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THE FEKETE-SZEGO INEQUALITY FOR A CLASS OF
p—VALENT FUNCTIONS

MUHAMMET KAMALI

ABSTRACT. In the present paper,the author considers a subclass of p-valent
analytic functions of complex order which is denoted by S(QA ) (A, B,b) in

2

the open unit disk U and gives the upper bounds for |apy2 — pag g

belongs to S(Qk,p) (A, B,b).

when f

1. INTRODUCTION
Let A denote the class of functions f (z) of the form
f(2)=2+a2® +azz® +--- (1)

which are analytic in the open unit disc U = {z: z € C, |2| < 1}.
Let n, p be integers greater than zero; U is the open unit disc in the complex plane.
Furthermore, let A (p,n) denote the class of functions of the form

f2)=2"+) apuz™® (2)
k=n

which are analytic and p—valent in the open unit disc U. Note that A = A .
A function f € A(p,n) is said to be in the class S (p,n,«) of p—valently starlike
functions of order « if it satisfies the condition

2 (2)
Re >a, (zeU:0<a<Dp). 3
( e ) ( ) 3)
A function f € A(p,n) is in K (p,n,«), p—valently convex functions of order «, if
it is satisfies the condition

Re<1+ZJ{,(S)>>a, (zeU:0<a<p). (4)

In 1991, S. Owa [1] studied the classes S (p,n,«) and K (p,n, a).
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The subclass of A consisting of univalent functions is denoted by S. In 1994, Ma
and Minda [9] introduced and studied the class S* (¢), consists of functions in f € S
for which

4G L un
o) (e, (el).

V. Ravichandran et al.[8] defined a class of functions which extends the class of
starlike functions of complex order in the following.

Definition 1. [8]Let ¢ (z) be an analytic functions with positive real part on U
with ¢ (0) = 1, ¢ (0) > 0 which maps the open unit disc Uonto a region starlike
with respect to 1 and symmetric with respect to the real axis. Then the class Sy (P)
consists of all analytic functions f € A satisfying

1+1<Zf/(z)—1> <6(z) (z€UbeC—{0}).

b\ f(2)
The class Cy (¢) consists of all functions in f € A for which
1 s
1+fzf () <¢(2) (zeUbeC—{0}).

b f(2)

In [8], V. Ravichandran et al. consider the classes S} (¢) and Cj (¢) which are

obtained by the suitable choices of A, B and b that are in the well-known classes
of S* (A, B,b) and C (A, B,b), where

1+ Az

P =1

In [8], the following Fekete-Szegd inequality for functions in the class S} (¢) is

obtained.

beC—{0}, (-1<B<A<1]).

Theorem 1. [8]Let ¢ (2) = 14+ Byz+ Bo2z?+ B3z3+--- . If f () given by Equation
belongs to S; (¢), then
b )

A function f(z) € A is said to be starlike functions of complex order b, that is
f(z) € S(b) if and only if

L(2f (2) _ Z _
Re{1+b<f(z) 1>}>0, (zeU, be C—-{0}) (6)

and @ # 0 in U. This class was introduced by Nasr and Aouf [5].
Let Sp (A, B,b) be the subclass that consists of functions f (z) € A (p, 1) that satisfy
the condition

|a3 f,ua§| < 2max{1;

By
—— 1—-2u)bB
B, +( w) bBy

This result is sharp.

b DA f (2)

where < denotes subordination, —1 < B < A <1 and z € U. In 2004, Shenen et
al. [3] introduced the operator D* f (z) which is the entension of Salagean operator

Lt (1 AD ()
1+ Bz’

1><”AZ be {C—{0}} 1)
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[4] where
A A1 = (p+ k) Tk
D () =D(D ' f(2) =2+ () apss
= N P
with A € N J{0} . Akbarally et al. [I] obtained the following Theorem [2| related to

upper bounds of the Fekete-Szego functional for the class SZ’,\ (A, B,b).

Theorem 2. [I]Let iigi =1+ Fz+ P22+ F28 4. . If f(2) € S) (A, B,b),

then for any complex number p,

o [blFup !
(o942 = 1| < BB Gry

oF, +1)2*—2 +2)]* (8)
max {1, | origy {(A+ B) + %2 + appry [ 2ploe 21

This result is sharp.

