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FRACTIONAL CALCULUS AND GENERALIZED LAGUERRE
POLYNOMIALS OF ARBITRARY ORDERS

MAGED G. BIN-SAAD, M. A. PATHAN

ABSTRACT. Fractional calculus has emerged as one of the most important
interdisciplinary subjects during the last four decades mainly due to its appli-
cations in various fields of science and engineering. In this paper we exploit
the fractional calculus to discuss a new class of Laguerre polynomials of two
fractional ( arbitrary ) orders. The properties of this family of polynomials are
little known and this paper is devoted to their study to a deeper understanding
of their properties and discuss the link with known cases.

1. INTRODUCTION , DEFINITIONS AND GENERAL PROPERTIES

Let Li(I) be a class of Lebesgue integrable functions on the interval I = [a, b]
where 0 < a < b < oo , and let I'(.) be the gamma function. According to the
Riemann-Liouville approach to fractional calculus we present the following defini-
tions of fractional integral and fractional derivative.

Definition 1.1. ( see [4]-[10]) Letf(t) € L1,8 € R*. The fractional integral
of the function f(t) of order 5 is defined by
1 T

17 x:—/ z — s)P7Lf(s)ds. 1

i f(@) F(B)a( )7 () (1)
If a = 0, then we write I/ f(z) = f(x)¢p(z), where ¢(x) = ‘"’{i—;, for x >
0 and ¢g(x) = 0, for z < 0. Note that ¢g(z) — 0(z) as 8 — 0 in the distri-
butional sense where ¢g(z) = 0 is the delta distribution.

Definition 1.2. (see [6] and [8] ) The fractional derivative D* of order o €
(n—1,n),(n=1,2,3,...) of the function f(x) is given by
d

Dgf(.l'):[g_aan(x),D:%, (2)

Some results in the theory of classical polynomials have been extended to fractional
polynomials. For example, Laguerre polynomials and Bell polynomials have been
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introduced and studied in [1] and [2] respectively for fractional orders and parame-
ters. In [10] Rida and El-Sayed introduced Laguerre polynomials of fractional order
as follows:

Definition 1.3. Let a,y € (n — 1,n),n = 1,2,3,... , and «, 3 € R. We define
the generalized Rodrigues formula by the two functions

ax ,.—f
e T
LE(v,a;x) = me(%a; x),y+ >0, (3)
5 eazxfﬁ P
LZ (v, a;2) = my—a(*%a; z),—v+ B >0, (4)
where
B8 . _ poa,y+B, —ax
and
VP (—y,a;2) = I%2~ e —y 4+ 3> 0. (6)

Based on the definitions of the fractional calculus mentioned above, we introduced
now the following definition of two fractional (arbitrary) orders Laguerre polyno-
mials.

Definition 1.4. Let o,y € (n — 1,n),v,d € (m —1,m);n,m = 1,2,3,... , and
z,y, B € R. Let

Vi@ y2) = DY [ 0De (1) | gy 0> -1, (1)
and
YIS, (i 2) = 12 [0 12 (P00 |y = 5> -1, 8)

We define the Laguerre polynomials of double fractional orders by the formulas:

2z Bev?
MNa+1)I'(v+1)

LY (z,y52) = Y0, y;2), B+v+6 > —1, 9)
and

—Beyz
3750 € 77,0
L[i(;{,—y (Sﬂ,y, Z) = F(l _ a)I‘(l . I/) Yfa’t—u($7y; Z)7B I §> -1 (10)

In view of the definitions 1.3 and 1.4, the polynomials L5} (x,y; z) and Lf‘;;‘i,, (x,y;2)

can be written in the following more compact forms

2 Bey®

Lgil’é (x,y;2) = WDZ [e_yzzﬁLg('y + é,x;z)} , (11)
and
Jaaaid (x,y;2) = 72,—56112 Iv [e_yzzﬂl/ﬂ (v+46 xz)} (12)
—Qa,—V )y7 - F(]. _ I/) z —« 'Y » < I

respectively. Also, for y = x and by using definition 1.3 and the laws of exponents
it is easily seen that

MNa+v+1)
Do+ 1DI'(v+1)

L0 (z, 25 2) =

a,v

Lngl,('y—i— 8, ;5 2), (13)
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and

Ni—a-v) I
rt—o)'d —v) —*77
Further, according to the formulas (7) to (10) it may of interest to point out that the
polynomials Lgi:ﬁ"s (x,y; z) and Lo (z,y; z) have the following basic properties

—o,—V

Lﬁ’Yls

-,V

(r,2;2) = (v+ 6, x;2). (14)

LT (w,y2) = 2 2L (2, 52) (15)
L5 0 (wyys2) = 2200000 (a5 2) (16)
LI (w,y32) = 22 LI 200 (a0 y:2) (17)
L5 (wyy;2) = 2L (w,y52) = 20007 (2,03 2) (18)
Léa,l’j,j (,9;2) = zLég _1U6 (,y;2) = zL’iZ 5_1/1 (z,;2), (19)
L3 (w,y;2) = 2L 05770 (w,y52) = L0 (,y3 2) (20)

Furthermore, from the properties of the fractional calculus and the formulas
(7) and (8), we can easily prove the following lemma:

Lemma 1.1. Let a,v,n,v,6,7 € (n —1,n);n=1,2,3,... , and z,y, 3 € R. Then

) v
DIVE (w,y;2) = YOO (w,y52) = DYYEDO (2, 2), (21)
IIYP0 (w,y;2) = YO0, (2,y52) = IVY O (2,3 2), (22)
DIV (x,y — 271 D75 2) Z Yo ek (.0 2). (23)

2. HYPERGEOMETRIC SERIES REPRESENTATIONS

First, we recall the definition of the following confluent hypergeometric function
of two variables @5 ( see [11,p.25(17)]):

@2 (a,b;c;z,y)z Z (a)nL(b)—an’ (24)

oo (¢)mtnm!n!

where (A),, = F(I;\(Ji‘LW I' : Gamma function.

