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Abstract. The present paper is an effort to explore potential utilities and

possible physical implications of the mathematical machinery of fractional
derivative and fractional integrals in electrical and electronics technologies,

Starting with some of the common definitions, properties of fractional differ-

integrals, various applications of Fractional calculus in electrical and electron-
ics technology are briefly reviewed in this paper. Applications like Fractional

cross product and Fractional curl, Fractional calculus in Antenna Radiation

Engineering, Electronic Circuit Analysis, Fractional calculus in Control en-
gineering, Fractional Calculus in Electonic System designing are review and

presented.

1. Introduction

The theory of Fractional Order Calculus (FOC) is 400 years old, but researchers
could able to use it in the last two decades on account of available of computational
recourses. The major constraint of fractional calculus is the rigorous mathematics
that has come into the literature is almost difficult for the engineers to understand.
Some of the researchers have shown interest in the fractional calculus in their re-
spective fields, but the intensity of research is very small as compared to the latent
potential of FOC. Fractional calculus was introduced on September 30, 1695. On
that day, Leibniz wrote a letter to L’Hpital, raising the possibility of generaliz-
ing the meaning of derivatives from integer order to non-integer order derivatives.
L’Hpital wanted to know the result for the derivative of order n = 1/2. Leibniz
replied that ”one day, useful consequences will be drawn” and, in fact, his vision
became a reality.However, the study of non-integer order derivatives did not appear
in the literature until 1819, when Lacroix presented a definition of fractional de-
rivative based on the usual expression for the nth derivative of the power function
(Lacroix 1819). Within years the fractional calculus became a very attractive sub-
ject to mathematicians, and many different forms of fractional (i.e., non-integer)
differential operators were introduced: the Grunwald-Letnikow, Riemann-Liouville,
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Hadamard, Caputo, Riesz (Hilfer2000; Kilbas 2006; Podlubny1999; Samko 1993)
and the more recent notions of Cresson (2007), Katugampola (2011), Klimek (2005),
Kilbas and Saigo (2004) or variable order fractional operators introduced by Samko
and Ross (1993).

In 2010, an interesting perspective to the subject, unifying all mentioned notions
of fractional derivatives and integrals, was introduced in Agrawal (2010) and later
studied in Bourdin (2014), Klimek and Lupa (2013), Odzijewicz(2012). Precisely,
authors considered general operators, which by choosing special kernels, reduce to
the standard fractional operators. However, other nonstandard kernels can also be
considered as particular cases[1].Furthermore, researchers in some fields of applied
science [2-7] and in engineering including signal processing, controls and many
other fields such as biological science and neuroscience have used some aspects of
fractional derivatives and integrals in their work.some of the results are also found
in various books or related review article. Very recently an article is published by
H G Sun et al. related to application of fractional calculus in real world problem
[2].

2. Preliminaries and Definitions

Some of the common definitions and properties of fractional differ-integrals are
briefly presented below. A well-known definition of fractional integrals by Riemann-
Liouville known as the Riemann-Liouville integral is written as

aD
α
xf(x) =

1

Γ(−α)

∫ x

a

(x− u)−α−1f(u)du, for α < 0 and x > a. (1)

where aD
α
x denotes the (fractional)α th order integration of the function f(x),

with the lower limit of integration beinga, and Γ(.) is the Gamma function.This
definition is a generalization of Cauchy’s repeated-integration formula. For α = −n
the above definition turns to the below equation:

aD
α
xf(x) =

1

(n− 1)!

∫ x

a

(x− u)n−1f(u)du, for x > a. (2)

The above equation, according to Cauchy’s repeated-integration formula, is equiv-
alent to,

aD
α
xf(x) =

1

(n− 1)!

∫ x

a

(x−u)n−1f(u)du =

∫ x

a

dxn−1

∫ xn−1

a

dxn−2...

∫ x1

a

f(x0)dx0.

(3)

For fractional derivatives with a¿ 0, the above Riemann-Liouville fractional-integration
definition can still be applied, if used in conjunction with the following additional
step:

aD
α
xf(x) =

dm

dxma
Dα−m
x f(x), for a > 0, (4)

where m is chosen so that (α−m) < 0, and thus the Riemann-Liouville integration

can be applied for aDα−m
x f(x) .Then, dm

dxm is the ordinary mth order differential
operator [8-10]. There is another option for computing fractional derivatives. That
is the Caputo fractional derivative. It was introduced by M. Caputo in his 1967.
In contrast to the Riemann Liouville fractional derivative, when solving differential
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equations using Caputo’s definition, it is not necessary to define the fractional order
initial conditions. Caputo’s definition is illustrated as follows.

aD
α
xf(x) =

1

Γ(n− α)

∫ x

a

fn(u)

(x− a)α+1−n f(u)du (5)

There are several other equivalent definitions for fractional derivatives and inte-
grals, which can be found in various references[8-15].

