Journal of Fractional Calculus and Applications
Vol. 10(1) Jan. 2019, pp. 55-67.

ISSN: 2090-5858.
http://fcag-egypt.com/Journals/JFCA/

FRACTIONAL SYSTEM OF NONLINEAR
INTEGRO-DIFFERENTIAL EQUATIONS

A. TAIEB AND Z. DAHMANI

ABSTRACT. We study a multi-dimensional coupled system of nonlinear frac-
tional integro-differential equations. By using the contraction mapping princi-
ple and Schaefer fixed point theorem, we present new results on the existence
and uniqueness of mild solutions. In addition, we investigate some types of
Ulam stability for this fractional system. Finally, some examples are provided
to demonstrate some applications of our results.

1. INTRODUCTION AND PRELIMINARIES

Fractional order calculus can represent systems with high-order dynamics and
complex nonlinear phenomena using a few coeffcients. Indeed, the arbitrary order
of the derivatives is often useful when the system has a specific behavior. It relevant
to some applications in various scientific areas as mathematical modeling of systems
and different physical systems: The diffusion equation, food engineering, robotics
and control theory. For details, see [8, 12, 13, 15, 16, 17, 18]. Recent progress
in the area of fractional derivatives and integrals implies a promising potential for
future developments and application of the theory. It is important to notice that
there are many researchs papers treated the existence and uniqueness of solutions
for some fractional systems. We refer the reader to [1, 2, 3, 4, 5, 6, 11, 19, 24] and
the references therein.

On the other hand, the Ulam stability of fractional differential equations can be
considered as a new way for the researchers. Truthfully, we can inspect from it
several topics in nonlinear analysis problems. Moreover, the analysis on stability of
fractional order differential equations is more complex than that of classical differ-
ential equations, since fractional derivatives are nonlocal and have weakly singular
kernels. Ulam’s type stability problems has been attracted by many researchers,
see [7, 9, 10, 20, 21, 22, 23].

Inspired by the above cited works, this paper is devoted to build the existence
and uniqueness of mild solutions and some types of Ulam-Hyers stability for the
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following nonlinear coupled system:
D% gy (t) = fi (L, (t) ,hx (), k=1,2,....,m, t € J,

(1)
2D (0)=dab j=0,1,on—1, k=1,2,...;om

where = (24);_ 5, € R™, and hz (t (f hi (7,2 (1)) dT) €R™,

k=1,2,.
n—1<a,<n k=12.,mmnecNN\{l}, me N and J = [() 1] The
derivatives D% k = 1,2, ...,m, are in the sense of Caputo. The operator J¢ is the
Riemann-Liouville fractional integral, defined by:

t
JOF() = ﬁ/o (t— )"V f(s)ds, a >0, t>0. @)
where T (« fo e~ 2 1dz. The operator D® is the derivative in the sense of
Caputo, deﬁned by:
Dx(t) = _ /t (t—s)"" 2 () ds = T M (1), n—1< a<n.
I'(n—a) ’

3)
For each k = 1,2,...,m, the functions f : [0,1] x R®™ — R will be specified later.
We need to recall some concepts and preparation results which are used throughout
this paper, [13, 14, 15].

Lemma 1. For n € N*\ {1}, and n —1 < a < n, the general solution of the
fractional differential equation D*z(t) = 0, is given by

n—1

ch , (¢)j0..n1 ER. (4)
Lemma 2. Let n € N*\ {1}, and n—1< a <mn, then
J*D%x )+ Zc] 7, (¢5) j=0..m1 € R. (5)

Lemma 3. Let¢q>p >0, fe L! ([a,b]). Then DPJ1f(t) = JT P f(t),t € [a,b].

Lemma 4. Let E be Banach space. Assume that T : E — E is completely contin-
uous operator and the set V :={x € E:x = puTx, 0 < pu <1} is bounded. Then T
has a fized point in E.

In the following, we present the integral solution of (1).