Theorem 2.1. Let a,v € (n— 1,n),1,d € (m —1,m);n,m = 1,2,3,... , and
z,y,8 € R. Then
Y08z, y;2) = eV aP oo

i <m> ( ) (—za)" *(—2y)" PTB+y+6+1)
i\ p r+~v+dé—a—-v+m+n—-k—p+1)
Dyn—am—v;f+y+d—a—v+m+n—k—p+1izz 2y,  (25)

2y By (B—y—6+1)
yBrd (o 2)=e 2y ,B—y—d+atv
o= (@45 2) TB+v+ta—y—0+1)

Oy [, v;f+v+a—vy—350+1;zx, 2yl (26)
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Proof.
From Leibnitz formula for fractional calculus and (7), we get

) <§n: (Z) (DE2B++9) (DZ—ke—mz)ﬂ

k=0

Y w,y; 2) = DY

- n n—k F(ﬂ—i_’y—’—(s—"— 1) v [ (x—y)z gn—a ( B+v+0—k —xz }
= —x DY |e\*=¥*] 27T e . (27
> (1) s e )] en
On letting n — a = o , we get
—xz z
]ZU Zﬂ-‘r’y-‘ré—ke—xz _ e / (Z _ S)o—1Sﬁ-‘r’v-‘r6—ke(ac—y)sds7
( ) I(o) Jo

which on putting x — z = xt , gives us

—xz o—k 1
Ig (Zﬁ+V+5—]€e_iEz) — W—/ tU_l(]_ _ t)’8+7+5_k6w2tdt,
['(o) 0
— o2 By tito— kz Do +p)T(B+7y+0—k+1)(z2)" o8)
Do) (B+y+06+0+p—k+1)

mto (27)7 we get

8)
B57,6 Co) — n\ o~ ()" Rt (0 — ), DB+ + 6+ 1)
Yo' (@ y:2) ;_%(;:)Z KT(B+~y+o—at+ntp—Fk+1)

Now, substituting from (2
n

p=0
[y [Dm (Pt atmtn—keuz)] (29)
Again starting from (29) and exploiting the same procedure leading to (28) and

employing the definition (24) of the function @5, one can derive the formula (25).
Similarly, by starting from (8) and using the fractional integral formula (1), we get

1 z
onzfu(%y;z) =1 [e(x_y)zr(a)/ (z — s)a_lsﬁ_'y_‘se_“ds}
0

e Vo810 2 (x2)k [t
= Jv a+k—1 1— B—y—§
v [ ) > o /0 t (1—1t) dt

k=0

)

_ Z sz F O[ + k) (/8 -7 — 6 + 1) I; [Za+ﬁ+’y76+k€*yz] . (30)
KT ()l(f+a—v—0+k+1)

Next, by eXp101t1ng the same procedure leading to (30) and employing the definition

(24) of the function ®5,we can get the result (26).00

In the same manner one can easily prove the following useful result.

Theorem 2.2. Let o,y € (n — 1,n),v,d € (m —1,m);n,m = 1,2,3,... , and
x,y,B € R. Then

m+1n+1 TL+1
Vi) = e 35 (M (1)
p=0 k=0
(zz2)" FH (—ay)m PHT(B+ v+ 6+ 1)
rg+v+é—a—v+m+n—k—p+3)
Pon—a+lm—v+1l;8+yv+d—a—-v+m+n—k—p+3;zx,2y]. (31)
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Proof. We infer to the proof of Theorem 2.1.01
Next, in view of the definition of Kampé de Fériets double hypergeometric series
[11,p.27(28)]:

. . . 00 k r. s
- (ap) : (be); (ci); ey =3 101 (@g)res T2y (b)) TT5y (c5) 52"y
l:m; ’ - l m n ’
mn (dp) : (em); (fn); roomo TLi=1(dg)rgs TT5Z (€5)r TT5—1 (f5)s7!s!
(32)
we establish the following series representation for the functions Y(Q 79 (2, 2) and
YT, (2,y; 2).

Theorem 2.3. Let a,v € (n — 1,n),,6 € (m —1,m);n,m = 1,2,3,... , and

|z(x — y)| < 00,| — 22| < 00,8 € R. Then

Zﬁ+’y+5—a—ur(6+7+5+1)
Fr+~v+d—a—-v+1)

Y00 (x,y52) =

Lo B+v+d—a+1:——;8+v+0+1;
Fl:'O;’l (m—y)z,—xz ) (33)
B+y+d—a—-v+1l:——B+y+d—a+1;
and
: BV =T=P(B — 4 — § + 1
VIS (o) = - Ponzet]
’ Na+p+v—y—-90+1)
o atf—y-0+1l:—=f-—y-0+1
Fl:-O;71 (‘Tiy)'z?ixz . (34)
a+B84+v—v—90+1:——a+8—-v—350+1;

