synchronous on [a, b], moreover, T (¢, ¥, g, h) >
0 (see also [14]). It should be noted that the sign of this inequality is reversed if ¢
and v are synchronous on [a, ], namely (¢ (7) — ¢ (7)) (¥ (7) — ¢ (7)) <0, for any
7,7 € [a,b].
One of the most important things to note in this work is the celebrated Cheby-
shev functional [3]

b b
T(oi,9) - ::l/" (4 )dvj/ e () g () dy (3)

+/ m/w v dv,

where ¢ and 1) are two differentiable functions on [a, b] and p is positive and inte-
grable functions on [a, b], this functional has many applications in probability and
statistics and other fields.

In [7] (see also [8]), Dragomir proved that, if ¢ and ¢ are two differentiable
functions such that ¢’ € L; (a,b), ¢’ € L, (a,b), r > 1, % + % =1, then

b
21T (0,9, 9) < 1" ll, 11911, l/ T =g (1) g(v) dev] : (4)

For inequality (4), Dahmani in [4] (see also [5], [6]), proved fractional version of
the inequality as

2|1%g (x) I* (gpyp) (z) — I (g) (2) I* (g¢) ()]
_u¢n|wn /l/ Uz =) U — Al g (1) g (7) drdy

<€l ||¢ [l & (17 ; (5)

for all & > 0, x > 0.
Motivated by ([4], [5], [6]), in this paper, we establish some new fractional in-
equalities for Chebyshev functional involving generalized Katugampola fractional
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integral. Our results in this paper are organized in three sections, first and sec-
ond sections are related to Chebyshev functional in case of synchronous functions
and the third section is related to Chebyshev functional in case of differentiable
functions whose derivatives belong to L, ([0, cc]).

2. PRELIMINARIES:

Now, in this section, we give the necessary notation and basic definitions used
in our subsequent discussion. For more details see ( [11], [12], [18] ).

Definition 2.1. Consider the space X? (a,b) (c € R,1 < p < ), of those complex
valued Lebesgue measurable functions ¢ on (a,b) for which the norm [|¢||x» < oo,

such that )
b P
dx
ol x» = (/ lzl” x) , (1<p<o)
xr

Il = Sup essae(an [ il]-

In particular, when ¢ = 1/p, the space XP (a,b) coincides with the space LP (a,b).

and

Definition 2.2. The left and right-sided fractional integrals of a function ¢ where
v € XP(a,b), a>0 and B,p,n, k € R, are defined respectively by

.y pl=Bgh (o po(ni1)-1
ol e (@) = T (o) /a o o Tp)l_acp (1) dr, 0<a<z<b<oo (6)
and
1=B.pn b k+p—1
o8 _p P T
pr,m,k@ (x) = T (o) /m (77— xp)l—a(p () dr, 0<a<z<b< oo,

(7)

if the integral exist.

In this paper we use the left-sided fractional integrals (6) to present and discuss
our new results, also we consider ¢ = 0 in (6), to obtain

lfﬁxk T 7_,0(7’,4»1)71
P10 () = L dr.
77»]{:%0(1') F(Oé) /0 (zpiTp)l—aSD(T) T

Now, we define the following function as in [18]: let > 0, a« > 0, p,k, 3, € R,
then

p.B - M -8 k+p(n+a)
Amk(a’n)_F(n+a+1) x .
Note that, the Definition (2.2) is more generalized and can be reduce to six cases
by change its parameters with convenient choice as follows:
- Liouville fractional integral, for n = 0, a = 0, k = 0 and taking the limit p — 1,
[[13], p. 79].
- Weyl fractional integral, for n = 0, a = —o0, k = 0 and taking the limit p — 1,
[[2], p. 50].
-Riemann-Liouville fractional integral, for n = 0, k¥ = 0 and taking the limit
p — 1,[[13], p. 69].
-Katugampola fractional integral, for § = «,
-Erdélyi-Kober fractional integral, for 8 = 0,

k
k=—p(a+mn),[[13], p.105].
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-Hadamard fractional integral, for 8 = «, k = 0, 5 = 07 and taking the limit
p— 1, [[13], p. 110).