Lemma 5. Let n — 1 < oy < n, and assume that ¢y (t) € C([0,1]). Then, the
following system:

Do gy (t) = @i (t), k=1,2,...,m, t € J, (6)
assoctated with the conditions:
e (0)=da¥ j=01,,n—1, k=1,2,..,m, (7)

has a unique mild solution (x1,x2,...,Tm, ), where
n—1 k

- t (t*S)ak_l a/j ; B
:ck(t)—/o W(pk(s)ds—kgﬁt, k=1,2,..,m. (8)
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Proof. Applying Lemma 2, we get

st 5 S_n_lcm

where

q Cp1

a3 cf G

. € R™ x R™.

@ o Cn1
It is clear that,

2 (0) = —jlek, j=0,1,0in — 1, (10)
Combine (7) and (10), we obtain

k
k_ %
c; __ﬁ’ i=0,1,...,n—1. (11)

Take (11) into (9) we have (8). This ends the proof of Lemma 5. O

Now, let us introduce the Banach space
S = {x = (Tk) 10 m re€C(J, Rm)} , endowed with the norm:

lzlls = max flzill
where

ekl = suplax ()], J = [0,1].
teJ

2. EXISTENCE AND UNIQUENESS

In this section, we shall obtain sufficient conditions for the existence and unique-
ness of mild solutions to (1).

Theorem 6. Assume that: 1 1o
(Hi) : There exist nonnegative constants (uj, );_:1’27:;, and (Bj );;1’2’77:%
such that:

m m
e (b w) = i (by, )l <D sk i = willoo + D B s — vill o
=1 1=1

v = (Uk)k:1,2,4..7m es.
(Hz) : hy € C(J x R,R) and there exist positive constants (wi);—y 5. .

i (t,23) — hi (8, yi)loo S willzi — ¥ill o »

for eacht € J, and all v = (2i);—y 5 s Y= Wi)ic1 2. .m €5
If

m

! )Z (1i, + Brwi) < 1, (12)

F = -
e £

then system (1) has a unique mild solution on J.
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Proof. First, we define the nonlinear operator R : S — S as follows,

R(x) (8) := (Bx (2) (1)1 2, m s LE

_ S)Otk—l

¢ (t n—1 ak .
Ri (2) (1) :/Wfk (s.2(5) ha () ds + Y %07 (13)
0 j=0 "

where x = (k)1 5, and hax () = (Oj hi (1,25 (7)) dT)

We show that the operator R is contractive on S:
Let z,y € S and t € J, we have

Ry, () (t) — Ry (y) ()]
S Tl 1) i (5,2 (s) ha () = fi (5,9 (5) by ()] (14)
where kK =1,2,...,m.
Using (H1), we get

k=1,2,....m

o

IRk (2) = Ri (4)l|
fusup 21 (s) = y1 (8)| + o + pg'sup [z (8) = ym ()]
seJ seJ

S

__ 1 +BLsup | [ by (1,21 (7)) dr — [ by (7,31 (7)) dr
ST (o +1) sed |0 0
S S
o+ B,’;’“‘su;]) S o (7, @, (7)) AT = [ o (T, Yo (7)) dT
sed [0 0
(15)
And by (Hs), we can write
Rk (2) — R (y)
prsup 1 (8) — 1 (8)] + oo + LSUp [T (8) — Y ()]
seJ seJ
_ +Bpwisup [ drsup |21 (1) — y1 (7)] . (16)
“T(ag+1) s€Jo  TEJ
+.o. 4 Blrwmsup [ drsup |2, (T) — Ym (T)]
seJ 0 TeJ
Then,
[ R (2) — Bi (9)]l oo
1 m m
< Tlar+1) ((ux + Brwr) llz1 — v1ll oo + - + (R + Biwm) 1Tm — Ymll o) »
(1)
where k =1,2,...,m.
Thus,
[R(z) = R(y)lls < Fl(z—y)ls- (18)

By (12), we have
F <1
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Hence, the operator R is contractive. Then the system (1), has a unique mild
solution. This completes the proof. (I