Proof. Starting from the definition of Y(ﬁ 79 (z, y; 2)expanding the exponential func-

—Xxz

tions e(*~¥)% and e in series, applying the elementary fractional derivation, we

obtain
oo

_ )" (z—y)" 2 T(B+y+0d+7r+1)
Y 5iv:8 s o) = (
w @) = ) KrC(B+y+6+r—a+1)

k,r=0
PE+y+o+rtk—a+l) oiisih oy
rg+vy+é+r+k—a—-v+1) '

Now, considering the definition of the double hypergeometric series (32) , we get

(33). The proof of (34) is similar to that of (33).00
According to the transformation formula [11,p.31(45)]

(35)

o —=;0; a, p—0;
pLo1 - F
1:0;1 ZT,—X | = 2l'2 x |,

Br—=ip B, s

the formulas (33) and (34) can be rewritten in the following interesting forms:

Zﬁ+’¥+6—a—ur<ﬁ+,y+5+ 1)

Y70 (2, 22 2) =
( ) T(B+v+0—a—v+1)

o,V

Btr+d—a+l—o
2F2 Tz s (36)
Bry+d—a—-v+1,8+v+5—a+1;
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and ot pn s
YIS (o 2z = S LBy 0t )
’ Na+pf4+v—y—950+1)
at+f-—v-50+1x
QFQ Tz . (37)
a+B+v—y—0+lLa+B—-—v—-0+1;
respectively.

The following results are an immediate consequence of Theorems 2.1, 2.2 and 2.3
respectively.

Corollary 2.1. Let a,v € (n—1,n),v,d € (m —1,m);n,m = 1,2,3,... , and
xz,y, 3 € R. Then

27+67Q*”F(5+7+§+ 1)
v+ 1I'(a+1)

S ()it

L3 (x,y52) =

p=0 k=0
xOyn—am—-v;f+y+0—a—v+m+n—k—p+1;zz, 2y, (38)
, v =1=0P(3 — y — § 4+ 1
LE2  (2,y;2) = . poy-8+1)
’ r1—vIl-a)l'i+v+a—-—v—-35+1)

XPo [, v; B+v+a—vy—0+1;zx,2y]. (39)

Corollary 2.2. Let a,v € (n—1,n),v,§ € (m —1,m);n,m = 1,2,3,... , and
z,y, B € R. Then

yho—a—v LML g LN 41
) co) — o
(oY 74 ("L‘7y7 Z) F(O[ + I)F(V + 1) Z Z p k

p=0 k=0

(—za)FH ()P
rg+v+é—a—-v+m+n—k—p+3)
Syn—a+lm—v+1;8+y+d—a—v+m+n—k—p+3;zx,2y]. (40)

Corollary 2.3.Let a,v € (n — 1,n),v,d € (m—1,m);n,m=1,2,3, ...,
and |z(z —y)| < 00, | — xz| < 00,8 € R. Then

eTVENTITA V(B f y + 5+ 1)
Fla+1DI'v+1I'(B+y+0—a—v+1)

L3 (o s2) =

o B+y+do—a+l:——B+y+d+1
Fion (x —y)z,—zz |, (41)
B+y+d—a—v+l:——B+v+d—a+1;
and . s
. vz ety OB — y — 54 1
P30 ) = f—aire oot )
’ -l —v)'la+p+v—y—-390+1)
o a+pf—y—0+1:——B—v—0+1;
Fion (z —y)z,—xz | . (42)

a+fb+v—y—0+1:——a+B—-—v—-0+1,;
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Corollary 2.4. Let x,y, 3 € . Then

Vi =33 (1) (3) e ey

r=0 k=0

PB+y+0+1) piyrs—ir

TB+v+6—k—r+l) (43)

and

F(ﬁ - 7= d+ 1) Zﬁ—'y—é-i—n-i—m
r'—y—6+n+m+1)
XPy n,m; 8 —v—0+n+m+ 12z, 2y|. (44)
Two special cases of formulas (31) and (42) respectively are of interest. Indeed, by

letting © = « = =0 and n 4+ 1 = 0, formulas (31) would reduces to the following
known result ( see[10,p.35(19)]):

m+1 m—p+1
B(S e o) — o= B+ m 41\ (=zy)™ PHT(B+0+1)
Yy(avyvz)—e Yz Z( D )F(6+5—V—|—m—p+2)

Y,ﬁ,] O (wysz) = eV

p=0

1Fiim—v+1L,8+0—v+m—p+2;2y], (45)

while, on letting y = =0 and m — 0 the assertion (42) yields another known
result [10, p.36(24)]

s v (M (G2 TFIT(B A5+ 1) gy
Ynlbmiz) =e ykz_;(l) TB+0—-p+1) T (46)

3. CONTINUATION

Some continuity properties with respect to a and v of the set of functions
Y20 (2, y; 2) and L5770 (2, y; 2) are given by the following results.

Theorem 3.1. Let z,y,5 € R. Then

lim { lim (Yfﬁ’é(x,y;z))} =Yz, y;2) = lim { lim (Yﬁ;y (x,y; 2 ))}
vsm~ |a—n— ’ ’ v—smt a—nt
Proof. First let a,v € (n—1,n),v,0 € (m—1,m);n,m=1,2,3,....

