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SOME INCLUSION PROPERTIES FOR NEW SUBCLASSES OF
MEROMORPHIC MULTIVALENT STRONGLY STARLIKE AND
STRONGLY CONVEX FUNCTIONS ASSOCIATED WITH
MITTAG-LEFFLER FUNCTION

A. O. MOSTAFA AND G. M. EL-HAWSH

ABSTRACT. The purpose of the present paper is to introduce and study some
new classes of strongly starlike and strongly convex functions of order § and
type (p1,p2) by using a new operator associated with Mittag-Leffler function
and study their properties.

1. INTRODUCTION

Denote by X, the class of meromorphic multivalent functions of the form:

f(z) = Zip+ > ana", (1)

which are analytic in U* = {z: 2 € C and 0 < |z| < 1} = U\{0}.
A function f(z) € X, is said to be in the class of meromorphically strongly
starlike functions of order § and type (u1, p2) (S, (p1, p2,9)) (see [11, 14]) if :

2 f(z) 2

and in the class of meromorphically strongly convex functions of order § and type
(/’LI’M2) (Cp(ula,u% 6)) (See [lla 14]) if :

T z /Z ™
—u1<arg<f()+5><uz (6>p;0 < pr,p2 <1) (2)

™ 2f(2) v
_ = - . <
2,u1<arg<1+ 70 —|—5><2u2 (0 >p;0 < py,pe <1) (3)
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and also, in the class of meromorphically strongly A\—convex functions of order ¢
and type (Mla :U'Q) (RP(H’lv M2, >" 5)) if:

Q 4 z z m
— < mgOl—M ﬂ)+A<ka&0+ﬁ><m

2 2
(A>0;0>p;0 < pa,pp <1). (4)
From (2) and (3), we get
zZ *
f(Z) ecp(:uluu%(s) <:>_;)f (Z) esp(:uluu%(s) (5)

We note that:

(i) RP(MDMQ’O?é) (/1'17//*27 )7

() R (/”Ll’/”L271 6) (/~L17FL27 )

The Mlttag—Lefﬁer functlon E.(z) (2 € C) ([4, 5]) see also ( [1, 2], [3], [8, 9, 10]
and [12]) is defined by

oo

1 n

For «, 8,7 € C, () { max {0, R(k)—1} and R(k) > 0, Srivastava and Tomovski
[13] generalized Mittag-Leffler function and introduced the function

oo

EA() = Y pat ©)

= D(na+ B)n!
and proved that it is an entire function in the complex z—plane, where
) _ D(y+0) 1, 0=0
0= () {7w+nmw+9—uﬁ¢0'
Mostafa and Aouf [6], used the function Egg(z) and defined the meromorphic
function

ML s(z) = ZﬁpF(B)E%k(Z)
— -p ’Y + (n +p)k] n
? *Z ﬂ+ (n+pall(n+p)
(Ra = 0 when Rk = 1 with 8 #0), (7)

and for f(z) € X,

Hyesl(z) = Mo () f(2)
n k
B w+Q§;pr ﬂ+3iéﬁﬁgg+m““” ®)
From (8) it is easy to have
M50 (2) = f(2),
Hyo ol (2) = (p+1) (2) + 2f (2), 9)
k(M) 5 f(2)) = YHO L (2) = (v + pR)H) e 5 f (2) (10)

and

’

oz (H)E 4 f (2)) = BHLE of (2) = (pa+ ) HIE oy f (2) 0 £0. (11
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Using the operator 7—[;2 5f(2) defined by (8), we introduce and study the properties
of some new classes of meromorphicly analytic functions, defined as follows:

f €y 1y 5f (2) € S)un, 12, 0),
Hy a5l (2)
f € Ep : H;:z,ﬁf (Z) € ,C,p(/ilvﬂ%(s)»
Ng’k(avﬂaulaﬂ%é) = 1 Z(H;:iﬂf(z)) 7& s ) (13)
(H;:c’z,ﬁf(z))/

f € ZP : H;:z,ﬁ (Z) € RP(MI),U’Q,)"(5>

(uA)WH(HW))

HE L) (M2 o 1)

Sgﬂk(aaﬂaﬂla}tQaa)

V;ﬁk(aaB,AuuluuQaé)