Example 7. Consider the following system:

[z1 (t) a2 (t)+a3(t)]
(I+|z1 () +z2 () +23(t)])

t . to.
_1_‘({ cos;ﬂl—(T)dT_'_bfsm;cTzr(T)dT_i_g‘smxeg(r)dT ’

10

DT.’L‘l (t) = %Jﬁ

sin (z1 (t)) +sin (z2 (t)) — sin (xg ®))
t) = Wll"et +fcosm('r dr _’_fSlIlLQ(T dr +f51r1x3(7—)d s

z cosxzq (1) : sin xo (1) j sin zg (1)
I 271 dT—',-Of 272‘_ dT+‘0f 63 dr

0
t o to to
127 14+ f COD;T]‘:(’F) dT+f :.m;gr(r) dT+f an.Pg(T) dr
0 0 0 i
1"

1 (O) =0, .’[7/1 (0> = \/57 Ly (0) = \/57 xll” (0) = 3\/57

_ cosx1(t)—cosxa(t)+coszs(t) +
- 127

1

€[0,1],

’ " 11

22 (0) =0, 7, (0) =1, x4 (0) = —1, 24 (0) =+/7,

’ " 1"

x3(0) =0, z53(0) =1, 25 (0) = -1, =3 (0)=0.

(19)
We have:
T = (@K)gr 05, B (t) = / he (7, 2k (7)) dr ,
k=1,2,3
10 7 15
n = 4,@1:?,042:5,&321,0,(1):070&:\/5,&%:\/5,0/:];:3\/5,
a2 = 0,a3=1,a3=-1,a2=V7,a3 =0,a3 =1,a3 = —1,a3 = 0,J = [0,1],
fitz(t),ha(t) )=
|21 (1) +22 () +23 (1)
t 1+|x1(t)+rz(t)+x3(t)\

W +f COSZL’l(T dT f sm:rg('r dr +f smxg dT )

sin (w1 (t)) + sin (z2 (t)) — sin (xg (1))
1673t +f cosa?l(T dT+fsmx2(T dT+fsmm3 T)dT s

fs(Ga (), ha(t) ) =
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cosz (t) — cosxa (t) + coszs (t)
127

t t . t .
‘f cos;;('r) dr + f SIH;;(T) dr + f sin Ies(‘r) dr
0 0 0

+

¢ to t
127 (1+‘f‘ws§;(7—)d7+fbm§;(7)dT+fm;(T)dT
0 0 0

)

and
b ( () cosxy (7) o ( () sin xs (1) s ( () sin a3 (1)
7,21 (7)) = ———=, 7,29 (7)) = ————=, T,23(7)) = ————=.
1 1 o 2 2 o 3 3 c
So, fort € J and
r = (xk)k:Lz,?,ay = (yk)k:1’2,3 eR?,
t t
w = | [l o= [m @y ER,
0 k=1,2,3 0 k=1,2,3
we have:
|f1(t$U)—f1(t Y, )|
1
*lxl—y1|+ \xz—yzl+ - 73 = us]
|1—y1|+ \mg—y2|+92|x3—y3\
< 27r+1| ‘_’_271' E |+ | |
= 187e 1 — U 187 T2 — Y2 T3 —Ys|,
|f2 (2 u ) — f2 (t,y,v)
1
< -
< 163|1 y1\+163|2 y2\+163|3 ys|
oy — 1| + g [ — gl + e [ — 5]
T T -
32411/1 32423/2 167%¢ T3 — Y3
< 27r+1| |+2 +1| I+ +1‘ |
— 327T4 yl 32 4 y2 16 3 3 y3 b
|f3(th)—f3(t y,v)l
< | 1—y1|—|— Ixz—y2|+ |x3—y3|
242|1 y1|+242|2 y2|—|— |3—y3\
< 27r—|—1| I+ —|—1| |+ | B
= Togpr T NIT Tope 2T S
Moreover, we get:
1 1
W] =Wy = —, W
1 2 27_(_7 3 6
N%:N%:/ﬁ:ﬁ 51 ﬂ1 *»
1
1_,2_ ,3_pl _ 52 _ p3_
o = py = pry = By = B3 = B3 1673
1
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(a1 +1)=9.256373, T (ag +1) = 11.631728, T (a3 + 1) = 16.586206,
F1 =0.016278, F5 = 0.000639, F3 = 0.005895.
Then it yields that:
max (Fl, Fy, Fg) <1

Thus, (19) has a unique mild solution on J.

