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APPROXIMATIONS FOR THE CAPUTO DERIVATIVE (I)

YURI DIMITROV

ABSTRACT. In this paper we construct approximations for the Caputo deriv-
ative of order 1 — «,2 — «,2 and 3 — a. The approximations have weights
k=172 /T(—a) and 0.5 ((k+ 1)=* — (k — 1)=®) /T(1 — «), and the higher ac-
curacy is achieved by modifying the initial and last weights using the expansion
formulas for the left and right endpoints. The approximations are applied for
computing the numerical solution of ordinary fractional differential equations.
The properties of the weights of the approximations of order 2 — « are similar
to the properties of the L1 approximation. In all experiments presented in
the paper the accuracy of the numerical solutions using the approximation of
order 2 — o which has weights k=17 /T'(—a) is higher than the accuracy of
the numerical solutions using the L1 approximation for the Caputo derivative.

1. INTRODUCTION

The Griinwald formula approximation and the L1 approximation of the Caputo
derivative have been regularly used for numerical solution of fractional differential
equations [10, 3], M5, A8, 20]. The Griinwald formula approximation has weights
(=1)*(%) and accuracy O(h). The L1 approximation has order 2 — a and
weights al(co‘) = ((k =1 =2k 4 (k+1)'7*) /T(2 — @). The weights of the
L1 approximation are linear combinations of terms which have power 1 — a. In
the present paper we construct approximations of the Caputo derivative whose
weights consist of terms which have power —a and —1 — a. The accuracy of the
numerical solutions of fractional differential equations of order 2 — « is influenced
by the coefficient of the term y”(x)h?~“ in the expansion formula of the of the
approximation. In Table 1, Table 3 and Table 9 we compute the error and the
order of the numerical solutions of the fractional relaxation equation which use
approximations 7(]E[) and of the Caputo derivative. In all experiments the
accuracy of the numerical solutions using approximation @[) is higher than the
accuracy of the numerical solutions using approximations and . The Caputo
derivative of order o, where 0 < v < 1 is defined as
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When the first derivative of the function y is a bounded function the Caputo de-
rivative at the initial point x = 0 is equal to zero. The exponential function has
Caputo derivative D®e** = Mel=9F) 5o (Ax) and
i
D® cos(\z) = %xl—a (Bro-a(ide) — By a_a(—iAz)),
where Ey g(x) is the Mittag-Leffler function

(o9} l‘k
Fes®) =2 vk By

The analytical solutions of ordinary and partial differential equations are often
expressed with the Mittag-Leffler function. The fractional relaxation equation

') (z) + Dy(z) = F(z), y(0) = yo,

has exact solution

y(2) = yoEa(—Da®) + / €V B o (~DE) Fla — €)de.

The finite-difference schemes for numerical solution of ordinary and partial frac-
tional differential equations use an approximation for the fractional derivative. Let
h = z/n and y, = y(nh) be the value of the function y at the point x,, = nh. The
L1 approximation of the Caputo derivative is constructed by dividing the interval
[0, 2] to subintervals of equal length h and approximating the first derivative on
each subinterval using a second-order central difference approximation.

1
(o) — () 2—a
= g o a0 ) g

n

(@)

where o5 =1, ol — (n—1)'""—n'=2 and

o = (k+ 1) =2k + (k—1)", (k=2,---,n—1).
Approximation has accuracy O(h?~%) when y € C?[0, 2] ([13]). The numbers
0,(60‘) have properties

(@) (@)

0(()&) >0, 07’ <oy (o)

<-- <oy << <o, ol <o,

n—1

n n
Z U,ia) =0, Z k;a,(ca) = —n'7e (2)
k=0 k=1

(a)_ C1 1 @ _02 1
o _k1+a+0<k2+a>’ g§l>_na+0(n1+a>,

where ¢y = a(a—1) and ¢ = a — 1.

In section 4 we derive the numerical solution N.S(x) of the fractional relaxation
equation which uses approximation (EI) for the Caputo derivative. In Table 1 we
compute the error and the order of numerical solution N.S(1), which uses the L1
approximation of the Caputo derivative of of Equation I and o = 0.25, Equation II
and o = 0.5 and Equation III with a = 0.75 (Equation I, Equation II and Equation
IIT are defined on p.8). In Theorem 9 and Theorem 10 we prove that the numerical
solution of the fractional relaxation equation converges to the exact solution with
accuracy O (hzfa) when the coefficient D is positive or D is a bounded negative
number and the approximation of the Caputo derivative has order 2—« and satisfies
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TABLE 1. Error and order of numerical solution N'S(1) of Equa-
tion I with a = 0.25, Equation II with o = 0.5 and Equation III

with o = 0.75.
h Equation I Equation IT Equation III
Error Order Error Order Error Order
0.003125 0.0000466 1.6970 | 0.0000513 1.4857 | 0.0024184 1.2442

0.0015625 0.0000143 1.7071 | 0.0000183 1.4901 | 0.0010191 1.2468
0.00078125 | 4.3 x107% 1.7150 | 6.5 x 107® 1.4931 | 0.0004290 1.2482
0.000390625 | 1.3 x 107% 1.7212 | 2.3 x 107°% 1.4952 | 0.0001805 1.2490

(2). In section 2 and section 5 we obtain approximations @D and of the Caputo
derivative. Approximations ,@ and have order 2 — o and satisfy properties
(2). The asymptotic expansions of the integral approximations for the fractional
derivatives involve the values of the Riemann zeta function defined as

Z , (a>1), ((a)= I 7;17(1 Z (_:3:_ , (a>0).

The zeta function satisfies the functional equation

¢(a) = 2971 sin (?) T(1 - a)((1 - a).