Since
o0

(b)n
Dy (a,b;c;x,y) = Z ylFl[ac—l—nx]
(©)n

n!

and (see [11,p.322(183)])
1Py [a;¢2] = €1 Fy [e — a;¢; —1] (48)
with the aide of the formula:
aligl_ {1tFin—o8+y+d—a—-v+m+n+s—k—p+1;—zz]} =e 7.

(49)
gives us

B e

a—n—
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F(5+’y+5+ 1) ZB+7+§7u+m7k:7p
rg+v+dé—v+m—-k—p+1)
1Fim—viB+y+d—v+m—k—p+1zy. (50)

Similarly, by starting from(50), taking the limit v — m~of both sides and making
use of (49) and (43), we obtain

i { im0 =S (1) () ot

— —
v—m a—n kOpO

FB+y+0+1) Bty+d—k—p 87,0
z =Y (x,y; 2). 51
TB+v+0—k—p+1) mon” (@,452) (51)
Secondly, let a,y € (n,n+1),v,6 € (m,m+1);n,m =1,2,3,.... According to the
formula (44), we can write (30) in the form

m—+1
Bv,0 ) — m+1 (z—y)z
Ya,u (.’L’,y, Z) - Z k e

k=0

io: (m — vV + l)pr(ﬂ + Y + 1) + 1)(Zy)p(—2y)m7k+1 Y[3+67u+mfk+p+1(,y T Z)

p=0 pPrB+y+d—v+m—k+p+2) “ T
(52)

which on taking the limit oo — n* and employing the result [10,p.35(23)]
" m+1 LT(B+y+ DBt

hm Y2 (y,a,z) = —a)" " ar 53
Jm Yo7 a,2) Z( k >< S (e y (53)

r=0
gives us

5 rm-i—l m+1
Jm () =3 (1) oy (M)
(=y)" "B+ + 0+ e ¥
rg+v+é—v+m—k—r+2)
1Fiim—v+1,84+v+d—v+m+s—k—r+2;z2y]. (54)
Again, starting from (53) and employing equations (44) and (53), we get

Jim {im (200a) =5 (1) () ey

=0 p=0

FB+~v+4d6+1) T -
T(B+y+d—r—p+1)
Now combining (55) with (51) we get (47).0

=Y (2, y; 2). (55)

Theorem 3.2. Let z,y,5 € R. Then

lim {lim (Y222, (w2 ))} Y0 (2,y:2) = lim {lim (Yﬁg,fu(x,y;z))}

vsm~ |a—n— vmt a—snt
(56)

Proof. From (26) and (37), we have
lim (Y[M(S (x,y;z)) yPims (z,y; 2).

_ —a,—V —n,—v
a—n
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Again
i { i (V227 (i0)) b= Y209, 020 (57)

In the same manner, we can show that

lim { lim (Y_ﬂgfy(x,y;zo} =Y (x,y;2). (58)
vsmt a—snt ’ ’

Hence from (57) and (58), we obtain (56).00

The following formulas are direct consequences of Theorems 3.1 and 3.2.

Corollary 3.1. Let z,y,8 € R. Then

lim { lim (ij}"s(x,y;z))} :Lﬁm‘s(a:,y;z) = lim { lim (ngé(x,y,z))}

viom~ | a—n— vi—omt | a—snt

(59)
i { (207, (aea)) | = 220 Goie) = i { i (22 i)}
v—om~ | a—n— v—mt | a—snt ’

(60)

Next, from the properties of the fractional calculus, we can prove the following
results.
Lemma 3.1. Let a,v,7,6 € (0,1) and z,y, 5 € R. Then

lim { lim (Lgi',ﬁ"s(x,y;z))} = = lim { lim (L57°(z,y; z))}. (61)

v—=0t | a—0t v—0~ | a—0—
and
: : 7,6 —y— : : 37,6
g { i, (1228 t0) p =% = i { iy (122 t00) )

(62)
Proof. Since D° = I° = I, wherel is the identity operator, we have
—Beyz
z7Pe
li li B0 . = i DY [e vz Bty+61 L — 46
Jim { i (0% | = i { P e =
Similarly
v—0— | a—0—

lim { lim (Lgi?,’d(m,y;z))} =9,

Hence , we have (61). In the same manner we can prove (62).0

Corollary 3.2. Let x =y =1, =y and v = J. Then

lim { lim (ijg’5(171;z))}:1: lim {lim (ijg"s(l,l;z))}, (63)

v—0t | a—0t v—=0— | y—0-

and

lim {lim (L@;ia(m;z))} —1= lim { lim (L‘qujelta(l,1;z))}. (64)

v—0t y—07t 6—0— (y—0—

Corollary 3.3. Let 8,2,y € ® andw, v,v,0 € (0,1). Then
li B8 . —IB Sousz) = li 58 . 65
Jim LI035 (2,3 2) ) = L)y + 6y 2) = lim {LGD (z,y:2)}, (65)
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and
Jim {LE0°(,y:2)} = Lo(y+6,y32) = lim {LG3°(z,952)} . (66)
4. RECURRENCE RELATIONS
First, we establish the following pure recurrence relations.
Theorem 4.1. Let a,v € (n — 1,n),1,§ € (m —1,m);n,m = 1,2,3,... , and
z,y, € R,z >0,y > 0. Then
Y (2,y32) = (B4 + 0V (2, y2) — aY I, (3, 52), (
= (ﬁ+”y+5)Y£Zi’f’5(ﬂf, 12) — YV (w, y: 2), (
Y (@, ys2) = (B4 7+ 0YE, W0 (@, ys2) — oV (@, ys2),
YIS wi2) = (B 7+ YL (0, s2) — V2 (wiz), (70
YO @y 2) = YE0 (@ 2) + (2 = )Y (2, :2), (
YOS @ yi2) = B4y + OV 5 (@ s 2) + 2V )0 (w,m32),
Y ey 2) = ag¥ 200 (e 2) — (4 y) (B4 7+ YL (@, :.2)