Theorem 8. Assume that the functions (fi);—; o m € N*, satisfy the follow-
ing conditions:
(Hs) : fr € C(J x R*™ R).

(Hy) : There exists a nonnegative constant A such that
[fi (£, (2) , ha (£))] < A,
for each t € J, and all v = (zy);_ » € R™ and

N 7%

[N (U

t
ha (1) = / e (7, g (7)) dr cR™.
0 k=1,2,...,m
Then the nonlinear fractional system (1) has at least one mild solution on J.
Proof. We will prove the theorem in two steps:
Stepl: The operator R is completely continuous.
Let us consider the set B, := {:c = (k) =10, .m €St llzlls <ps p> O}. Then

for each x € B,, we have

Rk (2)]| o < | fe ( ()h())|+7§|aﬂ
X ——Su S, x(S), xS —_—.
g < F(ak‘Fl)seI; . = J!
Thanks to (Hy) yields,
n—1
A ||
R <|—" Bl
18 @)l < | 77D +g i
Then, we get
n—1 k
A |23
1B @)lls = max Tt 1) Z::o o) e (20)

Which implies R (B,) is bounded.
By (Hs), the operator R is continuous in view of the continuity of fi. On the other
hand, for each z = (xk)k:1,2,‘..,m € B,, and for all t1,t; € [0,1], t; < t2, we have:

| Ry () (t2) — Ry () (t1) |l <

A2t — )™ + (15 —18%)) ek
2 Jt t] —tJ>
I'(ar +1) + ]Ez:l J! ( )
where £k =1,2,...,m.
Thus,

1B (z) (t2) = R () (1) 5
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AR —t)™ + (15" —1%) =l
s B, T (ar+ 1) + ; g (d-d)|. e

m
zero as to — t; — 0, so R is equi-continuous. Hence, T is a completely continuous.

Step2: We show that the set:

Since the right-hand side of (21) is independent of z = (z4);_, 5, and tend to

Y= {x = (Tk)p=12,..m €St T=0R(z), 0<d<1 },

is bounded.
Let 2 = (¥k)y—1 2. m € L and t € J, then x (t) = 6R (z) (t) . From (20), we get:

_ I
”xHS = 1I§I}ca§Xm F(Ozk T 1) + ]go 7 < Q.

Therefore, ¥ is bounded.
It follows from the assumptions of lemma 4, that R has a fixed point in S which is
a mild solution of system (1). Theorem 8 is thus proved. O

Example 9. Consider the fractional coupled system

2met cos (w1 (t) + w2 (1))

5 o t t
D2z, (t) = ><<f7'sin331(T)dT_fCOS2(T+1)1‘2(T)dT> 7
0 0
‘ t
. OfTsin 931(T)dT_{C032(7+1)$2(T)dT
D?’x? (t) = 27 —sin(z1 (t)+z2(t)) ’ (22)
t€10,1],

"

21 (0) =0, 2, (0) = —1, z; (0) = V2,

22 (0) =0, 5 (0) =1, xy (0) = /3.
For this second example, we have:

n= 37m = 2,.’1} = (‘rk)k‘zl’Q )

0 k=1,2

Q] =

| Ot

7
7a2:§,a(1):07ai:—1,a§:\/§,a%:0,a%:1,a§:\/§7J: [0,1].

t t

hi (t,x1 (1)) = /Tsinzl (1) dr, hy (t,z2 (t)) = /C082 (T4 1) as (7)dr.

