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EXISTENCE OF SOLUTIONS TO FRACTIONAL DIFFERENTIAL
EQUATIONS WITH THREE-POINT BOUNDARY CONDITIONS
AT RESONANCE WITH GENERAL CONDITIONS

BIN-BIN HE

ABSTRACT. This paper presents a new technique to investigate the existence
of solutions to fractional three-point boundary value problems at resonance
in a Hilbert space. Based on the proposed method, the restricted conditions
A2g20-2 — Aga—1 and A2¢20—2 = [ on the operator A, which have been
used in [18], are removed. It is shown that the system under consideration
admits at least one solution by applying coincidence degree theory. Finally,
an illustrative example is presented.

1. INTRODUCTION

In this article, we consider the problem of the existence of solutions for the fol-
lowing fractional three-point boundary value problems(BVPs) at resonance

D§ea(t) = f(t,z(t), DI 2(t), 1<a <2, tel01],
Ig-‘,_-a'r(t”t:o = 97 x(l) = A$(€)a
where D{, and I§, represents the Riemann-Liouville differentiation and integration,
respectively; 6 is the zero vector in I := {z = (21,22,...,.)" : Yoo, |7i]? < 0o}
A : 1?2 — 12 is a bounded linear operator satisfying 1 < dimker(/ — A¢*~1) < oo;
€ € (0,1) is a fixed constant; f : [0,1] x I x I — [? is a Carathéodory function,
that is,

(i) for each (u,v) € 12 x I, t — f(t,u,v) is measurable on [0, 1];

(ii) for a.e. t €[0,1], (u,v) — f(t,u,v) is continuous on I? x %
(iii) for every bounded set Q C 12 x 12, {f(t,u,v) : (u,v) € Q} is a relatively

compact set in I2. Moreover,

pa(t) = sup{||f(t,u, v)|i : (u,v) € Q} € L0, 1],
where |22 = /Y sy [74]? is the norm of z = (z1,29,...,-)" in 2.

2010 Mathematics Subject Classification. 34A08, 34B10, 34B40.
Key words and phrases. Fractional differential equations, boundary value problems, resonance,

coincidence degree.
Submitted Mar. 19, 2017. Revised May 13, 2017.

120

(1)



JFCA-2018/9(1) EXISTENCE OF SOLUTIONS FOR BOUNDARY CONDITIONS 121

System (1) is said to be at resonance in /2 if dim ker(I — A¢*~1) > 1, otherwise,
it is said to be non-resonant. The requirement 1 < dimker(I — A¢*~1) is to make
the problem to be resonant and the requirement dimker(l — A£1) < oo is to
make the kernel operator to be a Fredholm operator which is a basic requirement
in applying the coincidence degree theory introduced by Mawhin.

In a recent paper [18], the authors studied the three-point BVPs (1) at resonance
in infinite dimension space by assuming one of the following conditions holds

(A1) A¢®~1 is idempotent, that is, A2¢272 = A¢o—1;

(A2) A2¢22-2 = [, where [ stands for the identity operator in /2.

The assumptions (A1) and (A2) are important in constructing the operator Q
in [18] which plays a key role in the process of the proof. Our objective in this
paper is to remove the restricted conditions (A1) and (A2) to study the existence
of solutions for BVPs (1). It deserves to point out that the problem is new even
when a = 2, that is, system (1) is a second order differential system with resonant
boundary conditions.

In the past three decades, the existence of solutions for the fractional differential
equations with boundary value conditions have attained a great deal of attentions
from many researchers, for instance, see [1, 2, 7, 6, 9, 10, 15, 17]. However, all
results derived in these papers are for one equation with dimker L = 1 or for two
equations with dimker L = 2. The case of problems where the dimker I can take
any value in N have treated with little attention.

Recently, the authors in [14, 13] investigated the following second order differ-
ential system

W(8) = Ftu(t), ' (1), 0<t<l,

t

u'(0) = 60,u(l) = Au(n) @
where f:[0,1] x R™ x R” — R" is a Carathéodory function and the square matrix
A satisfies certain conditions. These results for second order differential equations
in [14] and [13] were generalized to fractional order case « € (1,2] in [4] and [18]. Tt
should be highlighted that, in [13], the authors successfully removed the constricted
conditions used in [14] by making use of the property of Moore-Penrose pseudo-
inverse matrix technique. Inspired by this, in this paper, we use the generalized
inverse of the bounded linear operator in infinite dimensional space [12] to remove
the restricted conditions (Al) and (A2), so that we can derive the existence of the
solution for three-point BVPs (1).