Another important special function in fractional calculus is the polylogarithm func-
tion defined as
o0 2 n
x™ x
Lio(x E — x—f———i— + =t

OL nOé

The polylogarithm function satisfies Li, (1) = ((«) and has series expansion

1 a—1 00 o
Lio(z) =T(1 — a) <1n x) + T;) w (Inz)", (3)
where @ # 1,2,3,- -+ and |Inz| < 27. In [4] we obtained the second-order expansion

formula of the L1 approximation

(Ot) _ (« C(O‘_l) " —a
Q_W,Zo (o= k) =y @)+ oy @R +0 (1), (@)

and the second-order approximation of the Caputo derivative
1 n
@ == "6 O (h? 5
0 = T g 2% o O (), (5)

where 5}(;) = olga) for 2 <k <n and
5§ = —Cla—1), 6 = ol +2(a - 1), 6 = i) — ((a—1).
The numbers 5,(;1) satisfy
55 > 0,6 < 0,68 > 0,68 < <5 <o <6 <06 <0, (6)
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The fractional integral of order o > 0 on the interval [0, z] is defined as

1) = gy [, @00 oy

Denote by K*y(x) the fractional integral K%y(z) = T'(a)I%y(x). In [B] we use the
Fourier transform method and the asymptotic expansion of the polylogarithm
function to derive the asymptotic formula for the Riemann sum approximation of
the fractional integral.

ha y{E—k‘h _/l y(t) dt+z kC(l_a_k) (k:)( )hk+a
0 k=0

k.l «@ ( —t 11—« kl
o N a Com [k am! (m—k) k1
Iw>ggﬁﬂ4ﬂ<g;<1>(m)ma_nwy <m)h G

The asymptotic expansion formula of the left endpoint of @ is obtained from the
Euler-Maclaurin formula for the function z(t) = y(t)(x — ¢)*~ 1. In section 2, we
use to obtain the approximation of the Caputo derivative

1 = o1 oy Yo
ww( *EZ%lk( ) <n—wa>

—Pa—wﬁw Cla)yph' = = (= D)yph®~* 4+ O (B?) . (8)

Approximation has second order accuracy when y'(0) = y”(0) = 0. Denote

n—1

1

Sula] = 3 o — <o),
k=1

From we obtain approximations @ and of the Caputo derivative

1

— () B2
2F(1 _ a ha Zak Yn—k =Y +O ( ) (9)
where O'(()a) =1-20(w), a?" 2% + 2 (),
(o) 1 1
= — k = 2 . — 2
% = Gre Gone Kk=2omo2)
() _ 1 _ 9 onl-a (@) _ _ 1 9 _ opl-o
Op-1 = ( _Q)Q Sn[a]+ o » Op ( _1) + S [ } ].—Ck.
1 — (a) () 2
- L= 1
2r(1—a)hakzzo‘5k tnk =y + O (W) (10)
where 6" =1 - 3¢(a) + 2¢(a — 1), 6\*) = 2% +4¢(q) — 4¢(a — 1),
1 1 1
ol — = g 2(a—1), 6 = k=3,-
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In section 5 we use the Fourier transform method and the Euler-MacLaurin formula
for the function y(¢)/(x — )1+ to derive the expansion formula

ho &= kit azr®  2gplte
+ i (*l)mg(l +a —m)y"™ ()" (11)
—  m! Y
3 Do Qg 2m —N\L(L+a+k)yCm DO ,,
= em)! \ = k Ir'l+a) gltotk '

From we obtain the approximations of the Caputo derivative and of
order 2 — « and 3 — a.

1 = (a) _ . (a) 2—a
F(—O[)ha k:z:;)o-k- yn,k - yn + O (h’ ) bl (12)

where aéa) =((a) = ¢(1 + a), aﬁ“) =1-((),

N 1
o = (k=2 ,n—2),

k. k1+o¢’
@ __ L __nt
Op—1~= (n_ 1)1-&-04 TLSn[Oé+1]+Sn[Oz} Oé(l —04)7
(@) nlfa
o, =(n—1)S,[a+ 1] — S, la] + a(l—a)
IR -
3 5y =y + O (P 1

where

57 = (1 +a) + 5¢(a) — 5¢(a— 1), 67 = 1-20(a) + (- 1),

N 1 1 1 a 1
5§ '= 9lta +§C(a) - 54(0‘_1)7 51(c )= Llta (k=3,---,n-3),
s _ 1 1 n(n —1)Spla+ 1] — (2n — 1)S,[a]
n=2 7 2)ita 2 n e
B (a+2n—2)nt—@
Sl -+ o a )
@ __ 1 _ Y
Oy = CENED +n(n—2)S,[a+1] —2(n—1)S,[q]
_ -«
+Sufa— 1]+ 2(a+n—2)n

all—a)2—a)’
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(@ — L
Y = —3 (n—=1)(n—2)Sy[a+1] — (2n — 3)S,[a]

+ Spla—1]+

(3a+2n — 6)nt—«
a(l—a)(2—a)

The expansion formula (4]) of the L1 approximation contains the term C; (a)y// h?=®

where C1 () = ((a — 1)/T'(2 — «). The expansions of approximations (9) and
contain terms Co(a)y//h?~* and Ci2(a)y!/h?>~ with coefficients

¢(a) = 2¢(a — 1) () = ¢(ar—1)

C - O - = - 7

FIGURE 1. Graph of the coefficients Cy(«)(black), Cy(a)(red),
C12(a)(blue).

051

The accuracy of the numerical solutions of fractional differential equations which
use approximations , @[) and of the Caputo derivative is influenced by
the values of the coefficients C4 (), Co(a) and Cia(e). In Figure 1 we compare
the coeflicients C4(«), Co(ar) and Ci2(a). The three coefficients are positive and
the coefficient C12(a) of approximation is smaller than Ci(«) and Cy(a). In
Table 1 and Table 9 we compute the maximum errors of the numerical solutions
of Equation I, Equation II and Equation IIT which use approximations and
(12). The accuracy of the numerical solution which uses approximation for the
Caputo derivative is higher than the accuracy of the numerical solution using the
L1 approximation . From the results of Table 1 and Table 9, the improvement
is 88% for Equation I and o = 0.25, 35% for Equation II and o = 0.5 and 9% for
Equation III with o = 0.75.