3. GENERALIZED FRACTIONAL INEQUALITY FOR CHEBYSHEV’S FUNCTIONAL:

In this section, we establish inequalities for Chebyshev functional [3], which
deals with same parameters

Theorem 3.1. Let ¢ and v be two integrable and synchronous functions on [0, c0) .
Then for all z >0, a > 0, p > 0, k, 3,7 € R we have:

Tl (o0) (2) > ——— PT o (2) "Iyl (2). (8)
K s k K

! AL () !

Proof. For a synchronous functions ¢, on [0,00), we have for all 7 > 0, v > 0:

(M) =) @ (r) =¥ (7)) = 0.
Therefore
(MY +e ML) =e@yY() +e() Y (). (9)
Multiplying both sides of (9) by plrli”)”k (;:f:)):a,
the resulting inequality over (0,x), with respect to the variable 7, we obtain

pl=Bgk o (D=1
I (Oé) /0 (ggp _ Tp)lfa P (7-) 7/1 (T) dT

where 7 € (0, ) and integrating

plBak [T pp(ni)-1
00 oy |

1-B.k rx p(n+1)—1
pPx / T
T)dT
L(a) Jo (ar— Tﬂ)lf"‘('o( )

1-Bpk  rz 2p(ntl)-1
pF_T / T ¥ (7)dr.
L(a) Jo (zp—7r)

> ()

+¢ ()
(10)
So we have
YTof (o) (@) + A2 (sm) o (1) ¥ ()
> (1) PIoie (@) + o () Pyl (). (11)

lfﬁwk ,yp(71+1)—1

Now multiplying both sides of (11) by ”F(a) T
(0,x), then integrating the resulting inequality over (0,z), with respect to the

variable v, we get:
1-8,k rx p(n+1)—1
pIOz,B p € / ,y d
W@ oy [ et

pl=Bgk o ypm+1)-1
T () /0 (xp_vp)l_aw(v)w(v)dv

1-B,k o p(n+1)—1
/ 2 == (v) dy
o ( )

where v € (0,z), over

+A2 (a,m)

> PTp P
el mk QO ('1:) F (Oé)

L(a) Jo (ap—p)' ™

l'p—’}/p

+ Ty (@)
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So we have
PTy (o) (@) Tl (1) + ALY (a,m) Ty (00) ()
> P10 (x) P (@) + PIge () T e ().
Hence
PIO () (2) > —5—— PIVo (2) PI0 (@)
ke = , K k
! AP () !
This proves the result. [l

Our next theorem on Chebyshev functional deals with different fractional pa-
rameters:

Theorem 3.2. Let ¢ and 3 be two integrable and synchronous functions on
[0,00) . Then for all z > 0, « > 0,5 >0, p > 0, k, 8, \,n € R, we have:

ALY (8,m) PIOE (00) () + ALY (o) I () ()
> PTPp (x) PIN (2) + PIo0 () PTone ().

Proof. Since ¢ and ¢ are synchronous functions on [0,00), by similar arguments
as in the proof of Theorem (3.1) we can write

TP (o) () + ALY (a,m) o (1) ¥ (7)
> (7) Pl (x) + o (7) ISP () . (12)

(n+1)—1
(ngﬁ, where v € (0,z), then

integrating the resulting inequality over (0,z), with respect to the variable ~, we
obtain

plkak

Now, multiplying both sides of (12) by SN

1=\, .k T p(n+1)—1
7B P / gl d
n,k (Sow) (:L.) F (5) 0 (fL‘p _ ’yp)l—é 7

1-A .k pre  p(n+l)—1
, p' o
+AL (a,m) e /O (xp_vp)l_gw(v)w(v)dv

1-A .k pz p(n+1)—1
a, p 2
> pIn’kBgo (x) /0 ( )1,51“’7) dry

I'(4) TP — P
1-X,.k x p(n+1)—1
a p T Y
+ PPy (a / o (v) dy. 13
e g [ ) (13)
So we have
AL @,m) PZl (o) (@) + ALY (aum) T3 (90) (@)
> PT0P0 (2) PI (2) + PTov () P (2).
This proves the result. [l