We proceed as follows: in Section 2, we give some necessary background and
some preparations for our consideration. The proof of the main results is presented
in Section 3 by applying the coincidence degree theory of Mawhin. In Section 4, an
illustrative example is included.

2. PRELIMINARIES

In this section, we present some necessary definitions and lemmas which will be
used later. These definitions and lemmas can be found in [3, 8, 11, 12] and the
references therein.
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Definition 2.1 ([8]). The fractional integral of order a > 0 of a function x :
(0,00) — R is given by

1 t
IGiz(t) = — | (t—s)*"'a(s)d
0+l‘( ) F(Oé)/o ( 5) I(S) S
provided that the right-hand side is pointwise defined on (0,00).
Remark 2.1. The notation I§ x(t)|¢=o means that the limit is taken at almost all
points of the right-hand side neighborhood (0,¢)(e > 0) of 0 as follows:
I x(t)|i=0 = tl_i>%1+ Igy x(t).

Generally, 1§, x(t)|1—o is not necessarily to be zero. For instance, let o € (0,1),
xz(t) =t=*. Then

t—0+

o 4—a : 1 ! a—1_—«o :
Igt™ =0 = t1_1>1(1)1+ @/0 (t—s)*""s%s= lim I'(1 —a) =T(1 — a).

Definition 2.2 ([8]). The fractional derivative of order o > 0 of a function x :
(0,00) — R in Riemann-Liouville sence is given by

.50 = =y (@) [ =g

where n = [a] + 1, provided that the right-hand side is pointwise defined on (0,00).

Lemma 2.1 ([8]). Assume that x € C(0,400) N Lioc(0,4+00) with a fractional
derivative of order a > 0 belonging to C(0,4+00) N Lioc(0, +00). Then

Igy Dy x(t) = x(t) + At et et
for some ¢; e Ryi=1,...,n, wheren = [a] + 1.

For any z(t) = (x1(t),z2(t),...)" € [2, the fractional derivative of order o > 0
of = is defined by

Dgra(t) = (Dgraa (1), Dgswa(t),...) " €12

The following definitions and the coincidence degree theory are fundamental in the
proof of our main result. We refer the readers to [3, 11].

Definition 2.3. Let X and Y be normed spaces. A linear operator L : dom(L) C
X — Y is said to be a Fredholm operator of index zero provided that

(i) im L is a closed subset of Y;

(ii) dimker L = codimim L < +00.

It follows from Definition 2.3 that, if L is a Fredholm operator of index zero,
then there exist continuous projectors P : X — X and @ : Y — Y such that

imP=kerL, kerQ=imL, X =kerL&kerP, Y =imL®imQ,

and the mapping L|qom Lrker p : dom L Nker P — im L is invertible. We denote the
inverse of L|gom Lrkerr by Kp : im L — dom L Nker P. The generalized inverse
of L denoted by Kpg : Y — dom L NkerP is defined by Kpg = Kp(I — Q).
Furthermore, for every isomorphism J : im @) — ker L, we can obtain that the
mapping Kpg + JQ : Y — dom L is also an isomorphism and for all x € dom L,
we have

(Kpgo+JQ) 'o=(L+J 'P). (3)
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Definition 2.4. Let L be a Fredholm operator of index zero, 8 C X be a bounded
subset and dom L M€ # (). Then the operator N : Q — 'Y is called to be L-compact
mn Q if
(i) the mapping QN : Q — 'Y is continuous and QN () C Y is bounded;
(ii) the mapping KpgN : Q — X is completely continuous.
The following lemma is the main tool in this paper.

Lemma 2.2 ([11]). Let Q C X be a bounded subset, L be a Fredholm mapping of
index zero and N be L-compact in Q. Suppose that the following conditions are
satisfied:

(i) Lz # ANz for every (z,A) € ((dom L\ ker L) N 99Q) x (0,1);
(ii) Nz ¢im L for every x € ker L N 0%;
(iii) deg(JQN |ker Lnoo, 2Nker L, 0) # 0, with Q : Y — Y a continuous projector
such that ker Q =im L and J : im @) — ker L is an isomorphism.

Then the equation Lx = Nx has at least one solution in dom L N Q.