#+0
(14)
We note that:
(1) V;’k(aaﬁaonulu,uﬂaé) = Sg’k(a7ﬁ7ul7u2u5);
(H) V;’k(aaﬂv 17#17#275) :N[’)\/’k(aaﬂvulvﬂ%é)'
From (12) and (13), we get
VA
f(Z) € Ng?k(a’ /Ba M1, 12, 5) g _];f (Z) € Sg’k(a7 Bv M1, 2, 6) (15)
2. Preliminary results
The following lemmas will be required in our investigation.
Lemma 1[7] . Let the function ¢(z) given by
oo
q(z) =1+ Z crz®, (16)
k=1
be analytic in U with ¢(z) #0 (z € U).
If there exists a points 21, 22, € U such that
™ T
— gt = argq(z) <argq(z) <argq(z) = Spe
(,LLl,,UzQ > 07 ‘Z| < |Zl| = |22|)7 (17)
then we have ,
z1q (21) _ + le7 (18)
q(z1) 2
and
224 (22) _ .+ 23 (19)
q(z2) 2
where
1—|a|
1>
~ 1+l
and
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3. MAIN INCLUSION RELATIONSHIPS

Unless otherwise mentioned, we assume throughout this paper that § > p,0 <
pispe <1,A>0,a,8,v € C, R(a) ¢ max {0,R(k) — 1} and R(k) > 0 and z € U.
Theorem 1. The following inclusion relation holds:

S;+1,k(a7ﬂu;u1a,u276) ng’k(a7ﬁ7ulvﬂ2u5)' (20)
Proof. Let f(2) € S1*"*(a, 8, pn, 12, 6), and

p (’H;’(’i of (z))
— . =—llp—9)az) +7], (21)
Hy sl (2)
where ¢(z) is analytic in U with ¢(0) = 1 and ¢(z) # 0. From (10) and (21), we get

Hytlf(2) (6 —p)a(z) — 8+ 14k

= . 22)
E (
Myl (2) (7)
Now, differentiating (22), we obtain
G 10) PR Y 1) MR S P
HITIFF(2) +9 = HYN £ (2) (6—p)a(z)—5+2152E +o
5—p)zq (=
= (=P ale) + o B (23)
Suppose that there exists two point 2z, z2 € U such that
T T
o= arg q(z1) < argq(z) < argq(22) = 2 (|2 < lz1] = |22l) -
Then, applying Lemma 1, we can write that
ag(z) _ il +pe) (1+14) (24)
q(z1) 4ty
and
220 (22) _ i (1 + p2) (1 +13) (25)
q(ZQ) 4t2 ’
where
i (r1+n2) s
q(z1) = (—it1)” =  exp {ZZ (ua — pl)} t;1 >0, (26)
. (ry1+p2) T
q(z2) = (ita)” = exp {zz (12 — ul)} ta >0 (27)
and
1> 1 o]

T 1+]al’
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Replacing z by 29 in (23) and using (25) and (27), we get

S(GEE) s s S
Gy 10 = O pala) 1 G

(p14n2)

= (0-pty * exp(ifue)

il(p1+p2) (1443)
(n1tp2)

(6-p)t, 2 cxp(igﬂ2)+<w_5>]

X1+

4to

This implies that

arg { 22(7'[Y+CX 5kf(z2)) + 5} il(M1+M2)(t;1+t2)

Vs
Spz+arg{ 1+

AR Ok
Hopap f(22) 2 4{(6—p)t2 PR exp(i%uz)Jr(%ﬂs)}
™ I
- §M2+tan 1 {%} 2/127 (28)
where
-1 (eatpa) T
€L piats) = Ui+ pi2) (17" +12) O =p)ty 7 cos (Gne)
+ pk -
+ (7 kp - 5) (1 + po) (851 +1t2)
e (p1, p2,ta) = 4(6— p)2 téﬂ1+;¢2)
k k (n1+wa)
+4 7+p Y ,Y+p _5 +2((5—p)t2 122 COS(qu)
k L :
wited) o
+ (0 —p) (1 +po) (b1 +t2)t, 2 sin <§u2> 7
and
1 — |a]
> .
~ 1+ |al
Similarly, replacing z = z; in (23) and using the same procedure as above, we obtain
that
st |\ T
arg { rH'y+1ka( ) + 5 < 21u1’ (29)

which contradicts the condition f(z) € S;/+17k(a7ﬁ,u1,u275). Thus the function
q(z) defined by (16) yields

——p1 < ( ) < W
arg q(z
Bl gq o H2s

which implies that

I T (2) us
—gH < arg{w +0,p < 5 M2

Thus f(z) € Sg’k(a, B, p1, pr2, 6). This completes the proof of Theorem 1. O

Theorem 2. The following inclusion relation holds:
S;’k(a357u17u275) CS;’k(Oé,6+].7p,1,/,L2,5). (30)
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Proof. The proof of Theorem 2 is the same as the proof of Theorem 1 by using (11)

instead of (10). O
Theorem 3. The following inclusion relation holds:
NPEE (o, B, s p2, 6) € NGF(, B, pia, pias 6). (31)
Proof.
f(z) € Nfl’k(a,ﬁ,ul,uz, )@leﬁkf( ) € Cplp1, pi2,6) =
-2 (g '“f( ) e Spummd) o ML) (-2()) € Splmpnd) <