4. GENERALIZED FRACTIONAL INEQUALITY FOR EXTENDED CHEBYSHEV'S FUNCTIONAL:

In this section, we consider the extended Chebyshev functional in case of
synchronous functions (2). To prove our theorem in this section, we need the
following lemma:
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Lemma 4.1. Let ¢ and 1) be two integrable and synchronous functions on [0, 00) .
Suppose s,v : [0,00) — [0,00). Then for all z > 0, « > 0, p > 0, k, 3,7 € R we
have:
T (sev) () Tofv () + PTols () T (vpyh) (x)
> T (s9) (@) Py (vh) (0) + T (sv) (2) P (vp) (@),
Proof. For the synchronous functions ¢, on [0,00), we have for all 7 >0,y > 0:

((r) =) (W (1) =9 (7)) > 0.
Therefore
eMY () +eMP () 2o @) +e@) Y (). (14)

=k Tp(11+1)*ls(7.)

Now, multiplying both sides of (14) by pll:(i) e where 7 € (0,z), then
integrating the resulting inequality over (0, ), with respect to the variable 7, we
get

1-B.k rz (n+1)—1
P / (Tp" (D) (n) Y (r) dr

I'(«) xP — TP)

plBgk T et -1
o 0e0 oy [ s e

1-Byk  prr pn+1)-1
200 ey | e (e ()

1=Bpk pr p(nt1)—1
e e R L

So we have
PIo (s0) (2) + 0 (N ¥ (7) “Zos (@)
>4 (7) PIEf (s9) () + 0 () PTEF (s0) () . (15)

1-B k ,Yﬂ(n+1)—1v(7)

Now, multiplying both sides of (15) by "F(a) e
integrating the resulting inequality over (0,z), with respect to the variable ~, we
obtain

where v € (0,z) and

1-B,k o p(n+1)—1
Tl o) @ gy || e
1-B,k o p(n+1)—1
Tt e [ o e e v
1-8..k x p(n+1)—1
peB p- " g d
> L 0 @ gy || e e
1Bk (o p(ntl)—1
P P~ ! dy.
e @ ey | O et i

Therefore
PT (sv) (@) I8P (2) + PP () YT (vpw) (a)
> 010 (s) () PTOF (00) (@) + PT0 (s0) (@) IS (vg) (a)
Hence the proof. O
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Theorem 4.1. Let ¢ and ¥ be two integrable and synchronous functions on [0, 00)
and suppose f,g,h:[0,00) = [0,00). Then for all x >0, « >0, p >0, k,5,n € R
we have:

PToh (@) Py (Fow) (@) PToie (@) +2 Pl f (2) *Ty7 (990) (@)
+ Iyl g (@) PToy (Few) (@) + 2 P f (x) PT (heow) (x) PTg ()
> Tyn (@) [ YTl (fe) () YTl (90) (@) + PTof () (@) "Iy (99) ()]
+ ool f (@) [ PIl (he) (2) PTof (gv) (@) + PTof () (@) T (99) ()]
+ 7Tl (@) | 7T (he) (@) PTof (o) (@) + PTo () (@) T (F) ()]
(16)

Proof. In lemma (4.1), putting s = f, v = g and multiplying both sides of the
resulting inequality by pr]i ’,fh (z), we get
PToih (@) "I (Fev) (x) PTyig (@) + PIyih(e) Py f (2) PToy (ge) (@)
> PTh (@) "I (fe) (@) PT3 (g9) (2) (17)
+ PIylh(@) PT (19) (@) PZo (99) (@)
Now, putting s = h, v = g in lemma (4.1) and multiplying both sides of the resulting
inequality by *Z,¥ kB (x), we obtain
YTyl f (@) Py (hew) (2) Pyl (o) + PToi f (x) Pyl (@) PT (gen) (o)
> I f (@) PT (he) (2) PT3 (g9) (2) (18)
+ 2Tyl f (@) PIl () (2) PI3 (99) (@) -
Now, putting s = h, v = f in lemma (4.1) and multiplying both sides of the

n.k

resulting inequality by ”I;i kB g(x), we get

PP (@) I (hew) () PIO0 f (2) + PISY g () PISPh (z) PI0E (Fev) (@)