H(BHy+0)(B+y+ 0= Y2 (2, y;2), (73)
YISy 2) = ayY O (g 2) — (2 + y)(ﬂ —y =YL (w52)
Proof.
(i) We have

VI (x,y; 2) = DY [e2@ ) D21 D, (zPH7H0e72) 1]
= —aDY [e*@=) Da=1 (27 H0e=22) | 4 (B4y+0) DY [e*@=¥) Da—1 (ZPtrHo-lemez)] |
which in view of (7) yields formula (67).

YBW’(S(.’E,y, ) Du 1 {D [ z(z— y)D? (ZB+’Y+5efa:z)]}

— pv-1 ((m _ ) z(z— U)D? (zﬁ+'y+5e—acz))_xDZ—1 (egc—y)zD? (Zﬂ+7+5e—xz))+(ﬁ+
1 8D (259 D (24101 a5

which in view of (7) yields formula (68).

(iii) We have
VI (w,y;2) = DY [e*@=9)De D, (P H1+0e=2%)}]

=(B+~v+9)DY [ez(zfy)D? (Zﬁ+7+57167x2)] —zDY [ez(zfy)D? (Zﬂ+7+56’“)} ,
which in view of (7) yields formula (69).
In the same manner as in the proof of assertions (67) to (69) , one can prove the
results (70) to (74).0

The following results are an immediate consequence of Theorem 4.1.

Corollary 4.1. Let a,v € (n —1,n),v,0 € (m —1,m);n,m = 1,2,3,... , and
z,y,8 € R,z >0,y > 0. Then

VA2 ot ayn) - LB wyi2). (75)

B0 Lysz) =
o,V (xyz) 20&(0[—1) « OL(OL ) a—1,v
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@iliQ,BLw Y i Be
= -1 L, (z,y;2) o — 1)La’l,71(x,y,z), (76)

B4+v+9) 51, x .
o¢+1 V(‘T Y;z ) - (z(a_’_l))l/g,yl’%(;(l‘,y;z) ( +1 )Lg’,zﬁ(xay;z)a (77)

6 (B+v+9) 55- Yy .

Lavh(@ o) = 5oy LAV @) - ke @ wiz), (718)
; 1 ; (z—y)

By, _ T T B, .

Loc;yl u+1(x’y7z) - ml’g,z (x’y7z)+ (l/+].) La’yl y(xaywz)a (79)

Biv. (B +9)  s-1i7.6 T B
La+1l/ 1(1’ Yz ) (04—|—1) Lau (‘/I’. Yz )+ (a+1)LO(V 1(1’ Y; z )7 (80)
: +y)(B+7+9)
158 )= Y TR Y
a+1, V+1(xaya Z) (Oé I 1)(1/+ 1) a,v (.’E,y,Z) z(a I 1)(l/+ 1)

(ﬂ +v+ 5)(6 ++ §— 1)Lﬁ72;'y,5

XLﬁfl;%fs .
aw (@Y 2) + 2@+ 1) +1) o

(,y;2),  (81)
svs o T s g, _ (ety)
Ly, y;2) = (1—a)(1-v) —a—(#:432) = z1—a)(l—v)

—7=0)B=7=6-1) 5 9.5
N LB 17,6 . (ﬁ v LB s .
(5 /y ) 7(} —V (x’ y7 z) + 22(1 _ a)(l _ l/) 70(,71/ (x) y’ Z)’
We now wish to derive some differential recurrence relations

(82)

Theorem 4.2. Let o,y € (n — 1,n),v,6 € (m —1,m);n,m = 1,2,3,... , and
z,y, € R,x >0,y > 0. Then
0 .4
%Yﬁ’%‘s(m Y; 2)
=B+y+d—a+ 1)Y6'Y 9 (zyy;2) — a:Yﬁ'H’;Y 6($,y;z) — Yfﬁlw";(a;,y;z), (83)
0 g
gy Yo @ y2) = 2 @) — (B +0 —at DY (@ys2), (34)
0 g
Y8 a,4:2)
= (ﬁ—&—’y—ké—a—y)Yﬁﬁ"s(x,y; z)—yYoﬁjlW”s(x,y;z)—a(x—y)Yfﬂ’i(m,y;z), (85)
- r )
nke TPAI 292D yosriiayz),  (50)

Yﬂ’Y‘S . — —
a+nu(x7yv’z) kzzo( SC) (6+’Y+5 k+1 o,V

o’ s = —k
oo Y0 (@, y32) = YT, (2,05 2) }:2:()( >
k=0r

L(B+y+0d+1)
FB+~y+d—r+1) °

(@ =y (=2)" "5 YO @y 2), (87)

Proof.
From (35), we obtain

VT, y:)
Si — ) T(B+y+64+r+ DI (B+y+0+r+k—a+1)

—1%Tﬁ+7+5+r—a+n B+y+d+r+k—a—-v+1)
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Xzﬁ+'y+§+r+k7a71/

— (D)@ —y)k2" I TB+y+5+r+DIB+y+5+r+k—a+1)
2w

= R = DTB+y+0+r—a+ DIB+y+d+r+k—a—v+1)

% Zﬂ+'y+5+r+kfa71/ )

The result (83) now follows from (35), upon letting ¥ — k + 1 in the first
summation and r — 7 4+ 1 in the second summation and using the formula
A'(A) = T'(A + 1) for the gamma function. By the same way, we can easily
prove the formulas (84) and (85). Also, from the definition of Y70 (x,y;2) , we
have

n

Y29 (@53 2) = D [e@—y)ZD? {Z (7) (v (p2-+e=s) H

k

B+v+5—k+1)

from which we get (43). Similarly, one can prove the formulas (44) and (45).00
The following results are an immediate consequence of Theorem 4.2.