\
ESTIRS
\\
—
W
~—
m

zZ
3T B, 12 8) = — 2 f (2) € 8 (@ B, s . 0)

m

z . 2 , "
ko) (<21 <z>) Sinons8) =2 (M7 11 () €S (nanand) &
’H;fl sf(2) € Cplpr,p2,6) & f(2) GNJ’k(a,ﬂ,m,uzﬁ),
the proof of Theorem 3 is completed. ([

Similarly, we can prove the following result.
Theorem 4. The following inclusion relation holds:

N;;Y’k(aaﬁuul),u%é)CN;,k(aaﬂ_’_lvﬂ'h/}'%é)' (32)
Theorem 5. Let The following inclusion relation holds:
V;7k(aaﬂ7 )‘7/1/1’/1/2a6) - V;’k(OK,B,O,/_Lth,é). (33)

Proof. We observe that, if A = 0, the result (33) is obvious. If, for A > 0, let
f(z) € Vg7k(a,5,)\,u1,u2,5) that is

™ 2(ME L 52) S(Mk 1) ™
_ 11—\ p,a,B 1 p.a,p ; ) _ 4
gH < arg [( ) T e +)\< + o 1) ol < gpe (34)
and let ¢(z) be given by (16). From (21), we get

/

2 (Hyh ot (2)) =10 —p)alz) = S| HIA o (2). (35)
Now, differentiating (35), we get
Wk 1)
1+ - (e ), —[(6—p)a(z) - 4]
(1% 51 ()
(0 —p) zq (2)
o= pa) o (36)

From (35) and (36), we have

Z’H,A”k f(z))/ z(?{w'k f(z))”
T G 60) N (R Y CO) M B
S T S T
A (6 —p)2q (2)

= PO E o e

(37)
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Suppose that there exists two point z; z2 € U such that

Y
—o = argq(an) <argq(z) <argg(zz) = 3

Then, applying Lemma 1, we can write that

z1q (z1) il (pa+ pe) (L+ 1)

q(z1) 4t
and /
22q (22) _ il (p + po) (1+13)
q(z2) 4to ’
where
. (n1t+p2) T
q(z1) = (=it1) 2 exp {ZZ (p2 — Ml)} t1 >0,
. (n1+p2) T
q(z2) = (ita)” 2 exp {zz (12 — ,Ul)} to >0
and
1 —|al
T 1+ |a|

Replacing z by 22 in (37) and using (39) and (41), we get
(1= A )—zz(ﬂgk" =) 4y (1+Z JGHAEC) > +34

Hy a5l (22) (# pwf(@))

m
She (2l <lz1] = [2]).

52(1,<22)
= (0-palz) |1+ G
(1 +12) T i (1 +po) (1482
= (6-pty, * exp (25“2> 1+ <Iui+:izz)( J

This implies that

v,k 29 ’ 4 ok 2 ”
arg{(l—A)W+A(l+W)+6}

Mool (2) (HIE S F(z2))

i (p1tp2) (85 +2)
(p1+p2)

4|:(6—p)t2 2 exp(i%p@)—(?]

- T 1 falpet)| < T
= 2M2+tan {52(H17M27t2)} 2#’27

T
= Tnztarg{ 1+

where

1 (py+p2)
€1 (p1, po, t2) A (pa +p2) (851 +1t2) (6—p)ty *  cos (
—ON (p1 + p2) (tQ_1 + tg) ,
4 (6 _ p)2 tg,ulJrﬂz)

(r1+w2)
+40 |6 —2(6 —p)ty 2 cos (;TMQ):|

€2 (/1417 M2, t2>

(n1+w2)
FALG =) (i1 + ) (5" + 1)ty * sin (guz),

m
2

4t [(6—p)t2 2 exp(i%uz)—5:|

,Mz)
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and
1 —|af

“1+]al’
Similarly, replacing z = z; in (3.18) and using the same procedure as above, we
obtain that

it o # ' z v,k z " ™
arg L (1 W+)\<1+W>+§}<_ .
) {( e (H310,65(=2)) S g, (329)

which contradicts the condition f(2) € V) *(a, B, \, pi1, pi2,8). Thus the function
q(z) defined by (16) yields

——u1 < ( ) < =W
argq(z

9 1 g4 D) 2,

which implies that

7r Z(H;:ﬁﬁf(z))/ T
2,ul<arg{ TR +90 <2,u2.

Thus f(z) € V;’k(a,ﬁ,o,ul,ug, d). This completes the proof of Theorem 5. O

Remarks.

(i) Putting A = 0 in Theorem 5, we get the corresponding result for Theorems
land 2;

(ii) Putting A = 1 in Theorem 5, we get the corresponding result for Theorems
3 and 4.
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