> PIlg (@) "Il (he) (z) PI (F9) (@) (19)
+ 0Tl g () "I () (w) I (fe) (w).
By adding the inequalities (17), (18), (19) we get the inequality (16). O

Now, we give the lemma required for proving our next theorem for different
parameter.

Lemma 4.2. Let ¢ and ¢ be two integrable and synchronous functions on [0, 00) .
Suppose that s,v : [0,00) — [0,00). Then for all x > 0, « > 0, § > 0, p > 0,
k,B,\,n € R, we have:

I (s) (2)) I (2) + PIPs (x) PID, (vpd) (x)
> 2T (s@) () PIDR (0) (2) + PIo (s) (2) P (ve) (2) -
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Proof. Since ¢ and v are synchronous functions on [0,00), by similar arguments
as in the proof of lemma (4.1), we can write

oTof (s0v) (@) + @ (1) 6 (3) *Tols (@)
>0 (y) PIyy (s9) (2) + ¢ (7) "I (s9) (2). (20)

Multiplying both sides of (20) by 2 ll:(sz 7:;2?;;)11”_(3), where v € (0,z) and inte-

grating resulting inequality over (0, z), with respect to the variable -, we obtain

plkak /I ,Yp(nJrl)fl
o (

I (s00) () P =50 (1) dy

P — ,yp)

o, pl—kxk x ,yp(’r]—‘rl)—l
e R = LI

o 1=Apk  px o p(n+l)—1
> 2T (sp) (@) pp ©) /O (QZJ - WP)I*‘SU (7) ¥ (7) dy
1=dghk  ro o p(n+1)—1
14 X 0%
() /O (20 — WP)HU (Me () dy.

Therefore
I (spy) (z) PIopv (x) + PI0s (x) PI0 (ved) (x)
> 2TV (s@) () PIYy (0) (@) + PI0Y (s) (x) PI0 (ve) () -

Hence the proof. O

Theorem 4.2. Let ¢ and ¥ be two integrable and synchronous functions on [0, 00)
and suppose f,g,h : [0,00) = [0,00). Then for all z > 0, « > 0, § > 0, p > 0,
k,B,\,n € R, we have:

PTyih (@) [Py (Fow) (1) PTyog (@) + 2 P f (2) PT (990) ()

+ 1Ty (2) "Iy (Fod) ()]

+ [Tl f @) PThg @) + PTola (@) P F @)] PTo (hew) (2)
> Tlh @) [ YTl (£9) () YT (9) @) + Tl (£4) (@) PT0 (99) ()]
+ I £ @) | o (he) () YT (9v) () + PIo () () PT00 (99) (o)
+ Iyl @) [ "I (he) (2) "I (f) (@) + Pl (W) (@) PT00 (f) ()] -

(21)
Proof. In lemma (4.2), putting s = f, v = g, we can write
YTy (fev) (@) PIyg (@) + PIyilf (2) PIyy (g9w) ()

> PI0 (f) (x) PINL (gv) (2) + PI07 (F) () PI0 (99) () -
(22)
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Multiplying both sides of (22) by *Z/"h (z) , we get

PIOPh () PINY (fev) () PIong (@) + PISPR (x) IS f (x) PTG (90¢) ()
> PI0Ph (x) PIOF (Fo) (x) PT0n (gv) ()
+ TP h (x) PIOL (f0) () P (99) (x) - (23)

Now, putting s = h, v = g in lemma (4.2) and multiplying both sides of the resulting
inequality by *Z,* ,f (x), we obtain