— Z <Z’) (_z)nfkr F(/B + Y + 1) + ]-) DlZ/ [e(zfy)zD? (efmzzﬁ+'y+5):| ,
k

Corollary 4.2. Let o,y € (n—1,n),v,06 € (m—1,m);n,m = 1,2,3,... , and
z,y,8 € R, x>0,y > 0. Then

9 s
7L§1,’ty/7 (.T,y;Z)

or
=B+v+o—a+ 1)L§;1’1i,(x, y;z) — fo:i?,é(x, y;2) — ngl;%é(x7 y;2), (88)
0 _g.
%L§:Z75(x7 Y; Z)
= a:LgﬂiZ’a(x, y;2) + ngﬁ,m"s(:c, y;z2)— (B+y+d—a+ l)Lgﬁfy(m, y; 2), (89)
0 _g4.
zaLg’}Z"s (x,y;2)
= (y+0—a—v+y2) LI (@, y; 2) —yLoL 0 (@, 5 2) — alw — y)yLo7Y (2,93 2),
(90)
. - . T(B+~v+6+1) e
LS (g oy 2) = (n) —z)nk LB~F79 (g y: 2), 91
aJrn,l/( Yy ) ];) k'( ) F(ﬁ+’y+(§—k+1 o,V ( Yy ) ( )
0" ;8o B0 L (n) (n—k
@La’,y’ (:Cay; Z) = La,u+n($7y; Z) - Z Z k r
k=0 r=0
I'(1— .
e S ) {DELE 0 (2, y52) ) (92)

Proof.

We refer to the proof of Theorem 4.2.01

Certain combinations from the recurrence relations of this section lead to further
relations. For example, the subtraction of (78) from (77) yields

(@ — Y LEY (2,55 2) = (a+ VLYY (2, ys2) — (v + VLS (2,52). (93)
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Next, for « — a— 1 and 8 — 8 + 1, equation (69) reduces to
YO (wyi2) = (B + 6+ DY (a,y52) = aY 5 (@, 52). (94)
Now, on using (93) in (85) and (86), we obtain

o .. s
%Yf”]"s(x, y;z) = —anﬂl’)y(x,y; z), (95)

and 5
—YE0 2,y 2) = eV (a,ys 2) — YO (2, y; 2), (96)

dy
respectively. Further, from (95) and (96), we get

<8ax - (ffy) Y00,y 2) + YT (w,y:2) = 0. (97)

Furthermore, combining (85),(95) and (96), we obtain

o . P P
Z@Yo’fﬁ"g(m,y; z) — w%Yﬁ’J’g(%y; z) — Yoy

~(B+7+6—a—v)Y)(@,y;2) = 0. (98)
From assertion (98) above, we have easily the following result.

YO0 (2,95 2)

Theorem 4.3. The function Yoﬁﬁ";(m,y;z) s a particular solution of the dif-
ferential equations

Z@Ya,g’ (l‘, Y; Z) - xmya,g’ ($, Y; Z) - yayazya,ﬁ’ (‘Ta Y; Z)

0 g
—(5+7+5—a—u)&Yﬁ’;”‘;(x,y;z):0, (99)
x—Yﬁ”’é(x i 2) — 2 a YB;%é(x i 2) + 0 Yﬁ;%é(x )
8‘%2 a)l/ ,y’ azal’ a,]j ’y’ yayam a,]j ’y’
0 .4
—|—(ﬁ—|—'y+5—oz—V)%Yﬁﬂ’é(x,y;z):0, (100)
0 \ s R 0y pins
Y yB, C y B ) y B, i
yayQ o,V (‘r’sz) Zazay a,V (‘r3y’z)+xaxay a,v (w,y,z)
0 g
+(ﬂ+’7+5—a—u)a—Yf’;”‘;(x,y;z):0. (101)
y

Theorem 4.4. The function Lﬁtz"s(x, y; z) s a particular solution of the differen-
tial equations

2

9 7,0 g 7,0
2 LI 2,y 2) — v L5 (2,93 2)

—y——1P0 .
022 0xdz y@yaz o’ (.33 2)
0 o,
*(’Y+5*04*V)$L§’,Z’6($ay;z) =0, (102)
0%  pis 2 B 0% gy
7L Y . _ 7[] Y . 7[] Y .
xa.fEQ a,v (m,y,z) zazax a,v ($7y’ Z)+y8y8x a,v (a?,y, Z)
0 o
+(’Y+6_a_y)%l’(ﬁx7,z,6(xay; Z) = 07 (103)
2 2 82
LBV (x,y;2) — 2 LBV (2,43 2) + 2 LB (2,93 2)

y(’TyQ 020y dxdy
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+(y+0—a— V)%Lgizﬁ(m,y; z) =0. (104)