2. APPROXIMATION FOR THE CAPUTO DERIVATIVE OF ORDER 2 — «

Approximations for fractional derivatives and integrals have been studied inten-
sively in recent years [3 4} [5 I8 1T}, 19} 22} 23] 24, 25] and applied for numerical
solution of ordinary and partial fractional differential equations. In this section we
use approximation for the fractional integral to obtain approximations for the
Caputo derivative of order 1 — « and 2 — ao. From

n—1

WY S = KP4+ (1= B)zh® = (=B P 4+ 0 (). (14)
k=1
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Approximation has accuracy O (h?*#) when the function z satisfies z(0) =
z'(0) = 0. The Caputo derivative of order « satisfies

D1 —a)yl® =K'=y,
From with 8 =1 — « and z(z) = 3/(z) we obtain

n—1

pl-e yz;’“ =T(1 - a)y’™ + C(a)y,h' = — ¢(a — Dylh* = + 0 (h37).
k=1

(15)
By approximating y,,_, in using central difference approximation

Yn—k Yn—k— h?
Y = +12h noke +€ym(fn—k) (16)

where x,,_ ;1 < &n—k < Tp_g41, We obtain

n—1

1 -1 —1
pl-o Yp 1 nz: Yn—k+1 —Yn—k—1 _ 1 nz: Yn—k+1 nz: Yn—k—1
ke T 2he ke 2k \ &= ke — ke

k=1

n—1 n—3
1 4 Yn Yn—k+1 Yn—k—1 Y1 Yo
Yn - - - 1
Qho‘ ( Qo + Z ko ko (n — 2)a (n — 1)a ( 7)

k=1
1
T ope Yn

( 1 )_ i Yo
Grle (h-1D") m-2° m-17)

In Lemma 1 we show that approx1mat1on (17) has second order accuracy.

" (€nr)
ka

Lemma 1. Let M3 = maxo<i<z [y (t)|. Then

n—1

pl-o y:l_k Zyn k‘+1_yn k—1

ke 2he

k=1

Proof. From

n—1
11— yn—k yn k—‘rliyn k—1

ka

h37oz
6

k=1

h3- aMgnll h3_aM3 "1
6 Z/?< 6 /Ofadt

<

h?’iaMgn —a B nglfahZ

6(1—a)  6(1—a)
a

Denote
1 ~ (@
nlyl = ks 18
Anly] 2r(1fa)hak§“k Yn—k (18)
o a 1 @ 1 @ 1
Wherew(())zl, w§):— w® =2 e
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From and we obtain the expansion formula of approximation A%[y].
Lemma 2. Let y(0) = y'(0) = 0. Then

) 1.0 Cla—-1)

“lyl =yl + sy T — 2Ly kP 4+ O (BP). 19
Al = 0+ F gy TR (7*) (19)
When n = 2, approximation A4 [y] has weights wéa) = l,wia) = O,wéa) = -1

The numbers w,(f‘) satisfy >/, w](f) =0 and AY[1] = D*1 = 0. From Lemma 2,
approximation A%[y] for the Caputo derivative has order 1 — .

n

1 (@) _ (@) 1-a
20(1 — a)he I;Owk YUn—k =y + O (h17%). (20)

Denote by Equation I, Equation II, Equation III the ordinary fractional differential
equations

l—«o
y(a)(q;) +ylr)=1+x+ 2t m (Equation I)
22272 623~ 24xt—e
0)=1.
TG TT—a) T TG_a) YO
Equation I has the solution y(z) = 1+ x + 22 + 23 + 2.
Y (x) +y(r) =e" + 2B o o(z), y(0)=1. (Equation II)

Equation II has the solution y(z) = e®.

Y (x) + y(z) = cos(2mz) + ima' =% (E) oo (2miz) — F) oo —27iz)),
y(0) =1. (Equation III)

Equation IIT has the solution y(z) = cos(27rx). The numerical results for the
maximum error and order of numerical solution NS (20) of Equation I, Equation II
and Equation IIT are given in Table 2.

TABLE 2. Error and order of numerical solution NS(20) of Equa-
tion I with a = 0.25, Equation II with a = 0.5 and Equation III
with a = 0.75.

Equation I Equation II Equation III
Error Order Error Order Error Order

0.003125 0.040435 0.7606 | 0.061232 0.5206 | 0.521231 0.3076
0.0015625 0.023913 0.7578 | 0.042851 0.5150 | 0.423886 0.2983
0.00078125 | 0.014162 0.7558 | 0.030075 0.5108 | 0.346614 0.2904
0.000390625 | 0.008395 0.7544 | 0.021152 0.5077 | 0.284739 0.2837

h

By substituting ¥/, in using the approximation

/7yn7yn—1 ﬁ// 2
Yn= "7 +2yn+0(h),
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we obtain the second-order expansion formula

5 o 1 < _(a) _ (@) C(O‘) — 2C(O‘ - 1) "1 2—a
‘An[y] - QF(l _ a)ha ’;)Uk Yn—k = Yp + ( 2F(1 — Oé) ynh

+0 (h?), (21)

(63 [e3% 1 —(x [e3%
where 66 ) =1 —2¢(a), 65 ) = % + 2¢(a), U,(C ) :w,(c ), (k=2,---,n).
The sum of the weights 6,(€a) of approximation A9 [y] is zero and
AZ[1] = D°1 = 0.

Approximation A9 [y] has accuracy O (h*~*) when y/(0) = 0. Denote

nl—o n—1 1 nl—o
Wala] = Salo] — 1— = > 2~ T —¢(a).
k=1
Claim 3. Let y(x) = z. Then
o Wyla]ht=e
Al [y(x)] =y (z) = F([l ], )

Proof.