In [6], the authors introduce the following equalities for the functions f (z) € A (p,n)
Df(2) = f(2)

D'f(z) =Df (z) =2 (D°F (2)) =p="+ 3 (0 + k) apusz"*
k=n

DOf (2) = DD™f (2) =2 + 3 (p+ 1) g )

k=n
In 2011, Kamali and Sagsoz [6] define o\ p)f (2) : A(p,n) — A(p,n) such that
1 A ’
P f(2) = <pQ — A) DY f (2) + ;z (DQf (z)) (10)

where 0 < A\ < p%, Q e NU{0}. A function f (z) € A(p,n) is said to be in the
class S (Q, A, p, o) if |

2o f (2)
Re{ P/ (2) }

Re (G + G =102) (D2 (2)) +22(D?F ()}
(pLQ — ,\) DO (2) + 22(D2f (2))

for some @ (0 < a<p), 0 <A< 1/p%, Q€ NJ{0} and for all z € U. This class
was considered and studied earlier by Kamali and Sagsoz [6].
First, we introduce the subclass by denoted S&p) (A, B, b) that consists of functions
f(2) € A(p,1) that satisfy the condition
1(1 ' 144
14t 1 2lpoapnf () ) 1+42
b\p painf(2) 1+ Bz
where < denotes subordination, b € C — {0}, A and B are the arbitrary fixed
number, —1 < B< A <1 and z € U. We write S(%’p) (A,B,b) = SZ;\ (A, B,b).

In the present paper, we obtain the upper bounds related to Fekete-Szegto inequality
for functions in class S(QA ) (A, B,b).

>, (11)

(12)
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2. The Fekete-Szego inequality for functions in the class S(SE\ ) (A, B,b)

To prove our theorem, We need the following Lemma 3| by given Ma and Minda [9].

Lemma 3. [9]Ifp(2) = 1+ c12+ 222 + c32% + -+ is a function with positive real
part, then for any complex number p,

|027,uc%| < 2max {1, 2p — 1|} (13)
and the result is sharp for functions given by p(z) = }f‘;z and p(z) = }f—i

Theorem 4. Let (z) = %igj =1+8z+622+---. If f(2) € S&p) (A, B,b),

then for some complex number p,

b s
|ap 2 = pag | < (1+2A‘;§)ﬂ*1) ﬁ) (A:B
Q Q A Q-1
max{l, ﬁ {25512 +201pb |1 — 2p° (p+2)° (1+2Xp )N} —|—(A—|—B)H}

(122 1)% (p+1)%%
The result is sharp.

Proof. It f (2) € Sg\ p) (4, B, b), then there exists a Schwarz function with w (0) = 0
and |w| < 1, analytic in the open unit disk such that

1 lw_ =((w(z
3 (P' p@rn S (2) 1) T "

Let 1AW _ 1 4 0m b2 4 c323 + -+, we obtain

1+Bw(z) —
1+ Aw(2) ={1+Bw )} (1 +ciz+c2’ 4325 +---) =
c1z + cpz? +c32d + - -
w(z) =
(A—B)—B{ciz+co22+c323+---}
and thus

C1 1 C%B 2
w(z)z(A_B)z—F(A_B){cQ—F(A_B)}Z +--- (15)

Since ¢ (2) = 14§12 + d22% + - -+, therefore from

2 2
(@) = 1+ et o { P e P e 10
Let ,
1 (1 2(p@rpf(2)) B )
g (et ) e o

If following equality is used and compared for z and 22, we obtain

5101 1 B(Slc% 526% 2
1 — PPN
+(AB)Z+(AB){(AB)+6102+(AB) z“ 4
= 14+hz+h?+ =
5161
= 1
M=o (18)
and ) 5 5c2
PO L . L TR (19)

(A-B)? (A-B) (A-B)?*
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From ,

oo Q41 .
per b 35 T (1 gt a7
L = -1
PP S g gt
k=1

—_

= 1+h12+h222+:>

118

0o Q
> 7%4';’22%1 (1 + )\ka_l) A p2® — (%) .p (1 + )\k’pQ_l) Qs p2t
k=1

k=1

o (k+p)?
1+ > pr; (1 + Mep=1) apyp2®
k=1

= pbhiz + pbhoz® + .- =

(p%) {(p + 1)Q (L+ 2% Y apprz+ (p+ 2)Q (1+22p971) 244022 + -+ }
)Q

Q
L P (L W2 gz + 2525 (14 20097 apa? 4
= pbhyz + pbhyz® 4 - -

which yields

Q Q
(52) (™ gzt (22) (14 2007) 200274

Q
1+ (22) (14 ap2? (20)
_ (Qp ) ( D )ap+1z {pbhlz+pbh222+'”}~
+ (%) (1+ 2297 apyoz? + -+

Equalizing coefficients of terms z in the both side of equality , we have

1+ @ _ 1 /1+ {2 B
(Pﬁp) (1 + )\pQ 1) ap41 = pbhy = hy = pT) <pp> (1 + )\pQ 1) ap+1- (21)

Furthermore, equalizing coefficients of terms 22 in the both side of equality ,
we obtain

2(p+2)" - +1)¢ _
(piﬂ) (1 + 2)\]?9 1) Apra = pbhs + % (1 + )\pQ 1) ap+1pbh1.

