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CLASSES OF QUANTUM INTEGRAL OPERATORS IN A COMPLEX
DOMAIN

RABHA W. IBRAHIM

ABSTRACT. Recently, the author introduced some interesting differential opera-
tors created by a class of analytic functions in the open unit disk. In this effort, we
shall formulate their integral operators and define the convex formula together
withe the corresponding differential operators (DO). By using the quantum cal-
culus, we generalize these integral operators and study the geometric posses in
the sequel.

1. INTRODUCTION

Integral operator (or transform) records an equality from its creative domain
into another domain where it might be employed and disentangled greatly more
straightforward than in the creative domain. The result is then charted posterior
to the creative domain consuming the inverse of the integral operator (differential
operator in this work).

Quantum calculus, occasionally named calculus without limits, is coordinated to
conservative tiny calculus wanting of the impress of the limits (see [1]). It ex-
presses "g-calculus" and "h-calculus”, where h apparently, represents the Planck’s
constant while g indicates the quantum. The two parameters are associated with
the formulation

g = it = g2

where 71 = % is the condensed Planck constant. In the g-calculus, differentials

of functions are formulated by

0(x(2)) = x(q2) — x(2) -

For example, the g-derivative of the function ¢" (for some positive integer n) is

n_ 1 3 . n_ 1
5(¢") = %5" '= [n]q ¢ ! [n]g = %
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Jackson [2]] presented the g- integral by the formulation

é o0
/O AT)dgT =T(1—9q) ZO q" A (Cq™), (1.1)

where the above series is convergence. Now for A ({) = "™, we conclude that

14 my gm—l—l v ,
/OT qT—[m+1]q, m# —1.

In this exploration, we express a new g-integral operators of complex coefficients
and investigate the geometric behaviors based on the possessions of the theory
of geometric functions. The recommended q- integral operators employ to de-
fine some g-subclasses of starlike functions. Quantum inequalities include the
g-integral operator and some special functions are discussed.

2. METHODOLOGY
Let A be the family of analytic functions x € U and normalized by the condi-
tions x(0) = 0 and x’(0) = 1, formulating by
xQQ) =0+ )Y xal" Ceu 2.1)
n=2

A sub-class of A is the class of univalent functions denoting by (®). Conse-
quently, a function x € A is starlike in U (&%) if and only if R({x'({)/x({)) > 0.
In addition, a function x € A is convex in U (€) if and only if 1+ R(Zx"(Z) /X' (Q)) >
0.

Definition 1. For two functions x and X in A, are subordinated x < X, if a Schwarz

function ¢ with ¢(0) = 0 and |g(¢)| < 1 satisfying x() = X(¢()), ¢ € U (see [3]).
Evidently, x(C) < X({) equivalents to x(0) = X(0) and x(U) C X(U).

Definition 2. A function x € A is called major by X € A, if |x(0)] < |%(Q)]-

Ma and Minda [4] formulated different sub-classes of starlike and convex func-

tions for which either of the expression g)ﬁg) or 1+ g))((/’;g) is subordinate to an

additional common superordinate function. For this classes, they presented an
analytic function ® with positive real part inJ, ®(0) = 1,©(0) > 0, and ® maps
U onto an area starlike with respect to 1 and symmetric with respect to the real

axis. The class of Ma-Minda starlike functions contains of functions xy € A fill-
949

ing the subordination =T = ©({). Likewise, the class of Ma-Minda convex
functions involves of functions x € A fluffing the subordination
X" (@)
1+ < 0(0).
X/( g) (g)
Moreover, when ©(g) = %, we obtain the main stalike and convex classes
respectively. Ali et al. [5] combined the two classes in the class
/ !
@) @) g

x(@) X'
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2.1. Q-Integral operator. Recently, Ibrahim and Darus introduced two different
differential operators as follows [6) [7]

AX() = X' (@) + 5 (@) —x(-D) —2), x€R

22
AEX(E) = Ae(82 (D) .
=0+ L ln+ 51+ (1)) ",
n=2
(;celR,geu,XeA).
And for g-differential operator [8]
pAEX(E) = C+ Y lnly+ 5 1+ (~1)"™ )" xad” 23)
n=2
Moreover, they defined the following differential operator [9]
Mex () = xx'(2) = (1= K)Zx'(=0)
—€+Z = (=) (=1)")] xul"
: (2.4)
MEX(E) = MM IX(D)]
=0+ Z — (=1 (=1)")]" xa",
(K €(0,1), €y, xe A).
And for g-differential operator, it will become
=i+ Z (1= %) (=1)")]" xul", (2.5)