In this paper, we use spaces X, Y introduced as
X={z(t) € ®:2(t) = I{ "u(t),u € C([0,1];1%),t € [0,1]}
with the norm [|z[|x = max{||z|c(0,17,2), ||D8‘;1x||c([0’1];12)} and Y = L([0, 1];1?)
. 1 .
with the norm [|yllz1(o,142) = [y lly(s)lli2ds, respectively, where ||z c(jo1)02) =
supseo,1) (1) [z
Lemma 2.3. F' C X is a sequentially compact set if and only if F(t) is relatively
compact and equicontinuous which are understood in the following sense:
(1) for any t € [0,1], F(t) := {z(t)|z € F} is a relatively compact set in 1%;
(2) for any given € > 0, there exists 6 > 0 such that for allx € F,
lz(t1) = 2(t2)lliz < &, | D5 a(th) — Do ta(ta) e <e,
fOT ti,to € [O, 1], |f,1 — t2| <.
In order to use Lemma 2.2, we define the linear operator L : dom L C X — Y by
Lz := D, x, (4)
where domL = {z € X : D}z € Y, Ig“z(0) = 60,2(1) = Az(£)} and define
N:X —=Y by
Nxz(t) = f(t,x(t), g a(t), te0,1]. (5)

Then the problem (1) can be equivalently rewritten as Lz = Nz.
Now we define operator M as:

M=1- A" (6)

and define a continuous linear operator h : Y — [2 by
b = s [ (€ o~ s [0 s

I'(a) Jo I'(a) Jo

In order to remove the restricted conditions (Al) and (A2), we will employ the
following lemma on the property of bounded linear operator in general Hilbert
space.
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Lemma 2.4. [12] If M is a bounded linear transformation from Hilbert space Hy
to Hilbert space Hay with closed rang R(M), then the generalized inverse M of A
s characterized as the unique solution X of the following equivalent equations:

(I XMX =X, (XM)*=XM, MXM =M, MX)* = MX;

(I) MX = Pripgy, N(X*) = N(M) where Prrq) denotes the orthogonal projec-
tion of Hy onto R(M);

(HI) MX = Priagy, XM = PR(M ), XMX =X;

(IV) XMM* = M* X X*M* =

(V) XMz =z for all x € R(./\/l*) and Xy =0 for ally € N(M*);

(V) XM = Ppueey, N(X) = N(M?);

(VII) MX = Pr(p), XM = Pripgy-

Remark 2.2. By the definition of M given in (6), since A is a bounded linear
operator, we know that M satisfies the condition in Lemma 2.4. Thus, for such
M, there exists unique M7 satisfies the equations in Lemma 2.4.

The next lemma plays a vital role in estimating the boundedness of some sets.

Lemma 2.5. [18] Let 21,22 > 0, y1,72 € [0,1) and A, p; > 0,4 = 1,2,3, and the
following two inequalities hold,

21 < A127" 4 Aoze + As, ®)
29 < 121 + pozg® + ps-

Then z1, z9 is bounded if Aapy < 1.

Lemma 2.6. The operator L, defined by (4), is a Fredholm operator of index zero.

Proof
For any z € dom L, by Lemma 2.1 and I “z(0) = 6, we have

x(t) = I§ La(t) +ct* ', cel? te0,1], (9)
which, together with (1) = Axz(§), yields

ker L = {z € X:z(t) = ct* 't €[0,1], ¢ € ker

10
~ ker Mt 1. (10)

Now we claim that
imL={yeY:h(y) €imM}. (11)

Actually, for any y € im L, there exists a function x € dom L such that y = Lx. Tt
follows from (9) that @(t) = I, y(t) +ct* !, this jointly with 2(1) = Az(£), follows

13 1
Ffa)/o (€ —5)* 1y(s)ds — F(Ia)/o (1—8)"Yy(s)ds = Mec, cel?,
which means that h(y) € im M.

On the other hand, for any y € Y satisfying h(y) € im M, there exists a con-
stant ¢* such that h(y) = Mc*. Let x*(t) = I§,y(t) + c*t* !, a straightforward
computation shows that 2*(0) = 0 and z*(1) = Az*(§). Hence, * € dom L and
y(t) = D& 2*(t), which implies that y € im L.
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Furthermore, notice that if y = ct®~!, ¢ € I2, then

—i ‘ —8)* Ly(s sfL ' — ) y(s)ds
W) = gy | (€= 9" weds = s [ =9 o »
B (27 1A — e
I'a)'(2a)
Also, the relation
(I = MM*)(E*TA-T) = (" = (I — MM™) (13)

holds. This is deduced from

(I = MM - A =T - MMM =0,
which is equivalent to
(I = MM™H)AE™ = (1 — MM™)
& (I = MMT)ETA = (1 — MMT) (14)
S (I = MM E*TA-T) = (& = 1)(T — MM™).
Define the continuous linear mapping @ : Y — Y by
. I'(a)'(2a)
Qy(t) == Tea1
Then it follows from (7), (11), (13) and Lemma 2.4 that
2,y _ L(@)T'(20)
Q7y(t) = a1
~ I(oI'(2)
=—@-1
_ T(a)I'(20)
= —e1
~ I(oI'(2a)
= @1

(I — MMh(y)te~t, telo,1], yeY. (15)

(I = MM5)h(Qy(#))t

(€71 A - ) ()l (20)
MNa)I'(2a) €>—1

(I = MMF)h(y)t>

(I — MM™) (I — MM F)h(y)to?