— 1 Sk k
Al =~ or <2a +2¢(e) + Z ((k+ Do (k- 1)a>

By changing the index of summation we obtain

A%[] = F(};_aa) ( 3 kla—C(oo)-

k=1
Then
11— n—1 :L,lfa
Aly(@)] =y (@) = F(hl_a) ( e <<a>> “Te—a)
k=1
_owie (g i) _ R[]
i (S 1) -

O

Now we derive an approximation for the Caputo derivative of order 2 — « by
modifying the weights of approximation AZ[y] with index n — 1 and n.

y(@) = y() = y(0) = y'(0)2 + y(0) + ¢/ (0)x = 2(2) + y(0) + ¢ (0)=.
The function z(z) = y(z) — y(0) — ¥’ (0)x satisfies z(0) = 2/(0) = 0. Then

xl—(x
I'2-a)

ATl = 2 (@) + 0 (*7*) =y (2) -/ (0) +0 (h*7°).
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We use Claim 3 to determine the first term of the expansion of approximation A [y]
at the initial point z = 0.

AZly] = A7lz] + AT [y (0) + v/ (0)a],

Aol = 4 (@) — o/ (0) 2

m + y/(O)An[x] + 0 (h27a) >

1 L yoWala] _ _
— (@) 0 -« 2—a
9T (1 — a)h® ];)U’“y"*’“ ' T (F(l e L (7).

By approximating y(, using forward difference y, = (y1 — yo)/h + O(h) we obtain
approximation (@ for the Caputo derivative

1

n

Aglyl = ST )i S oy =yl + 0 (K7
k=0
where al(ca) = 5,&‘” fork=0,---,n—2 and
() _ 1 () _ !
= —2W,[a], o{® = ————— 4 2W, [al.
fo et n—2) Wylal, o =19 +2W, o]

When n = 2, approximation A% [y] has weights

2—a 2—a

1-—

o5 =1-2((a), 01" = 4¢(a) +

TABLE 3. Error and order of numerical solution NS(9) of Equa-
tion I with a = 0.25, Equation II with a = 0.5 and Equation III

with o = 0.75.
h Equation I Equation II Equation III
Error Order Error Order Error Order
0.003125 0.0000673 1.6772 | 0.0000637 1.4780 | 0.0026324 1.2410

0.0015625 0.0000208 1.6914 | 0.0000227 1.4846 | 0.0011108 1.2448
0.00078125 | 6.4 x 1076 1.7025 | 8.1 x 107% 1.4892 | 0.0004680 1.2470
0.000390625 | 2.0 x 107 1.7112 | 2.9 x 107% 1.4924 | 0.0001970 1.2483

The accuracy of the L1 approximation and approximation @ is O (h2_°‘).
Now we show that the weights of approximation (9] satisfy (2). The Riemann zeta

function is negative and decreasing on the interval [0, 1]. The weight or(()a) =1-((a)
of approximation @ is positive and o’la) =5 + ((«) is decreasing as a function

of a. Then aia) < O'EO) = 0. From the binomial formula,

(@ (1 « 1 « 1 2« 1
Ty (WW><M+W)+O(W)W+O P

The number U,(f‘) o~ REw

when k is a sufficiently large integer. In Claim 4 and

() ()

Claim 5 we obtain estimates for the weights o, and oy, *. The Bernoulli inequality

holds when » < 0 and x > —1.
I+2)" >1+rz.
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Claim 4.
(O,) lla

On—1 6nlta’

Proof. From the Bernoulli inequality

1 —a (4 2\ - 2a 1 n 20
————=n - = n — ==+ ——.
(n—2) n n ne  plte

From the formula for the sum of powers [I]

n—1 o]
1 nl_o‘ 1—a\ B,
— 22
z; ke 1. mz: ( m ) nm’ (22)
we obtain the following estimates for .S, (a)

nl—e 1 1 l-a 1
- — - <§ — - - 23
o 1ka C ( )

1—a 2n~ 12n1+a 2ne
Then
11—«
o) 1 n 1 1 a
=—— =2 85,[a] - < - —
In-1 (n—2)e ( o] 1- a) (n —2)e + ne + 6nlte
From
() 1 2c0 1 « 1la
Tn-1 < po plte T pa + 6nlte 6nlte
O
Claim 5.
() o _2
— <oyl < ——.
(n—1) ne
Proof. From
1 ni-e 1 1 2
O —— T ) - — - < ——
on (n—l)“Jr < nla] 1—a)< (n—1) ne S e
From the Bernoulli inequality
1 —a 1\ o ay 1 a
o " (1‘n> s (14 0) = st @
From and
0-(0‘) > _; _ i _ o > — 2
" (n—1)> n> 6plte (n—1)a
|

3. SECOND-ORDER APPROXIMATION FOR THE CAPUTO DERIVATIVE

In this section we use approximation to obtain a second-order approxima-
tion of the Caputo derivative. By approximating y, in using a second-order
backward difference approximation v = (y, —2yn—1+Yn—2)/h*+O (h) , we obtain
the approximation for the Caputo derivative

1

ST =g 2O ke =i + O (1), (25)

k=0



46 YURI DIMITROV JFCA-2018/9(1)
where 51(;1) = _](f) for k=3,--- ,n and

56 =" = (@) + 2¢(a — 1) = 1= 3¢(a) + 2((a — 1),

51 =5\ 1 2¢(a) —4¢(a— 1) = Qia +4¢(e) — 4¢(a — 1),

(o _(a 1

5 =0y — (@) + 200 = 1) = 55 — 1= ((a) + 2(a ~ 1),
Approximation has second-order accuracy when y'(0) = 0. By using the
method from the previous section we obtain the second-order approximation

1 n
S0 — () ) 2
A ly) ST ajhe g:o 5 yn—r =y + 0 (h?),

where (5,(:“) = 5,(:“) fork=0,---,n—2 and

1

() _
On—1 = (n—2)e

—2W,a], ') = — + 2W,, [a].