Ibrahim [10], for a non-zero complex number «, formulated another differential
operator as follows:

ax(@) = (3)eX @ - (1-%) ex'(-0)
APX() = A (AP (D)) (20)

—§+z( (E-a-50C07)" xd”,

(K;Ao eC,@eU,X6A>.
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And its g-differential equation
PAX(D) = De(AFT'X(D))

={+ i([n]q (ﬁ_(l_ﬁ)(_l)n))m el 2.7)

K K

Here, we proceed to introduce the integral operator corresponding to the above
differential operator, we have the following Table

TABLE 2.1. Q-integral operators

DO Integral operator g-integral operator
ED | x(Q) =7+ I, — X0 = C+ Dy —— 2
[HE(H(*U”“)]*’Z [[”]q+§(1+(*1)”+])]m

n

€3 | () =+ D e | oK) = 84 D i |

R | L¥x(0) =T+ (n(ﬁ—u)—(nf)n(—n”))"'

Lm — OO_ Xnén -
q KX(C) €+Zn72 ([n]q(%—(l—%)(—l)”))

By using the g-integral operators we define the following g-starlike classes:

Definition 3. A function x € A is called g-starlike function in U which is denoted by
¢S (®) if one of the following g-inequality is held:

o I,L”X(é))/

o é”x(é))l

o —Lamg- <0@), ke

<0(0), xeR;

o 1x0)
.W{@(é), K#OEC,
where ©(0) =1, @'(0) > 0 and O(U) is symmetric with respect to the real axis.

Note that all the g-integral operator are the generalized of g-Salagean operator
(111

SrO =T+ Y (f;]f)m

We aim to study the geometric aspect of functions in ;S in the next section.

3. GEOMETRIC ASPECT
We have the existence solution in the following result:

Theorem 3.1. Let x € A with positive connections. If ©({),{ € U is univalent convex
in U then x €, S¥'(©).

Proof. It is enough to show one of the following inequalities:
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« o (Sl
L x(2)
° §R <€(Q‘7Kmx(€))/
s T x(C)
¢lLex(©)’
(o
Let us consider the first g-integral ;I then we have the next conclusion

CGLx(0)
%< qI;TX(g) ) >0

)>0, x € RT;

> >0, xe€(0,1);

>>O, K #0¢€C.

C+Eran/ (Ingl+ 51+ (=1)") " g
<R K >0
C+ 21/ (g + 51+ (=) xad”
L/ (fngl+ 50+ (=) )" g
SR i >0
L+ 1/ ([l + 51+ (1)) g
14520/ (g + S+ (—1)™1))" x.
L [1rE ([w+§<+<> >Lx o ot
1+ 5021/ (Il + 5+ (1)) 2

& (1 + izn/ ([n}q + g(l + (—1)n+1))m Xn) > 0.

Similarly for ;,J¢". Now, we consider the g-integral ;L;’, we have the following
computation:

 (SuLXO))

qL;?X(@
+Yyon/ (Inly (£—1—-5(=1)m)" x,@")
e <§+22°_21/ (Il (5= (=50 ) il )~ 0
(1 + X/ (Il (5 - (- $)(=1)")" xn5"—1> 0
14+ 51/ ([nlg (52— 1 =5)(=1))" xugn !
}))m ) >0, —1"

- (14—220_2”/([”/’7 " Xn
1+ Y0,1/ ([n]g

& (1 + Y n/ (nly)" Xn) > 0.
n=2
Moreover, by the definition of g-integrals, we inform that

(¢ I'x)(0) = (4 T"x)(0) = (gL' x)(0) = 0.
Since, ® € P with all positive real connections including the above connections,
that is
‘ SaIex (@)
L’?x )

C(q T x(2))

lé x(Q))
a JX(0)

qL;’?X 7)

@l |

(9]
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But © is convex univalent in U therefore, yields that
X(6) € 45¢(0).