(I = MM )h(y)t*" = Qy(t),

and

y € kerQ < h(y) € ker(I - MM™) & h(y) € i mMM™T & h(y) € imM <y €imL,
which implies that @ is a projection operator with ker @ = im L. Therefore, Y =
kerQ ®im@Q =im L & im Q.

Finally, we shall prove that im @) = ker L. Indeed, for any z € im @, let z = Qy,
y € Y. we have
I'a)I'( 2a
(MMO)=(0) = (MM )@y = T
which implies z € ker L. Conversely, for each z € ker L, there exists a constant
c* € ker(M) such that z = ¢*t®~1 for t € [0,1]. By (12) and (14), we derive
I'a)T'(2a)
)= —— 2
Qal1) = —gi—
which implies that z € im Q. Hence we know that im (Q = ker L. By assumption

that dimker(I — A£>~1) < oo, the operator L is a Fredholm operator of index zero.
The proof is completed.

MMF(I = MMF)g(y)t*~ =0,

(I = MM)h(c Dot = o7t = 2(t), teo,1],
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Now to establish the generalized inverse of L, we define the operator P : X — X
by
1

Px(t) (o)

(I — M M)DET a0yt (16)

Lemma 2.7. The following assertions hold:
(1) The mapping P : X — X defined by (16), is a continuous projector satisfying

imP =ker L, X =kerL ® ker P;

(2) The linear operator Kp : im L — dom L N ker P, which is the inverse of
L|dom Lrker P, can be written as

Kpy(t) = MY h(y)t* ™ + I§,y(t), (17)
moreover, Kp satisfies
IKpyllx < CllyllLr(jo,1)52)
where C' =1+ | M*TM||(1+ || A])-
Proof
(1) By Lemma 2.4, I — M+ M is a projection on ker M C [2. Tt follows from (16)

that P is a continuous projection. If v € im P, there exists z € X such that v = Pz,
then

1
- T(a)
By (10) and Lemma 2.4, we have M(I — M M)DS$*2(0) = 0, which gives v €
ker L. Conversely, if v € ker L, then v(t) = c,t®~! for some ¢, € ker M = im(I —
MT M), that is, ¢, = (I — MTM)e, for é, € I2. Thus, we deduce that

1

v (I — MTM)D§z(0)t .

Pu(t) = @(I — M M)DG (00t = (I — MTM)e, >
= — M*M)2e ot = (I — MY M)e, o1
=wo(t), te]0,1],

which gives v € im P. Thus, we get that ker L = im P and consequently X =
kerL & ker P.

(2) Let y € im L. There exists € dom L such that y = Lz and h(y) € im M.
By the definitions of P and Kp, we obtain that

PEpult) = ﬁ” — MPM)DH (K py(0))e !
- ﬁu — MEM)MFTDG h(y(0)) + I y(0))e
=0,

and
M(EKpy(0)) = MIMTh(y(0)) + 15+ y(0)] = h(y).

Thus, Kpy € kerP Ndom L, Kp is well defined.
On the other hand, if z € kerP Ndom L, then z(t) = I$ Lz (t) + ct*~*, and

Me = h(Lz), c€ker(I — MTM).
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Hence
KpLpz(t) = MYh(Lx)t*! + I, La(t)
= MTh(Lz)
= MMt ! + Igy La(t)
= ct* '+ 1§ La(t) = z(t)
and LpKpz(t) = x(t), t € [0,1] for all z € im L, then Kp = L.
Finally, by the definition of Kp, we have
(DG Epy)(t) = D(a) M h(y) + Ig.y(). (18)
It follows from (7), (17) and (18) that

1D Keulcqosye = T@IM IR cqosie + | [ vielas
0 C([0,1]:12)

< T(@) IMH R leqo:2) + 19llLro,7:2)

1 o
Ipuloqossen = M IR oo + | ooy [ =1 utehas
(@) Jo C(]0,1];12)

1
< IMENA @) leo,g2) + m“y”Ll([o,u;l?),
and

1
IRl cqoy2) < f(l + AN Yl ([0,13522)

@)
This show that
I Kpyllx = max{[| D5 Kpyllcqo2), 1Kpyllegoe }
< [+ IMEMIE+ ANl -

This completes of the proof.