0 0



JFCA-2019/10(1) NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS 63
Then for each x, hx € R2, we get
2met cos (w1 (1) + z2 (t))
_ t t
[fu(tx (t), ha ()] = X (fTsinxl (r)dr — [cos2 (T + 1)z (7) d’T)
0 0

IN

3me,

¢ ¢
J[rsinz (7)dr — [cos2 (T + 1) xa (1) dr
0 0

| f2 (t, x (t) , hx (t))| = 27T — Cos (.’L'l (t) + 22 (t))

3
2(2r — 1)

Since fi, k= 1,2, are continuous and bounded on J x R*, we can take:

3
A = max (37'('67 2(27‘(—1)) )

So, system (22) has at least one mild solution on J.

3. ULAM STABILITY

In this section, we impose some types of Ulam stability: Ulam-Hyers stability,
generalized Ulam-Hyers stability and Ulam-Heyers-Rassias stability for system (1).
We firstly give the definitions of each type of stability which are applicable to the
system of equations appearing in this paper.

Definition 10. The fractional system (1) is Ulam-Hyers stable if there exists a real
number A > 0, such that for each (ex),_, 2...m > 0, and for for each mild solution
T = (Tk)p=y9. m €S of the following system

| DY 2y, (t) — fr (¢, 2 (t), ha ()] < e, t € J, (23)

there exists y = (Yk)p=12. . € S satisfying(1); y,ij) (0) = a?, j=0,1,...,n—1,
k=1,2,...,m, where

_ — — < = .
lz —yllg lg}cagxml\wk Urlloo < Ae, € 08 € (24)

Definition 11. The fractional system (1) has the generalized Ulam-Hyers stablity
if there exist ¥ € C (RY,RT), such that for all e > 0, and for each mild solution

T = (Th)po1 0 m €5 of (23), there exists y = (Yx)p—12. . €5 of (1); y,ij) (0) =

a;?, i=0,1,..n—1,k=1,2,...,m, with

o= ylls = max floe = gl < V() €> 0,

Definition 12. System (1) has the Ulam-Hyers-Rassias stablity if there exist func-
tions T € C (J,R*") and o > 0 such that for each (€k)g=1.2,..m > 0 and for all mild

solution © = (k)19 ., €5 of

[D* 2 (t) = fr (6,2 () ha ()] < T (t), t € J, (25)
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there exists y = (Yk)p_1o . m € S of (1), (])( 0) = a?, i=01,..,n-1 k=
1,2,...,m, with

— = — <
Iz = ylls = max llox - il <oeT (1),

€ = max eg,
k<1<m

Remark 13. = = (2k);_y 5, € S is a mild solution of (1), if and only if there
exist (qk)p=1.2...m € C(J, R), such that:

g ()] < e, t€J,

and
DYz (t) = fr. (t,x () ,ha (¢) + qr (t), k=1,2,....m, t € J.

Theorem 14. Suppose that the assumptions of Theorem 6 hold, and

m
Z(N;@“‘ﬁfng) <1, k=1,2,...,m. (26)
i=1

Moreover, assume that the functions (fk)k:L2 m € N*, satisfy the conditions

(H3) and (Hy) . So, if the inequality

..... m?

D = 2
[ xknoo_MH 2()) i 2, ey, (27)

is valid, then (1) has the generalized Ulam-Hyers stability in S.

Proof. We begin by supposing that (27) is valid. According to Theorem 6, the
problem (1) has a mild solution y = (yx)— 5, € 5 satisfying:

D%y, (t) = fu (t,y (1), hy (1)),

(28)
y ) =ak, j=0,1,.on—1, k=12 ..m
Now, let
| D xy (t) — fr (t,x (t),hx (1)) <ex, x>0, k=1,2,...,m. (29)
According to (Hy), we have
\|xk\\oof#+nzl’ il , k=1,2,. (30)
I' (o + 1) = J!
Combining (27) and (30), yields
2]l < D x| o - (31)