PIPf(x) I (hov) (x) PIong (@) + PISP f (x) PISPR (x) PTG (90¢) (@)
> PI0 f (2) I (he) (2) PT (90) (@)
+ PIO0f () P () (2) PTG (99) (2) . (24)

Now, putting s = h, v = f in lemma (4.2) and multiplying both sides of the
resulting inequality by pr]‘ ,f g (x), we get

PIP g () PISF (hpt) (x) PIS (2) + PIoP g (x) PIobh(x) PI0n (feu) (x)
> 11009 (x) "I (hy) (x) PIDL (f9) (@)
+ PI00g () PI (W) () PI0% (f) (). (25)

By adding the inequalities (23), (24), (25) we get the required inequality (21). O

5. GENERALIZED FRACTIONAL INEQUALITY FOR CHEBYSHEV FUNCTIONAL FOR
DIFFERENTIABLE FUNCTIONS:

Our results in present section are for Chebyshev functional in case of differen-
tiable functions whose derivatives belong to L, ([0, o0]) [3].
First, we give the following lemma

Lemma 5.1. Let h be a positive function on [0,00), and let o, be two differ-
entiable functions on [0,00). Then for all z > 0, @« > 0, p > 0, k,8,n1 € R we
have:

e [ G G H ()
o/ N T T, T
I? () o Jo (xr— Tp)l_a (zp — ryp)l_o‘ " " gl

= [ Tof (ho) (2) P @) = T () (@) PTof (h) (2)] . (26)

Proof. Define

H(r,7) = ()=o) (@ (1) —¢(7); 7,7 € (0,2), 2> 0. (27)



JFCA-2020/12(1) FRACTIONAL INEQUALITIES OF CHEBYSHEV’S FUNCTIONAL 193

1 B8 kTp(n+1)—1h(7_

Multiplying both sides of (27) by £ T(a) (ar—rr)-7

where 7 € (0,2), we get

pl Bk +p(n+1)—1 pt=Pak 7p(n+1)—1

T(a) (2 — Tp)1_ah(T)H(T, v) = T@) (@ Tp)l_ah(T)(p(T)w(T)

plt Bk Fp(n+1)—1
T (@) (ar— Tp)l_“

plt Bk 7p(n+1)—1
T (@) (ar— Tp)l_o‘

pl Bk 7p(n+1)—1

T (a0 7Tp)1_ah(7)<p(v)w(7) .

h(r)e(m) ¥ (7)

h(m)e(v) (1)

(28)

Now, integrating 28 over (0, ), with respect to the variable 7, we obtain

1-B.k prx _pn+l)—1
pFe / ( T h(7)H (1,7v)dr
0

I'(a) ar —7p)'
= I3 (he) (2) — ¥ (7) "If (he) (x)
— () P (W) () + o (N ¥ (7) PIoPh (). (29)

o P (1) -
Now, multiplying both sides of (29) by F(Z)k (zptlvp;ﬁ(z%

integrating the resulting identity with respect to v from 0 to x, we get
2(1— ﬁ)$2k p(n+1)— ,yp(77+1)71 h( )h( )H( )d p
T T, T
/ / (P — TP Y (P — ’yp)lfa 7 7 7
=2 I‘”’B h PIOPh (x) — PIP (hp) (x) PZOF (heo) (
n,k ( SD’(/}) (‘r) n,k (.’L') n,k ( w (l‘ n,k ¥ x) .

where v € (0,z) and

Which is (26) . O

Theorem 5.1. Let h be a positive function on [0, 00), and let ¢, ¥ be two differen-
tiable functions on [0, c0). Suppose that ¢’ € L, ([0,00)), ¥ € L, ([0,00)), s > 1,
%—l—%:l. Then for all z >0, a >0, p > 0, k, 5,7 € R we have:

I3 (hp) (@) PTyh (@) = YT () (2) VI () (o)