Lemma 2.8. Let f be a Carathéodory function. Then N, defined by (5), is L-
compact.

Proof
Let Q be a bounded subset in X. By hypothesis (iii) on the function f, there exists
a function pq(t) € L0, 1] such that for all z € Q,

1£(t,2(t), DT ()l < pa(t), ae. te(0,1], (19)

which, along with (7), implies

13
Ih(NV(t)) = = HF(A;) [ €= ptssate). D ety as
_ ﬁ/@ (1- s)o‘_lf(s,x(s),Dg‘flx(s))dS . (20)
1A +1

= F(Ot) ||(pQHL1[O,1]'
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Thus, from (15) and (20), it follows that
F@Oé) b oan
(204)(\\AH + DI -

- 11—
This shows that QN(Q2) C Y is bounded. The continuity of QN follows from the
hypothesis on f and the Lebesgue dominated convergence theorem.

Next, we shall show that Kp /N is completely continuous. For any = € 2, we
have

QN[ (o,12) = H
(21)

MM
L galzion < oo

KP7QNx(t) = KP(I — Q)N:z:(t) = KPNI(t) — KpQNI(t)
= MTh(Nz)t* ' + I§, Nx(t)

(22)
- T g oy,
and
DS KpoNa(t) =T(a)Mth(Nz) + I, Na(t)
T(o)T(20) (23)

- @71(1 — MEM)R(Nz(t) g, >
By the hypothesis on f and the Lebesgue dominated convergence theorem, it is
easy to see that KpqoNN is continuous. Since f is a Carathéodory function, for
every bounded set Qy C [? x [2, the set {f(t,u,v) : (u,v) € Qo} is relatively
compact set in [2. Therefore, for almost all ¢t € [0,1], {KpoNz(t) : € Q} and
{Dg‘fle,QNx(t) : x € Q} are relatively compact in 2.

From (20), (22) and (23), we derive that

K poNzllcgo2)

_ o I'(a)I'(2a o Lo
= |MTh(Nz)t*™ + I§, Na(t) — (5(3_(1)(1M+M)h(zvx(t))fo+t o2
All+1 1 T(2a)|I — M‘*‘MH
< M+ H 1 + h(Nx(t 2
< WM eallorio + gy eellion el GEO
HAII +1 1 I'(20)|l1 — MFM]|([|A] +1)
= HM+|| ( ) HSOQHL 1[0,1] F(Oé) HSDQ”LI(OJ) + F(Oé)|fo‘ — 1‘ HQOQHLI(O,I)
< 00,
and

D5 KpoNelogo2)

['(a) (o)I'(20) a-

o @7_1(1 - MEM)R(Nx(t)) I, t 1”(}([071];[2)

ra)|l — MTM]||
1§ — 1]

L'(2a)[[] — MFMI|(|All + 1)
+
M el + H<PQ||L1(0,1) + T(a)ee — 1| ||<PQHL1(0,1)

| /\

M lllallre + [ 1oy Na(t) —

IN

[Nz ()2

[(a)
THMWH%@QHU + [leallzr,1) +

IA

()

< 00,
which shows that KpgNQ is uniformly bounded in X. Noting that
b —a? < (b—a)? foranyb>a>0,0<p<I1. (24)
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for any t1,ts € [0, 1] with ¢; < to, we shall see that

|KpoNw(ta) — KpoNz(t)l)i2

ty
< o [T @ e = e 4 [t 90 = (- 92N (s)ds
ING) 0
t2 I'(a)T(2
+ [ = ot Na(s)as - B 1 v a1 - 105
t1 -
N L 1 h L 1 t2
< 2ty — ) —— — ) —
< IMRN) it~ 0+ s [t = )" Yeae)ds + gy [ patends
2(a)|| I — MTM||(||A|| +1 . o
T MM D) e — e
<1/t1(t _t)afl ()d _|_1/t2 ()d
ST J T TR TG ), P
All+1 _
M alla 2 - )
2 I— MTM|(|A| +1 o a—
4 (O[)“ |£a - 1|||(|| || )H@Q”Llng 1_ t% 1| N 0, as t2 N tl
and

IDST KpoNx(ts) — DT ' KpoNz(t) |

_ ||/tlng(s)ds||lz+||W(I—M+M)h(Nx(t))/tl2sa1ds||12

f2 T'(2a)[|T — pal|(JJA] + 1
< / QDQ(S)dS + ( )” |€ap_|1(||| ” ) HQDQ”LI(OJ)'tg — t(ll| — 0, as to — 1.
t1

Then KP7QN§ is equicontinuous in X. By Lemma 2.3, prQNﬁ C X is relatively
compact. Thus we can conclude that the operator N is L-compact in . The proof
is completed.