Replacing zy by (zx — yx) in this inequality, we get
l@r = vr)llo < 1D (@r = yk)lloo (32)
(D% (t) = fi (8,2 (), ha (1))

< sup| — (D%yk (8) = fr (Ly (1) by (1)) (33)

teJ
+ (i (82 (2) , ha (8)) = fie (6,9 (2) hy (1))
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And from (28

) and (29
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), we

obtain

[(@e = yr)lloo < e + Z H + ﬁsz) max ||z — ykllo (34)
=1
This implies that,
ek Pp—
 ax lzr — yill o 1g}ga<xm e 4 = Ae, (35)
1= (uh + Biw:)
i=1
1
€ = max €, A= max — .
1<k<n 1<k<n i i
1- Z (11, + Brwi)
i=1
Or
[z —yllg = max |lzg —yrll, < Ae. (36)

1<k<m

From (26) we get A > 0. Hence, system (1) has Ulam-Hyers stabily. Taking ¥ (¢) =

Ae, we can state that the system (1) has the generalized Ulam-Hyers stability. This
completes the proof. O

Theorem 15. Let the assumptions of Theorem 6 hold. Then, system (1) has the
Ulam-Hyers-Rassias stablity in S.

€ S mild solution of (1). From remark 13, we get for all

Proof. Let (mk)k:1,2,“.,m

k=1,2,...,m,
L ak 1
/ fi (5,2 (s) , hax (5)
0
< J%e EkT(t)

On the other hand, by Theorem 6, there exists (Yx)i_1 5 m

‘We have

lzk (1) —yk (B)| =
L (t—s)*k~
g‘ T T(ar)
R (t—s)¥k~
g C T(ak)

f O fu (5,2 (5)  ha () ds

— f O fi (s, (s) by (5)) ds

Lt (.2 (s) b (s)) ds —"g;;; jt1>

j=0

i (5, (), hy (s)) ds — ni ’j{tﬂ>

(37)
€ S satisfying (28).
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Then by (28) and (37), we get

f (t}?)::)i e (s, (s),ha (s))ds
lzk (1) —yx (1) < T () +
—f UZ82 fi (s, () by (5)) ds

which implies that:

e — vkl < T (8) + Tor s D) Z; pi + 6sz) max g — gkl - (39)

Then,
€T (t)
X 12k = yrlloe < T—5 =o€l (2).
In addition,
_ = — <
@ = lls = max llon — il <oeT (1), (40)
where )
o= >0, € = max €.

1-F ’ 1<k<n

Thus, System (1) has the Ulam-Hyers-Rassias stability. Theorem 15 is thus proved.

(1

2]
(3]
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(5]

(6]
(7]

(9]
[10]
[11]

(12]

O

REFERENCES

M. A. Abdellaoui, Z. Dahmani and N. Bedjaouil, New Existence Results for A Coupled
System on Nonlinear Differential Equations of Arbitrary Order, IINAA., Vol. 6, No. 2, (2015),
65-75.

A. Anber, S. Belarbi and Z. Dahmani, New Existence and Uniqueness Results for Fractional
Differential Equations, An. S t. Univ. Ovidius Constant., Vol. 21, No. 3, (2013), 33-41.

Z. Dahmani and A. Taieb, Solvability of A Coupled System of Fractional Differential Equa-
tions with Periodic and Antiperiodic Boundary Conditions, PALM Letters., (2015), 29-36.
Z. Dahmani and A. Taleb, New Existence and Uniqueness Results for High Dimensional
Fractional Differential Systems, Facta Nis Ser. Math. Inform., Vol. 30, No. 3, (2015), 281-
293.

Z. Dahmani and A. Taieb, Solvability for High Dimensional Fractional Differential Systems
with High Arbitrary Orders, Journal of Advanced Scientific Research in Dynamical and Con-
trol Systems., Vol. 7, No. 4, (2015), 51-64.