NI, p2 =B g2k p(n+1)—1
||szJ s II%/f || p / / .
xp — TP
,yp(n+1)—1 / / » )
x Wh(v) |7 —=[| drdy < [|¢'][5 V][, 2 ( P h(x)) .(30)

Proof. In lemma (5.1), from the identity (27), we can write

(1,7) / / ) dtdr.
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By applying Holder inequality for double integral, we obtain

\H (r,7)] < () dtdr| ()| dtdr|
L, H . ) L
< Alr=Al® / l¢" ()] dt |7 =" / [ (r)|" dr
K % v v %
< fr— ’t)sdt’ / W (r)|" dr (31)

Using inequality (31) in left-hand side of lemma (5.1), we can write

== %/ s e ) ) H ()] dr
T T, T
o T v y)| drdy

2(1 B)x%/ / 7-r)(?7+1) 1 ,yp(n+1)—1
- {I;P—TP (mp_»yp

= h(t)h(y)|T—~]
x / ol / W ()| dr|

Again, applying Holder inequality to the right-hand side of inequality (32), we
obtain

drdy.

(32)

2(1 2k Fr(n+1)-1 ,.yp(TH»l)fl . . u o
/ / xp _ Tp ( p_ ryp)l—a (T) (7) | (T7 ’Y)‘ Ty

p21=Fy 2k// 7p(n+1)—1 P+ —1
(P — 7—p (xp — fyp)l*a

1

.
@)=l | [ I O dnw}
2(1 ﬁ)x% FP(n+1)— 7P(n+1)—1
/ / (P — TF’ T (P — 'yf’)l_a
X h(T)h(y)|T - ! r)|vdr de'y} ’
(33)
Since
K / S S
[ el dt’ <2
K ! v v
/ W' ()" dr| < |1o/]" (34)
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Then, from (33), we have

2(1 B) 2k FP(n+1)—1 ,yp(77+1)71 h( )h( )| ( ) ird
T H (1, T
/ / (zr — 7'/’ % (xp — 'yf’)l_a 7 7l 7

s 2(1=B) 2k p(n+1)—1 p(n+1)—1
© p x
< [” s // i )1_ah(r)h(7)lT—7|de7]

JjP—TP 1= O‘(mp_,yp

ol

1

W ”p2(1 22k rP+D-1  pn+1)-1 g
>< [” ” e h (VR () 7l drdy|

{I;P—TP ( p_fyp)
So we have
e [ ) (o ary
xp_q—p (xp_fyp) @
g lelus J, P20
- I (a)
[/ / Fr(nt1)-1 yﬂ(n+1)—11 h () h () |T—“/|d7d7r
xp_q—p (xp_fyp) «
U / A VP(HH)T_ h(r)h () |T—’Y|drd’Y]i
;,;p_Tp (Ip_ryp) «
Hence
T | e ek ) H () e
TP _7—p (xp —P) -«
< ”9” ” . pm i L[ ) k() b 2l drd.
xp_q-p (xp_yp) «

(35)

Using lemma (5.1) and the inequality (35), with the properties of the modulus, we
get

PTy (hpy) (z) ’T’"ﬁh(w) = 1Ty (W) () Iy (hp) ()

) Y p2(1 B) 12k Fp(n+1)—1 ,yp(n+1)—1
< "Il | ” —=h(T)h(y)|T —~|drdy.
;1;/7 — 7'/’ (q;/’ — fyp)

(36)

Which proves frist part of (30). To prove the second inequality of (30), we have

Then
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Hence
p21=P) g2k FP(n+1)—1 P11 =1 B (B - i
/ / p _ Tp (xp _ Vp)l—a (T) (’Y) | (T7 ’Y)| T ,-)/
||<P || I9'll, P~ B)IH% / / Pl =1 yplnt) 1
< h(r)h(y)drdy.
B F2 xﬂ — Tp (l'p _ ,Yp)lfoc (T) (7) Tay
= ¢/ll, 141, = ( I (@) (37)
Which proves second inequality of (30). Hence, theorem (5.1) is proved. O