3. MAIN RESULTS

Theorem 3.1. Let f be a Carathéodory function and the following conditions hold:
(H1) There exist five nonnegative functions ay,as,by,by,c € L'[0,1] and two
constants v1,ve € [0,1) such that for all t € [0,1], u,v € I?,
1w, )l < ar(®)ulli + by ®llelle + as(®) a2 +ba(®) 0] + c(t)

holds.
(H2) There exists a constant Ay > 0 such that for x € dom L, if HDg‘flx(t)le >
Ay for allt € [0,1], then

A ¢ a—1 a—1
e [l o000, B s

L 1 —5)¥ L f(s,2(s), DO a(s))ds ¢ im
Fa | 0 (9. D () s M.
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(H3) There exists a constant As > 0 and an isomorphism J : im Q — ker L such
that for any e = {(e;)} € [? satisfying e = €471 Ae and |le||;2 > Aa, either

(e, JQNe)2 <0 or (e,JQNe)2>0 holds,

where (-, )2 is the inner product in [?.

Then (1) has at least one solution in space X provided that

() > max {(|I = MT M| + Dllasllz10,0), (1T = MEM[ + Dbr][Lr0,1) }
(IF = MEM] + 1)%[las || 22 (0,1) 11 ]| 21 0,1

(C(@) = (I = MFEM|[ + Dllar]| 21 0,1)) (T(a) = ([T = MFM]| + 1)Hb1||L1(0,1))( |
25

<1

To prove the above theorem, we need the following auxiliary lemmas.

Lemma 3.1. The set Q1 = {z € dom L\ ker L : Lz = ANz for some A € [0,1]} is
bounded in X.

Proof
For any x € Qq, « ¢ ker L, we have A # 0. Since Nz € im L = ker @, by (11), we
have h(Nz) € im M, where

13
h(Ve) = e [ (€907 (o). DG a(9)ds

_L 1 — ) (s, z(s), D¥a(s))ds
i | =9 a0, D s

(26)

From (H2), there exists ¢y € [0, 1] such that ||D8‘;1x(t0)||lz < A;. Then from the
equality D§ ' (0) = D§y ' z(to) — fot Dg, xz(s)ds, we deduce that

IDG 2(0)[li2 < Ay + IDG | 11 0,1502) = Ar + | Lally < Ay + [Nz 11 0,102),

which implies

1 B o I— MM
1Pz = || 5= (I=MT M) D 2 (0)t ™ x < ”F(OO'(AﬁINwIILl(o,l;zz)).
(27)

INE))
Further, for z € Qq, since im P = ker L, X = ker L & ker P, we have (I — P)z €
dom L Nker P and LPx = 6. Then
(I = P)z|lx = [[KpL(I — P)z|x < |[[KpLz|x
1 1 (28)

< m”LxHLl(O,l;l?) < m||N$HL1(O,1;l2)-

From (27) and (28), we conclude that

lzllx = [Pz + (I = P)z|x < |[Pzllx + [|(I - P)zx

|1 - MM [ - MFM| +1 (29)
< F(Oz) Al + F(Oz) ||N$HL1(O,1;12)'
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Moreover, by the definition of N and (H1), we derive
Nl L1 (0,102

1
- / 1 (5. 2(s), D2 () et

(30)
< llaxllr o llzlle oz + 101l Lo 1P5 2l o o,1:2)
+ ||02||L1(0,1)||xHZ*1([o,1];12) + ||b2||L1(0,1)||D8+71$||Z'2([071];12) + ||C||L1(O,1)~
Thus,
||I—./\/l+./\/l|| ||I—M+MH +1
<=M My ( .
[zllx < (o) 1+ () la1llzr o, llZlleqo,:2)
I—MM|+1
b Da—l ] ) ||
+ b1l o, Dos zlleo,zy ) + o) (31)

X (||G2HL1(O,1)||$||Z<1([o71];12) + ||b2||L1(0,1)||D34r_1$||’(y,~2([071];l2)

+ ||C||L1(0,1))~

It follows from (25), (31), [|zllcqo2) < [lzlx, ||Dgf1x||c([011];lz) < Jlz|lx and

Lemma 2.5 that there exists My > 0 such that

max{||z(|c(o,15:2): | Dgs 'zl c(jo,12)} < Mo,

which means that €; is bounded in X.
Lemma 3.2. The set Qy = {z € ker L : Nz € im L} is bounded in X.