(n—1)2
Approximation A2 [y] has a second-order accuracy O (h?) and accuracy O (h?~%)
when 7 is a small positive number. When n = 2, approximation A% [y] has weights
5(()a) =1+2¢(a—1)—3((c) and

(a) o B 22—(1 B (a) _ 3 B B 22—(1
0" = —4l(a = 1) +6¢(a) + 7= =2, 5" =1+2(a—1) =3((a) - T—
1
When n = 3: 6 =1+ 2¢(a— 1) — 3¢(a), 8% = 5 —4C(a = 1) + 4¢(e),
l-—a l1—a
(@) _ o¢(a—1 _o(L_3 3 5@ _ 9 or(g)_ 2X3 1
R R ORIC e B (o) - 2B L

In Table 4 we present the numerical results for the numerical solutions of Equation
I, Equation II and Equation III which use approximation .4%[y] for the Caputo
derivative. In Figure 2 we compare the numerical solutions of Equation III using
approximations (20), (9) and A% [y] when o = 0.6.

TABLE 4. Error and order of numerical solution NS(10) of Equa-
tion I and o = 0.25, Equation IIT and a = 0.5 and Equation

IIT,ae = 0.75.
h Equation I Equation IT Equation III
Error Order Error Order Error Order
0.003125 0.0000171 1.9751 | 2.1 x 107% 1.9293 | 0.0001178 1.9776

0.0015625 43%x107% 1.9854 | 5.4 x 1077 1.9518 | 0.0000297 1.9871
0.00078125 | 1.1 x107% 1.9914 | 1.4 x 107" 1.9668 | 7.5 x 107¢ 1.9924
0.000390625 | 2.8 x 1077 1.9949 | 3.5 x 107% 1.9770 | 1.9 x 107% 1.9955

Approximations and have second-order accuracy and their weights sat-
isfy (6). In Lemma 7 and Lemma 8 we prove that 6(()(” > 0 and 5%‘” < 0. In the
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FIGURE 2. Graph of the exact solution of Equation III and nu-
merical solutions NS(9)-red, and NS(10)-blue, and N S(20)-green
for h =0.1 and a = 0.6.

151

05+

proof of Lemma 7 and Lemma 8 we use the estimates from Claim 6 and the Laurent
expansion of the zeta function

1
a—1

(@) = — + > ()" (e -1,
n=0 :

where v, are the the Stieltjes constants

. (m In" k ln”Hm)
Y = lim -—.

m— o0 =1 k n + 1

The Stieltjes constant vy = 0.57721 is equal to the Euler-Mascheroni constant and
v1 = —0.0728 < 0, v2 = —0.00969 < 0, 3 = 0.002 > 0.
Claim 6. Let 0 < a < 1. Then
1 2
—— >l+a+ao?, —— <l+a,
l-—«a 2 -«
Lo amee 2202 Loy o
5o aln 5% 33 aln 3.
The estimates of Claim 6 are obtained from the Maclaurin series expansion of
the functions 1/(1 — a),27% = e~ "2 and 37 = ¢~In3,

Lemma 7. )
5 = ga T 4(@) —4(a—1) <0.
Proof. From the Laurent expansion of the zeta function
1
(o) < ——+7 —mn(a—1), (26)
a—1
1 V2 2
Cla—1)> —— 4+ —mla-2)+ 2@-22 (27)
a—2 2
Then
1 4

5 <« — 4 — 4y = 273(a — 2)2 < 0.

2¢  a—1 a—2




48 YURI DIMITROV JFCA-2018/9(1)

‘We have that
—4y; — 27 (a0 — 2)2 < —4~y; — 8y, < 0.37.
Then

From Claim 6
In2
5 <1—aln2+ %cﬂ 41+ a+a?) +2(1+a)+0.37,
1
5 < —5 (8-2)a’ — (2 + m2)a —0.63.
1
The function —3 (8 —In2)a? — (2 + In2)a is decreasing on [0, 1] . Then

5 <69 < —0.63 < 0.

O
Lemma 8.
o 1
8 ):3—a—1—C(a)+2§(a—1)>0.
Proof. From and
1 1 2
sl 2y - 3— —2)%
2 > Ity g, Tt nB-a)tr(e-2)
The numbers v; and 7, are negative. Then
Y0 +71(3 — ) + y2(er = 2)* > 0 + 371 + 472 > 0.32,
1 1 2
9> — 14— — 2 1032
2 >3(, +1—a 2_@—1—03
From Claim 6
5 >1—aln3—1+1+a+a®—(1+a)+0.32
58 > a® — aln3 +0.32.
The function a? — aIn3 has a minimum at the point a = In3/2. Then
In®3
5 > 0.32 — HT > 0.018 > 0.
O

4. NUMERICAL SOLUTION OF THE FRACTIONAL RELAXATION EQUATION

The fractional relaxation equation is a linear ordinary fractional differential equa-
tion of order o, where 0 < o < 1.

y (@) + Dy(x) = F(z), y(0) = yo. (28)

The analytical and numerical solutions of the fractional relaxation equation are
discussed in [2,[3, 5, 9} 16, 20]. In this section we derive the numerical solution of the
fractional relaxation equation (28). In Theorem 9 and Theorem 10 we prove that the
numerical solution of equation on the interval [0, X] which uses approximations
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(@, (9) and for the Caputo derivative converges to the exact solution when
D > Dy, where Dy is a negative number. In [4] we showed that

y(0) +T'(2 — a)h*F(h)
14+T(2—a)Dhe

is an approximation for the value of the exact solution y(h) of equation with

accuracy O (h?). Let h = X/n and

1 m
_ E ~ gy (@)
o <)\0ym )\kymk> ~Ym’> (*)

k=1

1=

(29)

be an approximation for the Caputo derivative. By approximating the Caputo
derivative in equation at the point x,,, = mh we obtain

1 m
Ba <)‘Oym - ; Akym—k> + Dy, ~ Fp,

m
(Mo + Dh) Y = > Mk ~ h*F.
k=1
The numerical solution {u,,}" _, of equation , where u,, =~ Y, is computed
with ug = yo,u1 = 71 and

1 m
m=———— | h®F,, MeUm—k | - NS
u Aowha( 2 e ) (NS())
Suppose that approximation (¥) has accuracy O (h?~*), where the weights ; are
positive for all £ =0,1,--- ,m and satisfy

a L
D A=X, 0<— <A (30)
mOé

k=1
The weights of approximations , @ and satisfy . Let E,,h?>~* be the
error of approximation @ at the point x,, = mh, and E be a positive number
such that |E,,| < E for all m = 2,3,--- ,n. The error e,, = u;, — Y of numerical
solution NS(x) satisfies eg = 0,e; = 71 — y(h) and