Now, we give the following theorem with different parameters

Theorem 5.2. Let h be a positive function on [0, 00) and let ¢, be two differen-
tiable functions on [0, 00). Suppose that ¢’ € L, ([0,00)), ¥ € L, ([0,00)), s > 1,
l+%: 1. Then for all x > 0, « > 0,9 >0, p > 0, k, B, \,n € R, we have:

TP (h) (x) PIph (x) — PIon () (z) PZ03 (hep) ()

— 2T (he) () PZ7 (hp) (@) + ”15’2 (hoy) () ”Iff,’;fh(x)‘

< Il 0, p2 (8- Wk Foln 1)~
ah(T)
( ;EP—TP
AP+ —1 . R
- W’W =l dray < @1 1L, @ (PZoh (@) PR (@) -

(38)

Proof. In lemma (5.1), multiplying both sides of (29) by 11,(;) - :;211;;)11}1(3% where
v € (0,z) and integrating the resulting identity with respect to v from 0 to x, we
can write

2 (B— /\)m% 7p(n+1)—1 7p(n+1)—1
oo L] ROV () H () dr

ng — TP (ggP — ’Yp)lié
= PI;“,,E (hw/)) () PI;‘,,zh (@) = PIY% () (z) PZF (he) (x)
— PIDL (he) (z) PIEY () (x) + PI0n (o) () PIOPh (). (39)

Using inequality (31) in left-hand side of (39), we can write

2 (B=X) 2k 7p(n+1)—1 ,yp(n+1)—1
/ / s () 7))l

xp — 7—p ( — P
P> (B /\)x% 7p(n+1)—1 ,Yp(nﬂ)*l
/ I = h () ()
J;P — TP (;L'P — 'yP)

drdry. (40)

X | —

S / ' ()" dr|

! t)|sdt‘
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By applying Holder inequality for double integral to above inequality, we obtain

2 (B— )\)ka Fr(n+1)-1 ,_Yp(n_i,-l)_l . . . o
// (@ — 70) 0 (27 — )0 (T) h (V) |H (7,7)| drdy

2 (B— /\)ka 7p(n+1)—1 ,yp(n+1)—1
- [ / / ggp_Tp Y (x pfryp)l_‘s
v
<)l = | [l O d
—(B=X) p2k FP(n+1)—1 fyp(nJrl)*l
% [ / / (zr — TP T (P — ’yP)176

xh(r)h(y)|T -

de’y]

e |=

! 7‘)|U dr

de’y}
(41)
Using (34) and (41), we can write

2= (B=X) 2k FED=1 p(n+1)-1
/ / R (1) h(7) [H (r,7)] drdy

(wp —77)! ( 7”)
. Il p2 (ﬁ A)xzk (D=1 yp(n+1)-1
” ” ” . —sh (D) h ()| -2 drd.
I' (o) (zp —7°) 7% (2p — 4P)

(42)
Using (39) and (42), with the properties of the modulus, we get
YTy (ht) (2) PTih (a) = Py () (2) PZ (h) ()
= "Iy (he) () PZy () <:c> + Ty (o) (2) PTo R ()

|<P |w/ p2 (B=X) 12k 7_p(rH»l) 1 AP p(n+1)—1
< b 5h(7)h(3) [r | drdy.
P — 7—p (g;p — fyp)

Which proves first mequahty of (15). Second inequality can be proved similarly. [

Remark 5.1. If £ = 0, n = 0 and taking p — 1 in the theorems (5.1) and (5.2),
we get

BRI ) ) 2 () ) ) )
< Il . / / (& =) 7 =1 (7 b (7) drdy

<€l ||1/J I,z (Z%h

and
|Z% (hep) (2) °h (x) — I° () (2) T* (hep) ()
~I° (hg) () T* (W) (x) + I° (hww)( )I%h (x)|

”*0“ W I, / / (2 =) h ()b () | — ] drdy

< ||</> || ||w H z (Z%h h(x)),
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respectively, as in (see [4]). Similarly we can get the remaining five cases of gener-

ali

il
[2
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6
[7
8
[9

10

[11

[12

[13

[14
[15

[16
[17
[18

[19

WA

WA

zed fractional integral mentioned at the preliminaries.