Proof

For any x € €y, it follows from z € ker L that x = et®~! for some e € ker M C 2,
and it follows from Nz € im L that h(Nz) € im M, where h(Nzx) is defined by
(26). By hypothesis (Hs), we arrive at ||Dg+_11:(to)|\12 = |le]|;2T'(a) < Ay. Thus, we
obtain ||z|| < |le|l;zT'(a) < A;. i.e., Q9 is bounded in X.

Lemma 3.3. Let Q3 = {x € ker L : = x + (1 — \)JQNz =0, X € [0,1]} if the
first part of (Hs) holds, and Q3 = {x € ker L : A + (1 — A\)JQNz =6, X € [0,1]}
if the other part of (H3) holds. Then, the set Q3 is bounded in X.

Proof
If the first part of (Hs) holds, that is, (e, JQNe)2 <0,
then for any = € Q3, we know that

r=et* ! with e € ker M and Az = (1 — \)JQNz.

If A =0, we have Nz € ker Q = im L, then = € s, by the argument above, we get
that |lz|| < A;. Moreover, if X € (0,1] and if ||e|[;2 > As, by (H3), we deduce that

0 < Allell7z = e, )iz = (1= A){e, JQNe)z <0,

which is a contradiction. Then [|z|x = [let* !||x < max{||e|;2, T(c)|e|;z}. That is
to say, (13 is bounded.
For the case of the second part of (Hs) holds, we can obtain the result that 3 is
bounded by a similar method as above, so we omit it.

Proof of Theorem 3.1: We first construct an open bounded subset €2 in X such
that U?_,Q; C Q. By Lemmas 2.6 and 2.8, we know that L is a Fredholm operator
of index zero and N is L-compact on €. Thus, it follows from Lemmas 3.1, 3.2 and
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3.3 that conditions (i) and (ii) of Lemma 2.2 hold. By the construction of Q and
the argument above, to complete the theorem, it suffices to prove that condition
(iii) of Lemma 2.2 is satisfied. To this end, let

H(z,A\)==x x+ (1 -N)JQNz, (32)

here we let the isomorphism J : im @ — ker L be the identical operator. Since
Q3 CQ, H(xz,A\) #0 for (z,\) € ker LN IN x [0,1], then by homotopy property of
degree, we obtain

deg (JQN |xer Lnoo, 2 Nker L, 0) = deg (H (-,0),Q2Nker L, 0)
=deg(H (-,1),Q2Nker L, 0)
=deg(£ld,Q2Nker L,0) = +1 #0.

Thus (H3) of Lemma 2.2 is fulfilled and Theorem 3.1 is proved.

4. EXAMPLE

In this section, we shall present an example to illustrate our main result in [2.
Consider the following system with dimkerL =k, k =1,2,3,... in %

.”L'l(t)

xg(t)

D3/2 x3(t)

O | zalt)

{1, if | Dy ()2 < 1
Déi%l(t)ﬂD;Pm(tn- T IOl 21 (g

_ 1 (z2(t) + o+ 352(15))/2
10 (w3(t) + Dy ws(1)) /2
(za(t) + 11%4(75))/23

For all t € [0,1], let u = (w1, 29,73,...)", v = (y1,%2,¥Y3,...)" € > and f =
(flaf?v"')T with

110, i ol < 1,
(yr +yr ' —1)/10, if [|vfl2 > 1,

filt,u,v) = {
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filt,u,v) = ém, 1=2,3,4,.... Moreover,

(B, 0 0 0 0 0
0 B, 0 0 0 O

: " : 500
A=|0 0 0 By 0 0 ...| with B;=|0 I of, (34
0 0 0 0 00 0 0 2

and we denote

<
Il
~
|
7%
[N
o
Il
O OR-
O wl~ O
(an)

then

4
0
0 0 O

i=1,2,...,k k € N. Obviously, dimker(I3 — £*71'B;) = dimker(I3 — B;/2) = 1,
i=1,2,..., where I3 is the 3 x 3 identity matrix. Then dimker(] — A¢*~1) = k,
k € N and the problem (33), with A and f defined above, has one solution if and

only if problem (1) admits one solution.
Checking (H1) of Theorem 3.1: For some r € R, Q = {(u,v) € 1* x [? : ||ul2 <

vl <7}, let po(t) = 15[(r+ 1/r + 1)2 + %]1/2 € L'0,1]. Letting

)=t =0, ) =

condition (H1) is satisfied.
Checking (H2) of Theorem 3.1: From the definition of f it follows that f; >