1

m = N i A m— Amh27
e )\o—l—DhaI; kem—k +

E., .
where A, = N D Let A > 2E/)\ be a sufficiently large number such that
le1| < AR?~*. When D > 0 the numbers A4,, satisfy
|Em| E
Anl < — < — < A
|Apm| < o < " <

When D < 0 and |[D|h® < Ao/2
| Enm| 2|Em| _ 2B
Ayl = < < — < A
Al =550 < T S
Theorem 9. Let D > 0 and C > Max{A, A(A\g+ D)/D}. The error of numerical
solution NS(x) of equation on the interval [0, X] satisfies

lem| < CR*™.
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Proof. Induction on m. Suppose that |ex| < Ch?=® for k = 1,--- ,m—1. The error

e, satisfies
m—1

> Aelem—k| + [Am|p2.
k=1

From the induction assumption

Chre )
lem| < Yo+ Dhe Z Ak + Ah7,
k=1
CAgh2— . [Cho+ Ao+ DR R\
e+ AR? = h=
lenl < 3o+ D %o + Dhe ’
Xo+ AN+ D)r*/C 9
m he™e.
leml < ( o + Dhe ¢
We have that A(Ag + D)/C < D, because C > A(Ag + D)/D. Hence
lem| < CR*™2.

O

Theorem 10. Let —L/X* < D < 0. The error of numerical solution NS(x) of
equation on the interval [0, X] satisfies

lem| < Ch?
B AX*(No+ D)
where C—Mal' {A7lj—l))(o‘ .
Proof. Induction on m. Suppose that |ey| < Ch?~“ for k =1,--- ,m—1. The error
e, satisfies
1 m—1
_ A,,|h?
leml < 5 i ;)\k\em k| + [Am B2,
Ch2_a m—1
_—C Ah?
leml < s —ppa ;AH h?,
C(Xo — A )h2@ 9 Ao — Am + A(Xo + Dh) h*/C o
Ah® = o
eml < = T DR AR Xo + Dho ch
From
oL DX\ L (X\"_ L.,
T me T Xe \m Xe\n)  Xoo
Then

a\ 1o L A(AO +D) a
We have that ( )
L AN+ D
Xa ¢ P
because
AX*(\o + D)

C>—7"Dpxa



JFCA-2018/9(1) APPROXIMATIONS FOR THE CAPUTO DERIVATIVE (I) 51

Example: The fractional relaxation equation
Y (z) + Dy(x) = ' "By s-a(w) + De*,  y(0) =1, (31)

has the solution y(z) = e®. In Table 5 we compute the maximum error and the
order of the numerical solutions of equation which use approximations , @D
and for the Caputo derivative when D = —1 and a = 0.6. In Table 6 we
compute the error and the order of the numerical solution of equation for the
L1 approximation and values of D = —2,—5,—7 and a = 0.5. The numerical
results from Table 6 suggest that when D < —5, numerical solutions NS(1), NS(9)
and NS(12) of equation are not suitable for practical use.

TABLE 5. Maximum error and order of numerical solutions N.S(1),
NS(9) and NS(12) of equation with D = —1, = 0.6 on the
interval [0, 1].

NS(1) NS(9) NS(12)
Error Order Error Order Error Order
0.003125 0.0004594 1.3890 | 0.0005372 1.3826 | 0.0003854 1.3980
0.0015625 0.0001750 1.3927 | 0.0002052 1.3883 | 0.0001462 1.3989
0.00078125 | 0.0000665 1.3952 | 0.0000782 1.3922 | 0.0000554 1.3994
0.000390625 | 0.0000253 1.3968 | 0.0000297 1.3949 | 0.0000210 1.3997

h

TABLE 6. Maximum error and order of numerical solution N.S(1),
of equation with o = 0.5 on the interval [0, 1] and values of

D=-2-5—T1.
h D=-2 D=-5 D=-7
Error Order Error Order Error Order
0.003125 0.00275681 1.4795 | 1.4 x 10° 2.0272 | 6.7 x 10'®  4.6422

0.0015625 0.00098584 1.4836 | 438076.6 1.6668 | 1.3 x 10'®  2.5630
0.00078125 | 0.00035150 1.4878 | 150198.5 1.5443 | 3.1 x 10*® 1.8610
0.000390625 | 0.00012503 1.4913 | 52927.21 1.5048 | 1.0 x 10'® 1.6150

5. FOURIER TRANSFORM METHOD FOR CONSTRUCTING APPROXIMATIONS OF
THE CAPUTO DERIVATIVE

The Fourier transform method is an important method for constructing approx-
imations for fractional derivatives. The generating function of an approximation
is directly related to the Fourier transform of the approximation. The Fourier
transform method is used by Ding and Li [6, [7], Lubich [T4], Tian et al. [23] for
constructing approximations for the fractional derivative. In [5] we use the Fourier
transform method and the series expansion formula of the polylogarithm function
to derive the asymptotic expansion formula for the Riemann sum approxima-
tion of the fractional integral at the right endpoint. The expansion formula for the
left endpoint of @ is obtained from the Euler-Maclaurin formula for the definite
integral. In this section we use the Fourier transform method and integration by
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parts to obtain approximations for the Caputo derivative of order 1 — o, 2 — o and
3 — a.. The Fourier Transform of the function y is defined as

f@@nmo:gmo:/fem@@mt

The Fourier transform has properties
Fly(a = 0)l(w) = e™j(w),  Fly(x) * 2(2))(w) = j(w)z(w),
FD%y(@)|(w) = (—iw)*g(w),  F[I"y(2)](w) = (=iw)*§(w).
5.1. Expansion Formula. Let S, [y] be the Riemann sum of the formal fractional
integral K~ %y(x).

ym—kh

n y ha k1+a

By applying Fourier transform to S, [y] and letting n — oo

1 & eikhw 1
he £ flve T pa

FlSuolul)(w) = Livio (€Y.