REFERENCES

] D. Baleanu and O. G. Mustafa, On the global existence of solutions to a class of fractional
differential equations, Comput. Math. Appl. Vol. 59 , no. 5, 1835-1841, 2010.

] R.F. Camargo, E.C. Oliveira, Fractional Calculus (in Portuguese), Editora Livraria da Fisica,
Sao Paulo 2015.

| P.L. Chebyshev, Sur les expressions approximatives des integrales definies par les autres prises
entre les mémes limites, Proc. Math. Soc. Charkov, Vol. 2, 93-98, 1882.

| Z. Dahmani, O. Mechouar, S. Brahami, certain inequalities related to the Chebyshev’s func-
tional involving a Riemann-liouville operator, Bull. Math. Anal. Appl. Vol. 4, 1821-1291,
2011.

| Z. Dahmani, New inequalities in fractional integrals, IJNS, Vol. 9, 493-497, 2010.

| Z. Dahmani, On some new fractional inequalities, Inequal, Pure and Appl. Math., Vol. 10,
1821-1291, 2009.

] S.S. Dragomir, Some integral inequalities of Gruss type, Indian J. Pure Appl. Math. Vol. 31,
397-415, 2000.

| S.S. Dragomir, A generalization of Gruss’s inequality in inner product spaces and applications,
J. Math. Annal. Appl. Vol. 237, 74-82, 1999.

| I. Gavrea, On Chebyshev type inequalities involving functions whose derivatives belog to Ly
spaces via isotanic functional. J. Inequal. Pure and Appl. Math. Vol. 7, 121-128, (2006).

| R. Gorenflo, F. Mainardi, Fractional calculus integral and differential equations of fractional
order, Springer Verlag, 1997.

] U.N. Katugampola, A new approach to generalized fractional derivatives, Bull. Math. Anal.
Appl. Vol. 6, 1-15, 2014.

] U.N. Katugampola, New fractional integral unifying six existing fractional integrals, pp. 6.
2016, arXiv:1612.08596 (eprint).

] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of the Fractional Dif-
ferential Equations, Vol 204, 2006.

] D. S. Mitrinovic, Analytic inequalities, Springer Verlag, Berlin, 1970.

] S.M. Malamud, Some complements to the Jenson and Chebyshev inequalities and a problem
of W. Walter, Proc. Amer. Math. Soc. Vol. 129, 2671-2678, 2001.

| S. Marinkovic, P. Rajkovic, M. Stankovic, The inequalities for some types gintegrals, Comput.
Math. Appl. Vol. 56, 2490-2498, 2008.

] B.G. Pachpatte, A note on Chebyshev-Griiss type inequalities for differential functions, Tam-
sui Oxf. J. Manag. Sci. Vol. 22, 29-36, 2006.

] J. Sousa, D. S. Oliveira, E. Capelas de Oliveira , Griiss-Type Inequalities by Means of Gen-
eralized Fractional Integrals, Bull Braz Math Soc. Vol. 2, 1-19, 2019.

| H. G. Sun, Y. Zhang, W. Chen, and D. M. Reeves, Use of a variable-index fractional derivative
model to capture transient dispersion in heterogeneous media, J. Contaminant Hydrology Vol.
157, 47-58, 2014.

TARIQ A. ALJAAIDI, DEPARTMENT OF MATHEMATICS, DR.BABASAHEB AMBEDKAR MARATH-
DA UNIVERSITY, AURANGABAD, (M.S),431001, INDIA.
E-mail address: tariq10011@gmail.com, pachpatte@gmail.com

DEEPAK .B. PACHPATTE, DEPARTMENT OF MATHEMATICS, DR.BABASAHEB AMBEDKAR MARATH-
DA UNIVERSITY, AURANGABAD, (M.S),431001, INDIA.
E-mail address: pachpatte@gmail.com