1/10 > 0 when HDéf:ﬂ(t)le > 1. This,

0 0
M = 8 0

3

ar(t) = by(t) = (35)

S —13/16 0 0 N1 —ﬁh
(Bi&* =1 f2 ] = 0 -25/32 0 fo| = —@fz )
s 0 0 —3/4| \ fs 3

and im(M) = {(271,71,0,272,7,0,273,73,0...)" : 7, € R;i = 1,2,...} implies
that condition (H2) is satisfied.

Checking (H3) of Theorem 3.1: Since dimker(M) = k, k € N, for any e € [?
satisfying e = €271 Ae, e can be expressed as e = e; + ey + - - - + e, with

e;=oi(es), o €eER, i=1,2,...k,j=12,
where ¢; = (0,0,...0,1j-43,0,0, .. )T €12 is a vector with all elements equaling to
0 except the j-th equaling to 1, j = 1,2,..., that is
e=1(0,0,01,0,0,02,0,0,03,---)".
In addition, for any y € Y, by (15), we have
I'(a)'(2a)

Qy(t) = g1

(1~ MM = =T (1 MM, (36)
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where

JFCA-2018/9(1)

1/4 1
b) = gy | G s = s [ =9 s,

() T'(«)

By (5), let d = t'/2 + @, we have

T
do do do. do;
(1»()» 2217070a 252a0,07 2837"‘70703231'—1"') ;

1 if lo11] <1, 2<i <k
N(et'/?) = =

O (-1.0,%,0,0,%,0,0,%,...,0,0, .

lf|0’11|2172§2§k’

For |o11] > 1, let cf:%—i—g, J:%+?, and let As = 1, we have

1/4 1
/ (1/4 — 5)Y/2(Nes'/?)ds = — ( ——,0, %% 0,0, 222 0,0,
) 10

and

) . - .
1 3 d d d

/ (1—3)1/2(N681/2)ds:—(—7,0, L 0,0,22 0 0,%7()’0
o 2

10\ 2777 92 95

28

1 dAdl CZO'Q dUg CiO'4
52T7‘

0,0

dog
’2117

A 1/4 I 1
h(Net'/?) = —)/ (1/4 — s)Y/2Nes'/2ds — —/ (1—5)"/2Nes'/?ds
0 0

INa I'a)

(Qd — J)OQ

2A_ -
(d d)O'gOO

(2&— CZ)0'4 »

0,0,

’0507

1 (EO(Qd_J)Ul
C5ym\8 7 22 7
Then

25 28 ) )

1/2
Q(Net'/?) = — @(I — MM )h(Net'/?)

211

8t1/2 (2d — d)o, (2d — d)oy (2d — d)os
- 35 <0707 22 70707 25 70701 28 70703
and
8t1/2 /(2d — d) (2d — d) (2d — d) (2d — d)
(e,QNet'/?) = — = ( 52 ot + 55 o5+ 28 a3 + o1 i

Therefore, (33) admits at least one solution.

Remark 4.1. By a simply calculation of B, we can get

9
32—34098
= 9 0],
0 0 4

from which, we can see that A does not satisfies the conditions (A1) and (A2), so
the result in [18] is no longer applicable. Thus, our result is more general than the

one in [18].

Sy
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5. CONCLUDING REMARKS

In this paper, we consider the fractional BVPs at resonance in /2. The dimension
of the kernel of the fractional differential operator with the boundary conditions be
any positive integer. We remove the restricted conditions A2¢2%72 = A¢>~! and
A2¢%20=2 = T on the operator A, which have been used in [18]. Our result can also
be easily generalized to other fractional BVPs, for instance,

D§va(t) = f(t,x(t), DI 2(t), 1<a <2, te(0,1),

2(0) = 0, D37 (1) = ADET (),
where the bounded linear operator A € L(I?) satisfies 1 < dimker(I — A) < oo
which leads this system is resonant. Moreover, notice that R™ is the closed space

of 12, taking o = 2, the system (39) becomes the system of second order differential
equations, which can be regarded as a generalization results in [14] and [13].

(39)
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