3. Application of Fractional Calculus In Electronics

3.1. (a)Fractional cross product. Cross product operation can be fractionized
by geometrical discourse and then derived in a simple way the expressions for frac-
tional curl. This gives a simple understanding of the process, and is very helpful
in various practical cases. The new method can be verified against the classical
method of fractionizing the linear operator by rules of operator algebra. The for-
mula derived will be useful for several applications and can be applied in various
vector fields with the geometrical explanation(see figure-1) are thus helpful in un-
derstanding the utility of fractional cross product and fractional curl[16].
The fractional cross product obtained

(ẑk×)αx̂k = [cos(
απ

2
)]x̂k + [sin(

απ

2
)]ŷk (6)

(ẑk×)αŷk = [− sin(
απ

2
)]x̂k + [cos(

απ

2
)]ŷk (7)

(ẑk×)αẑk = 0 (8)

3.2. (b)Fractional Calculus and Electronic Circuit Analysis in Radiation
Engineering. Electro magnetics is the basis of wireless communication and deals
with calculus of integer-order. It is of interest for the researchers to see how frac-
tional calculus can be explored in this field to get the physical significance of such
non-integer based differential or integral operators. Researchers have shown that
these mathematical operators can be interesting and useful mathematical tools in
electromagnetic/wireless theory [17-20]. The major work includes the novel concept
of fractional multi-poles in electromagnetism, electrostatic fractional image meth-
ods for perfectly conducting wedges and cones, and the mathematical link between
the electrostatic image methods for the conducting sphere and the dielectric sphere.

It is an established fact that the scalar Helmholtz equation the canonical so-
lutions are identified as plane, cylindrical, and spherical waves for the one, two
and three-dimensional cases respectively. The corresponding sources being one,
two and three-dimensional Dirac delta functions. Researchers expected an inter-
mediate wave between two canonical cases. That means thinking the transition
to be continuous instead of distinct. This type of solution cannot be expected
from ordinary calculus, which is the positive integer based. It has been shown that
fractional integration, differentiations, which are mathematical tools studied in the
field of fractional calculus, can be utilized to find the ”intermediate” sources. The
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waves that satisfy the conventional scalar Helmholtz equation [17-19] can help the-
electromagnetic/wireless researchers. A fractional parameter v which is used as a
determining factor for calculating the intermediate values, and takes the fractional
value between zero and unity. The solution is such that when v = 0 represents
the case of the cylindrical wave propagation and v = 1 denotes the plane-wave
propagation.

Electrical circuits with fractance: Resistors and capacitors are described by
an integer- order models in Classical electrical circuits. Electrical element with
fractional-order impedance [21-23] is called fractance. Basically, there are two kinds
of fractance: (i) tree fractance and (ii) chain fractance. The electrode-electrolyte
interface is an example of a fractional-order process. Value of the fractional coef-
ficient η is closely associated with the smoothness of the interface, as the surface
is infinitely smoothed then η → 1. The current field in the transmission line of
infinite length is expressed in terms of the fractional derivative of order 1/2 of the
potential ϕ(0, t) is also a fractional based model.

The tree fractance and chain fractance consist not only of resistors and ca-
pacitor’s properties, but also exhibit electrical properties with non-integer-order
impedance. One can think of the generalized voltage divider.

In [24] the authors have used ’Fractors’[25]. That is fractional order capacitive
and inductive elements with a resistor to make a simple RLC type input tuning
network into a large circular loop antenna and simulated where the result clearly
shows the radiation pattern of the antenna is more strengthened when the fractional
order components are used instead of integer order components. For a particular,
this is observed in Figure -2.

Figure-2 shows the effect of changing α or the order of the fractional capacitance.
The significant effect is that the amplitude of the radiation lobe forα = 0.9 (red
color) is 3 times larger than the usual integer order (blue color) radiation amplitude.
Fundamentally this is due to the ability of a fractional order element.

3.3. (c)Fractional Calculus in Control Engineering. It is the challenge of
the researchers to find new and effective methods for the time-domain analysis
of fractional-order dynamical systems [26-27] for tackling problems of control the-
ory. As a new generalization of the classical PID -controller namely the PIλDµ -
controller has been developed by researchers. The idea of PIλDµ -controller,involving
fractional-order integrator and fractional-order differentiator, is a more efficient con-
trol of fractional-order dynamical systems. If λ = 1 and = 0, the equation converts
to a PI controller. Likewise, if = 0 and = 1 the equation yields the PD controller.
It has been successfully used the fractional-order controller to develop the so-called
CRONE-controller (Commande Robusted’Ordre Non Entrier controller) which is an
interesting example of application of fractional derivatives in control theory. The
prime advantage of the PIλDµ -controller compared to the conventional classical
PID -controller has a better performance record.

3.4. (d)Fractional Calculus in Electronic System Designing. The response
of a fractional order system [28-40] by using analogical circuits with fractional order
behavior can be done in three methods briefly presented.

i. Component by component implementation: The approximation of the transfer
function is done by the recursive circuit. The gain between Vo and V1 in Laplace
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transform is the continuous fraction approximation to the original system [28-29].

V0
V

= 1 +
wn

s+
wn−1

1 +
wn−2

s+
wn−3

..

(9)

where

wn−2j =
1

RjCj
and wn−2j+1 =

1

Rj+1 + Cj
(10)

The method presented has two principal disadvantages: first one is the frequency
band of work is limited and the second one, this is an approximation. Therefore,
it requires a lot of low tolerance components, depending on the accuracy required
by the designer.

ii. Field Programmable Analog Array (FPAA) : The designer implements the
circuit component by component into a FPAA . which enables changing of the
dynamical behavior of the fractional order system with a few simple modifications
and each element has custom tolerance.

iii. Fractional order impedance component: It is a capacitor with fractional order
behavior introduced. In general, it consists in a capacitor of parallel plates, where
one of them presents a fractal dimension. Each branch could be modeled as a low
pass resistor/capacitor (RC) circuit filter, and it is linked to the principal branch

4. Conclusion.

The present paper is a general effort in recent years to explore potential utili-
ties and possible physical implications of the mathematical machinery of fractional
derivatives and fractional integrals in electronics. New algorithm in terms of accu-
racy and speed needs to be developed. Soft computing technique with fractional
calculus may be a suitable combination to solve some problems in the future.
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Figure 1. cross product

Figure 2. antenna
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