Proof. From (1.9) into (4.31), we obtain

0 s 0 4

%ng’,zﬁ(xv Y Z) - ya—ng:Z’é(x7 Y; Z)
—(y+d6—a-— V)Lg;],"s(x, y;2) = 0. (105)

Now, from (105) we obtain Theorem 4.4.0

0 g
z—Lﬁ:Z"s(x, y;z) —

0z

5. OPERATIONAL IMAGES AND GENERATING FUNCTIONS

First, we obtain the following fractional images:

Theorem 5.1 The following operational images for L5:7°(z,y; z) and Lég:‘s_u(x, Y; 2)
hold true:

ijzﬁ(%ym) = Z_B(_x)n(_y)m potv—m-n (1 — x_lDZ>n (1 — y_lDZ>m

Fla+1)I(v+1) 7 1—zD:? 1—yD;!
x (1—2D; 1" (1 —yDY)" {#0) (106)
szDZ_(OH_V)

LB ) — 1— 2D N Y (1= yD )V 861
—a,—y(xay’ Z) F(l —a)F(l — V) ( L, ) ( yr, ) {Z }
(107)
Proof. To proof (106), let © denote the left-hand side of assertion (106), then in

view of the binomial expansion

k=0
one gets
z r o
MNa+1)I'(v+1) == rlk!

Z (71)m+n (m T'V)P(n — O‘)q ypl,qDf+'y+57alphafu+p+q+m+n7kfr {Zﬁ+'y+5} ,

p,q=0 Pe
which on applying the fractional derivative formula D z® = %xo‘”‘ , using
the result .

~(=1)Fs!
(=sh = (s — k)’

and considering the series representation (25) and definition (9) yields the left hand-
side of assertion (106). The proof of (107) is similar to that of (106).0

Next,we derive generating relations for the functions Lgig"s(:z:, y; z) and L ;1:5_,,(3:, Y; 2).

Theorem 5.2 The following generating functions for L57:°(x,y; z) and L/i;g:il,(x, Y; 2)
hold true:

Z*BD?“’ ) ;
F —ux(l — 271D F —ty(1—y~'D
F(a+1)F(V+1)0 1 w1 ( ) | of1 Vil y(l—y )
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_ o _ v 51 Biv,d ™
x(1—=z 1D) (1—y 1D) {zﬁ+’v+ } _n;OLa_:n vtm (z,y; )W’ (108)
-8 —1(1 _ 1 —1/7 _ ,,—1
z Do+ ep |- xD™'(1—z~'D) n yD='(1—y~'D)
Fla+1)T'(v+1) (1—aD1) (1—yD~1)
><( — 2 'D)*(1 —y D) {zﬁ””}
n m
Z L,B n—m;y+m, 6+m(x7y;z>w’ (109)
S nlm!

2Pl —aD;) (1 —yD; ")
rl—a)'(1-v)

0F1 U(Dz(l —SL’D_l) ()Fl t(Dz(l —yD_l)

1—o; 1—-v;
o0 nam
Z u"t
= Lﬁg—fn nu—o—m(l'vy;z) (110)
- Im!’
=0 nlm!
z—Bp; et

I'l-a)I'(1-v) (1—aD~" +uD™ )" (1 —yD~' +tD~ 1) {7777}

R D 7 s R (111)
o ’ nlm!
Proof. By starting from (106) replacing o and v by o+ n and v + m respectively,
multiplying both sides by 1:1';7 and then taking the double sum, we obtain (108).By
following similar procedure we can proof (109),(110) and (111).0
Now, according to the fact that [11,p.50(11) and p.325(203)]

T(k+p+1) T(k—p+1)’

where J,(x) is Bessel functions of non-integral order p,p > 0 and I_,(z) is the
modified Bessel functions of first kind of negative order p,p > 0 and in view of
Theorem 5.2, we get the following generating cases.

L (=1)k(z/2)2k+P > (—1)e(z/2)2k—P
Jp(2) = ];) (k,r)# and I_,(z) = ;0 (k'I‘)#

Corollary 5.1. The following generating functions for Lgizv‘s(x, y; z) and Lﬁ;’ il,(x, y; 2)

hold true:

2 PDP Jo(2V/ue(1 — 271D) ) J,(2/ty(1 —y~1D )

| _(Q-a"'D) (1-y~'D) {p47+e
SO
Vuz(l — :v_lD) Vty(L—y=1D)
s unt™
Z LgJ’rYn v+m £E ya ) 'm'v (112)

n,m=0

P Lo(2/ur(l =2 1D) ) x Ly (2v/iy(T =y DD ) { (Vi) (Vi) =77}

S B0 u"t™
= Z L v (5 45 )W, (113)
n,m=0 S
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Proof. From the definitions of J,(x) and I_,(z) and the assertions (108) and
(110), we get the result..