Z. Dahmani and A. Taieb, A Coupled System of Fractional Differential Equations Involing
Two Fractional Orders, ROMAI Journal., Vol. 11, No. 2, (2015), 141-177.

Z. Dahmani, A. Taleb and N. Bedjaoui, Solvability and Stability for Nonlinear Fractional
Integro-Differential Systems of High Fractional Orders, Facta Nis Ser. Math. Inform., Vol.
31, No. 3, (2016), 629-644.

R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, River Edge, New
Jersey, (2000).

R. W. Ibrahim, Stability of A Fractional Differential Equation, International Journal of Math-
ematical, Computational, Physical and Quantum Engineering., Vol. 7, No. 3, (2013), 300-305.
R. W. Ibrahim, Ulam Stability of Boundary Value Problem, Kragujevac Journal of Mathe-
matics., Vol. 37, No. 2, (2013), 287-297.

W. H. Jiang, Solvability for A Coupled System of Fractional Differential Equations at Reso-
nance, Nonlinear Anal. Real World Appl., Vol. 13, (2012), 2285-2292.

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, North-Holland Mathematics Studies., Elsevier, Amsterdam, Vol. 204,
(2006).



JFCA-2019/10(1) NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS 67

[13] F. Mainardi, Fractional Calculus: Some Basic Problems in Continuum and Statistical Me-
chanics, Fractals and Fractional Calculus in Continuum Mechanics, Springer, Vienna, (1997).

[14] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Factional Differential
Equations, Wiley, New York, (1993).

[15] M. D. Ortigueira and J.A.T. Machado, Fractional Signal Processing and Applications, Signal
Processing., Vol. 83, No. 11, (2003), 2285-2480.

[16] L. Podlubny, Fractional Differential Equations, Academic Press, New York, (1999).

[17] Y. A. Rossikhin and M. V. Shitikova, Applications of Fractional Calculus to Dynamic Prob-
lems of Linear and Nonlinear Hereditary Mechanics of Solids, Applied Mechanics Reviews,
Vol. 50, (1997), 15-67.

(18] L. Sommacal, P. Melchior, A. Oustaloup, J. M. Cabelguen and A. J. Ijspeert, Fractional
Multi-Models of the Frog Gastrocnemius Muscle, Journal of Vibration and Control., Vol. 14,
No. (9-10), (2008), 1415-1430.

[19] A. Taleb and Z. Dahmani, A Coupled System of Nonlinear Differential Equations Involving
m Nonlinear Terms, Georjian Math. Journal., Vol. 23, No. 3, (2016), 447-458.

[20] A. Taieb and Z. Dahmani, The High Order Lane-Emden Fractional Differential System:
Existence, Uniqueness and Ulam Stabilities, Kragujevac Journal of Mathematics., Vol. 40,
No. 2, (2016), 238-259.

[21] A. Taieb and Z. Dahmani, A New Problem of Singular Fractional Differential Equations,
Journal of Dynamical Systems and Geometric Theory., Vol. 14, No. 2, (2016), 161-183.

[22] A. Taieb and Z. Dahmani, On Singular Fractional Differential Systems and Ulam-Hyers
Stabilities, International Journal of Modern Mathematical Sciences., Vol. 14, No. 3, (2016),
262-282.

[23] J. Wang, L. Lv and Y. Zhou, Ulam Stability and Data Dependence for Fractional Differential
Equations with Caputo Derivative, Electronic J Quali TH Diff Equat., No. 63,(2011), 1-10.

[24] W. Yang, Positive Solutions for Acoupled System of Nonlinear Fractional Differential Equa-
tions with Integral Boundary Conditions, Comput. Math. Appl., Vol. 63, No. 1, (2012),
288-297.

AMELE TATEB, LPAM, FacuLty ST, UMAB MOSTAGANEM, ALGERIA.
E-mail address: taieb5555@yahoo. com

ZouBIR DAHMANI, LPAM, Facurry SEI, UMAB MOSTAGANEM, ALGERIA.
E-mail address: zzdahmani@yahoo.fr