From with s = 1 + a and 2 = ™" we obtain

Litia (eiwh) = I'(—a)(—iwh)* + Z (1 +n(j!— m) (iwh)™,

m=0
i (¢) = (o))t + 30 O

- C(14+a—m)(—iw)™h™™ . (32)
m=0 :

Denote by R(¥)[y] and L£®[y] the left and right asymptotic sums of
Suly] = T(=a)y ™ (2).

By applying inverse Fourier transform to we obtain the expansion formula for
the right asymptotic sum.

ROy = 3 LTI o e

The result is summarized in Lemma 11.

Lemma 11. Let y("™(0) =0 form =0,1,---. Then
y T — kh «a = (_1)m m m—a«
e o e = e )+ 30 TG+ m)y

m=0

From Lemma 11, we obtain the approximation for the Caputo derivative

L (= s ¢(a)
n—k _ () a /1 l—a
F(_a)ha (k_l k1+a C(l + Oé)yn> - yn F(—a) ynh’ (33)

C(O‘* 1) 171 2—a 3—«a
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Approximation has accuracy O (h3~®) when the function y(z) satisfies the
condition y(0) = ¢'(0) = y"(0) = 0. Let

o 1
w(()a):—f(l-i-a) Wl(c) Llta’ (k=1,---,n—1),

and
(@) n—1 1
Zw =1+a) - T
k=1
Corollary 12.

Anly] = haZwk Yn—k =y + 0 (K17 (34)

Approximation satisfies A%[1] = 0, because > ,_, w,(f) =0.

TABLE 7. Error and order of numerical solution NS (34) of Equa-
tion I with a = 0.25, Equation II with o« = 0.5 and Equation III
with a = 0.75.

Equation I Equation IT Equation III
Error Order Error Order Error Order

0.003125 0.0098745 0.7512 | 0.0298944 0.5069 | 0.370920 0.2924
0.0015625 0.0058683 0.7508 | 0.0298944 0.5051 | 0.304271 0.2858
0.00078125 | 0.0034881 0.7505 | 0.0148565 0.5037 | 0.250614 0.2799
0.000390625 | 0.0020736 0.7503 | 0.0104857 0.5027 | 0.207125 0.2750

h

Denote by L[y] = LM [y] the left endpoint asymptotic sum of

h;y(kh)— /O y(t)dt.

From the Euler-Maclaurin formula

hz_:y(kh) _ /OI Y(B)dt—(5(0) +Z B2m ( (2m=1) () _y(2m71)(0))
k=1

we obtain

E[y] — _y(O)h . Z (gfr;r)z!y(Qm—l)(O)th.

Now we use the Euler-Maclaurin formula and integration by parts to derive the
formula for £(®)[y].

I'(1—a)y'™(z) = /Or (g/(t)dt — /;/2 (y/(t)dt + /m Mdt.

x—t) T —t)® )2 (z —t)

We have that
/2 y’(t) B . 2 x/2 -«
/0 T G Ol /O y(t)d [(z —1)~°]

x—t)®
T\~ sz a /2
(5 ) o [
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The gamma function satisfies I'(1 — o) = —al'(—«). Then

[(—a)y'®(z) = Zl(il(')i + Az/Q(gci/(tt)l_‘_adt
G )+ [ ).
Let
y(t)

2(t) = CEDET y(t)Z(t),

where Z(t) = (x —t)"'~. From we have that
Ly] = L[] + y(0)a= /v

The function Z(t) has derivatives

T'(1+a+k) 1

ZW (1) = .
O =—"Fita) @opret
From Leibnitz rule
2m—1 m 1
(2m—1) ) — - (2m—1—k) (k)
envi = 3 (et 200)
k=0
Then
z(0)h o~ Bom 2m—1 2
Llz] = — — Z2m=()p2m,
2 = (2m)!
__ y(0)h
L= gpra
i Bom 2%‘:1 2m —1\T(L+a+ k) y®m 1 00) ) 5,
m=1 (2m)! k=0 k I'(1+a) gltath .

From and Lemma 11 we obtain .

Lemma 13. Asymptotic expansion formula

n—1

1 ¢ ylz—kh) y(0)  y(0)h

i MY (- () LA

he ; kite (=a)y™ (@) + ar®  2xlta

+ i (_1)m<(1 +oa— m) (m)(x)hm—a
= m! Y
- i Bom 2%31 2m —\T(1+a+ k) yCm D) o,
— (2m)! — k I(l+a) gltotk

From we obtain the fourth-order approximation

Fay@ (o) = 3 2 g2+ 29 JOR

N C(Oé27 1) C(O[(; 2) yl//(x)h?)fa

-3 (0 1 0
C(O‘24 )y(4) (x)h4—o¢ + zy'( ):‘2;2:;04)9( )h2 +0 (h4) .

y”(x)hQiD‘ 4

(35)

(36)

(37)



JFCA-2018/9(1) APPROXIMATIONS FOR THE CAPUTO DERIVATIVE (I) 55

TABLE 8. Maximum error and order of approximation for the
functions tan~1 ¢,z = 1, In(t + 1),z = 2 and ((t + 2),2 = 3 with

a=0.4.
h tan='t In(t + 1) C(t+2)
Error Order Error Order Error Order
0.025 44x107% 3.999 | 5.0x 1071 3999 | 4.2x 107 3.999

0.0125 2.7x1071% 3999 | 3.1x107'" 4.000 | 2.6 x 107 3.999
0.00625 | 1.7x 107 3.999 | 2.0x 107* 3969 | 1.6 x 107'2  4.003
0.003125 | 1.1 x 1072 3961 | 1.5 x 107 3.734 | 1.2x 107! 3.750

5.2. Approximation for the Caputo Derivative of Order 2-a. By approxi-
mating y/, in using first-order backward difference y!, = (yn, — yn—1)/h + O(h)
we obtain the approximation