Now, we discuss the consequences when x € S}

Theorem 3.2. Assume that x € 4S}'(©), where @ is convex univalent function in U.
Then every g-integral operators in Table[2.1| satisfies the inequality

M3 (0) < Cexp (/065@(5(&;))—1%),

g T X(0) < Cexp (/Og %dw),
and ;
x(@) <o [ 2O La),

where 9({) is analytic in U, with 8(0) = 0 and [9({)| < 1. Moreover, for || = ¢, then
every g-integral operator fulfills the formula inequality

exp ([ 2D D) < o ([ OOEN 1

¢ ¢
1e9(-¢)) -1 JTe"x (& 10(0(g)) -1
exp(/o f)dg_‘q ‘<exp(/0 f)dgf
and
1@9(—¢&)) -1 LY x(0) 1O(0(¢)) — 1
or(f g s <ew ([ TR
Proof. Since x € 4S{'(©), we have one of the following subordination inequali-
ties:
(g I'x(2)'
L(q T x (D)
(o ) <00 ceu
or
2(gL¥x ()

which leads to exist a Schwarz function with 9(0) = 0 and |0(g)| < 1 fulfilling

(e’ — o), ceu

A computation leads to
((qlﬁnx(é))’) 1 _0e@@) -1
g1x(Q) ¢ ¢
By integrating both sides, we obtain

log (,71;";((@)) —log¢ = /OC %dw.
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Consequently, we attain
Im .g @ _
log (q u §(€)> = /0 0@(w)) =1 1dw. (3.1)

By utilizing the meaning of subordination, we conclude that

L X(T) < Cexp (/0é de).

w
But ® plots the disk 0 < || < ¢ < 1 onto a domain which is convex and
symmetric with respect to the real axis, which implies that
O(=¢l¢l) < R(©(0(88))) = O(Elel), ¢ < (0,1),
that is
0(=¢) <0(=¢lgl), o) <oe()

and

1o@(=¢7l) —1 10(0() —1 'e((gle)) —1
e S e e et

By taking the Eq. (3.1), we receive
to(=¢le)) —1
d¢ <1
J z o= log

which leads to

1O(5(— _
oup ([ QLN 1,

x| [ OEE) ~1
e e

g

() TOE) -
O ¢ g ([ QOGN =1 )

7)< :

Hence, we have

o ([ OO =1

Similarly we obtain

exp(/olw)dgg ’M’ Sexp(/ol %))_1>d€

X (@) ! -
g 2( ‘Sexp(/o ®(5(§§)) 1)d€_

¢ ¢ ¢
and
'O@0(=¢)) - L¥x(©) 1O@0(9) -
exp</0 O (d( éf)) 1);15;5“ 2( ‘Sexp(/o o (é;)) 1)%.

Corollary 3.3. [6, 9] [10] Let ¢ — 1 in Theorem 3.2} Then
tOOw)) -1
R )

w

tOO(w)) — 1dw),
w

Fix(@ < cexp ([
and

(@) <cexp ([

Example 3.4. Consider the following data ®({) = (%) ,and (x,q) = (1,0.5).
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Then we have

m _ Xﬂgn
qIK x(0) = €+n;2 [2/3]m

m _ —  Xn("
qu X(g) = €+r§2 [1/2]m

Since
O(g) =1+20+20%+28°+20* +0(8°), (€U
which implies that x € ;S§'(®) with the connections bound

m
|Xn|g2[2:l3] . Yn>1,m>1

for ;I{' x(¢) and

m
lxn| < 2[122] , Vn>1,m>1

for , J¢" and ;LY.

Moreover, for sum 9(w) = w,w € U, we have

Lexp (/Oé Mdu}) = 04202+ 30 + 40 + 505 + 67 + O().

w
Hence, by Theorem [3.2}
4 _
(D) < gexp(/o @(6((:)) 1dw),
- .
qumX(g) < Zexp (/0 ®(6((ZJ)) 1dw>,
and
4 _
gL x(0) < Cexp </o %du))

4. CONCLUSION
From above, we conclude that a class of g-integrals operators in the open unit
disk satisfied g-starlike functions. This presentation can be extended in view of
other classes of analytic functions (multivalent class and meromorphic class and
harmonic class).
Availability of data and material. Not applicable.
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