6. INTEGRAL TRANSFORMS

By using the Eulerian integral of second kind ( see e.g. [3]):
0T (2) = / =gt R(z) > 0, R(a) > 0, (114)
0

we first derive the following Laplace transform formulas
Theorem 6.1. Let R(o) > 0,R(a) > 0. Then

. —(etrH—a—P(B 4y 4§ + 1)
—az,o0— 1Lﬁ ’Y s dz = a4 .
/0 e (x,y;2)dz Pla+1DI'(v+1)

& MNo+y+d—a—v+m+n—p—k) —a\" R oy
Zp:;< )() rB+y+d—a—-v+m+n—p—k+1) () (a)

xFilo+vy+0—a—-v+m+n—p—kn—am-—v

;B+7+6—a—u+m+n—p—k+1;2,%}, (115)
maz{| z/al,|y/a|} <1;
/Ooefaz o1 i (. 2)dx = a(afvf5+a+u)r(ﬁ—7—54—1)1“(0—7—6—1—044—1/)
o T r1—a)rQ—-v)i(f—vy—0+a+v+1)
x Fq {U—’7—5+O[+V704,V;5—’7—(5+OZ+V—|—1;E,Q}7 (116)
aa

maz {| z/al,|y/a ]} <1;

where F is Appell$ function [11,p.22(2)].
Proof.Denote for convenience, the left -hand side of assertion (115) by I. Then in
view of (38) it is easily seen that:

eSS (M (D

p=0 k=0
y i (n—a)-(m—v)sax"y*
TS:OT!S!(B—I—'y—i—(S—a—l/+m+n—k—]9+1)r+s

o0
% / efazZcr+’y+57afu+m+nfk7p+r+sdz.
0

Upon using the integral formula (114) and considering the definition of Appell$
function Fy [11,p.22(2)], we led finally to the right-hand side of formula (115). In
the light of the expressions (39),it is equally straightforward in the same manner
to derive the formula (116).00
By setting ¢ = 8+ 1 equations (115) and (116) would reduce to the following
interesting special cases:

/OO e—azZﬂLg;Zﬁ(m? v z)dz _ a_(6+v+6+1)r(5 +v+d+ 1)

o : MNa+1I'(v+1)

(a—2)"(a—y)",
(117)
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and
o0 . B0+ (B -y =6 +1)
—az BLIBWV‘; . d _ a Y N —a o —v
| e e = e a0 )
(118)
respectively. Another particular case of (116) would occur when a =y and make

use of the transformation formula

I'(e)l'(e—a—c)

F1 [a,b,c;e;x,l] = m

oF [a,b;e — ¢; ).

Thus, we get
o0
/ e_yzz"_lL[ig”(; (x,y; 2)dz
0

—V

ylo= =0+t -y — 54+ D)o -y -6 +a+v)I(B—0—v+1)
rl-a)lQ1-v)I'(f—y—d+a+v+1)I'(B—-0+1)

><2F1{a,a—’y—é—l—a—l—u;ﬂ—’y—é—l—a—kl;ij , (119)

where oF; is Gaussian hypergeometric series [11,p.18(17)]. Next, we establish
the following double integral transforms for the functions Lgiz’é(x,y;z) and

L% (2,y;2) in the term of Appell§ function Fj [11,p.23(4)].

—a,—v

Theorem 6.2. Let £(c) > 0,R(N\) > 0,R(a) > 0,R(b) > 0. Then

oo oo
[ ] e L s dady =
0 0

a b AT(B+y+6+1) Aoy
MNa+1DI'(v+1)

s (m) (n\ T (o 4+ n— kDA +m —p)(—z/a)*F(—z/b)"P
%:%2(1))(/{) rg+~+é—a—-v+m+n—k—p+1)

x F3 {nfa,cqunfk,mfu,)\+mfp;ﬁ+’y+5fa71/+m+nfkfp+1;f,ﬂ,
a
(120)
max{| z/a|,| z/b|} < 1;
/ / e (er W) g o WAL (0 y; 2)dady =
o Jo
Gb LBy =6+ D@OTN) s
r+a+v—y—0+1)I'(1—-a)l(1—-v)
><F3[a,a,y,)\;ﬂf’yféJraJrz/Jrl;E,% . (121)
a

maz {| z/a |,| 2/b |} < 1;
Proof. We refer to the proof of Theorem 6.1.
Now, projection integral transforms would occur if we use the definition of frac-
tional integrals (1) and this asserts.

Theorem 6.3. Let () > 0. Then

(x,y; 2)dz. (122)

A+B57,6 . -
t)\+,8L7a{3:Z/ (‘Tayvt) _ 1 /t (t — Z)/\ 125 Lﬂ;%5
) Jo T

F(A+B_”Y—5+1>_F()\ B_fy_(;_i_l) —a,—v
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L5 (z,y; 2)dz, (123)

TA+B8+y+0+1) T(x
Proof. From (39), we have

t)\JrﬁLg\I/B;’Y,é(m’y;t) B 1 /t (t—z)’\*lzﬁ
)Jo T(B+y+0+1)

1 [ .
/(tfz))‘*lzBLB’%é (z,y;2)dz
0

INOY! T
_ I'(B—~v-0+1) i (a)r(v)sz"y®
rg—~v—-dé+a+v+1)I'l —a)l'(1 —v) Tszor!s!(ﬁ—ka—&—y—’y—é—f—l)T_,_s
t
X / (t — 2) 1Py dtatvards g (124)
0

putting ¢t —z =t(1 —p) , we get

t
/ (t o Z))\71267'Y75+a+y+r+sdz
0

1
_ t>\+[3—'y—5+a+u+r+s / (1 _ p))\—lpﬂ—fy—é—&-a—i-v—i-r—&-sdp. (125)
0

Now, by substituting (125) into (124) and applying the definition of Beta function

! _ g yflsa:fl s = F(x)F(y)
/0(1 ) B Tary)

we get (6.9). The proof of (123) is similar to that of (122).00
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