If this equation is withdrawn hg and used (21])
) Q ) 2Q
2 (1+22p%1) a1y = pbhy + (1+2p771)* BEa2 | =
20 2
he = gber {224 9)7 (142077 a2 = S (14 1) a2,
Equating (|18) and (21))

S1cy 1 (p+1)° 01
=— 1+ A =
A-F o LEWT)an

a _ pb5161 p ° (23)
T A-B) (2 ) \L+p)

} _ (22)
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Equating and (22), we obtain

1 1
bt {2(1+2Ap9‘1) 2+ ) apre — g — (L+ 077 ap+1}

- 1 B(Slc% (520%
= (A—B){(A—B)+5lc2+(A—B) =

2
. bpo bo1c} Ty + ¢
22+ p)” (1+20p" ) apps :[{’4 _pB}} {(Z—lé) +{ (i e 1=
51(A—B)

Bc?
apt2 = b p L ( o1 ) (A;JIB) +c (24)
P 2 (p+ 2)9 (1+ 2)\p9_1) A—B ‘*‘51(65&3) +2 6101 pb

By using the obtained equalities and , we can write

Bc?
b _pt! (&) (A B T e
Q Q-1 — c c
2 ez e (208 b2+ b f | (25)

2 _
Gp42 — Nap+1‘ =

_ pbdicy p®
P @ B) @™ 1) (1+p)°

This equality numbered is written as follows

=] = {8 5t ()}
p+2 7 Flp+1 2 (2+p)° (1+2)\pﬂ Ty \A-B

¢ 2p2 (p+2)2pbs1c? (14+22p2 1
{52+(A B) {Bcl 5211+5101pb]}#{p(p S rbhiei( - )Hi

(A=B)(1+p2=1)2 (p+1)29

9 . ‘bl Q41 S
|apt2 — F‘ap+1| ~ 12(4-B) (p+2)° TF2™T)
2p% (p+2)pbér (1+22p7
C2(AiB){p T )u(BJrngrdlpb)}C%

(+2p2 )% (p+1)*7

and if it is taken as

1 22 (p 4+ 2)2 pbsy (1 + 22p21 5o
V= ){p (p+2)"p 1( i ),u <B++(51pb)

(A-B (14221 (p+ 1™ J

equality is obtained

Q
apa — pady| = 4 AP (2 1 D) e el
P2 Pl 2 \p+2) (1+20pH\A4-B S

By using Lemma [3| we obtain

|apyo — pa2,,| < 1 P 01 [2max {1,[2v — 1|}]
2 Tl = 2= B) (py 2y (L 20w )) ’

and thus,

2 [blp P 51
|ap+2 /l’ap+1’§(1+2)\p9*1) P2 A-B

Q Q b A Q-1
ety {mrattiond ™ i) g

maxq 1, A1) (pr )7

)
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or
A-B

2p°2 (p+2)? (14+22p 1
max{l, ‘(AlB) {26612 + 261pb 1-— p(l—(i-pkpﬂ)fl()z(p_i_zl)fﬂ )'u:| + (A + B)}’} .

2 blp p \ (s
— N bl V S - 91
|apt2 — paj | < s p+2)

This result is sharp for the functions defined by
1 }Z(@(Q,,\,p)f(z)), 1) = 1+ Az?

b\p @S () - 1+ Bz?

and
L (100and G |\ _ 14 4s
b\p oS (2) 1+ Bz
O

Lemma 5. (i) If we set A =0 in Theorem we obtain the upper bounds of the
Fekete-Szego functional for the class S{,\ (A,B,b) = Séz) ) (A, B,b) by Akbarally et
al. [1]

(i) If we take X\ = Q = 0 in Theorem |4, then we have the results for the class
S?O,l) (1,-1,b) = S* (b) by V. Ravichandran et al. [8]

Letting A = Q2 =0,p=b=1, A=1and B = —1 in Theorem [4] we have the
following Corollary |§| given by Koegh and Merkes [2].

Corollary 6. If f € 5?0,1) (1,-1,1) = S*, then ’0,3 - ua§| < max {1, |4 — 3|}.
Also, if A =0, 2 =p=0b= A =1 and B = —1 are taken in Theorem [4 the
following Corollary [7] is obtained given by Koegh and Merkes [2].

Corollary 7. If f € S(lo’l) (1,-1,1) = K, then |az — pa3| < max {1, |1 — |}

Note. When we get Corollary [6] and Corollary [7] given as a result of Theorem 4]
we want to express that if A =1 and B = —1, it is obvious that §; = do = 2.
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