AZ[?A - ].—‘(7 Zak Yn—k = y(a) +0 (h'2 Oé) (39)
k=0
where
5 = ¢(a) = ¢(1+a), 5 =1-¢(a),
, n—1

5\ = (k=2,---,n—1), @ =¢1+a)

E 7 plta

k1+a

Approximation satisfies AZ[1] = 0. The accuracy of approx1mat10n is
O (h*~*) when the function y satisfies 3'(0) = 0. Denote

nl—a
Wyla] = nSpla+ 1] — Syla] + al—a)
Claim 14. Let y(x) = z. Then
sl (@) Walo]h!™®
Ala] = /) = Tl
Proof.
T(—a)h® A7 [z Z o\ (x — kh) = fhzn:kﬁ,(f")
n—1
— _h (Zka(a —I—na(a)> —h<( — nw® ka )
k=1
_ hlfa -
AZ[Q:}_F(_O[) (( ;ka>n< 1+a Zk1+a>>'
Then -
A - (@) = (S + 1) - Sala)) —
" IN—«a " " I'2-—a)
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d

Represent the function y(x) as
y(@) = y(@) = y(0) =y’ (0)z + y(0) + ¢/ (0)x = 2(2) + y(0) +y'(0)a.

The function z(z) = y(z) — y(0) — y'(0)x satisfies z(0) = 2/(0) = 0.
:L.lfoz

All2] =2 (2)+ O (hQ*a) =y (x) - y’(O)m

+0 (h*79).

Then
AT [y] = A7 [2] 4 y(0) A7 [1] + ¢/ (0).A7 [],

l—o

AZ [yl = y(a)(m) + yl(O)AZM - y/(o)m

From Claim 14

1 - 5(00 _ () y' (0)Wy[a] 1—a 2-a
F(—oz)ho‘];) ko Yok = +( T(—a) )h +O (W)

+0 (R*7?).

By approximating y(, using first-order forward difference approximation

we obtain the approximation for the Caputo derivative of order 2 — «
1 n (a) () .
_ -k = Yol + O (h*7Y), 40
F(—O[)ha kz:% Ok "Yn—k Yn + ( ) ( )
where o{* = ¢(a) = (1 + ), o\ =1 —((a),

o 1
O'li):]{;l-i-a (k=2,---,n—2),

-«
() _ L __n _ 1
oy oD al—a) nSpll + a] + Sylal,

nlfa
all —a)’
When n = 2 approximation has weights U(()a) =((a) = (1 4+ @) and

21704 (@) 217(1
A = (@) — ¢(1 A

From the formula for sum of powers

nt~e S /1 —a\ B,
Sn[a]zlaz< m )n’”’
m=0

The Bernoulli numbers Bay, 1 =0 for m > 1 and By = —1/2. Then

nt= SX /1 —a\ By nl—® 1
— =5, la] — e 41
laz<2m>n2m o] 170z+2na (41)

m=1

ol = (n—1)Su[l + o] + Spla] +

n

o™ = 20(1+ a) — 2¢(a) -

From

nl—@ 1 1 n-¢ 1 1
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1 1 nl-« 1 nl-« 1
(@) — (1 = Bl S - -
Tn (1 n)<om0‘ +2nl+"‘> <1—a 2n“>+a(1—a)+0<n1+a>’

1 n'~*  plme ploe 1 1 1
(@ _ _ _ o - o) .
on an® + ( (1-a) « 1- oz) * <n1+a) an® + <n1+0‘>

The weight O',L ) of approximation (40)) is approximately 1/(an®). Approximation
. ) has order 2 — a and its weights satisfy . In Table 9 we compute the error
and the order of the numerical solution of Equation I, Equation II and Equation
IIT which uses approximation for the Caputo derivative. In all experiments in
Table 1, Table 3, Table 5 and Table 9 the errors of numerical solution N.S(12) are
smaller than the errors of numerical solutions N.S(1) and NS(9).

TABLE 9. Error and order of numerical solution NS(12) of Equa-
tion I with a = 0.25, Equation II with a = 0.5 and Equation III

with o = 0.75.
h Equation I Equation IT Equation III
Error Order Error Order Error Order
0.003125 0.0000263 1.7472 | 0.0000395122 1.4982 | 0.0022174 1.2479

0.0015625 7.8 x 107% 1.7486 | 0.0000139784 1.4991 | 0.0009328 1.2492
0.00078125 | 2.3 x 107% 1.7493 | 4.9x 107° 1.4995 | 0.0003923 1.2497
0.000390625 | 6.9 x 1077 1.7497 | 1.7 x 107° 1.4998 | 0.0001649 1.2499

5.3. Approximation for the Caputo Derivative of Order 3-a. From (37),
approximation has asymptotic expansion

1 - @ o m m—a«
EZUJ;@ )y(x—kh):F( Y@ —l—Z m' 1—|—a—m)y( J(z)h
k_
o] 2m—2

Bam 2m — 1\ T'(1 k) y2m—1=k)

_Z 2 Z m (I+a+k)y (0) p2m (42)
— k I'(l+a) pltatk

In order to construct approximations for the Caputo derivative we express expansion
formula in the following form

o0

= Zw@ (= kh) =I'(=)y® (@) + Y Ku(a)y™ (O)h" "

m=1

+ 3 EY% 14 a - myy @pmee,

In the previous section we showed that

nlfoz

all —a)

In this section we obtain the formula for the coefficient K»(«) and an approx-
imation for the Caputo derivative of order 3 — . By changing the order of

Ki(@) = nSp[l + a] = Spla] +
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summation in (42)

(e N 1m m m—o
haZw y(x — kh) =T'(—a)y™( —1—2 m? (14 a —m)y™ (z)h

m=1
= = 2m -1\ T'2m+aoa—p) Bam 9,
X () e B e | o)
p=1 \m=[p/2]
We have that x2m+o—P = p2mta-pp2m+ta—p_ Then
> 2m—1\ T'(2m+a—p) DBom
K@=- % (™) o
m+a— |
maTa/2] D 1+ a)n P (2m)!
When p = 2 we obtain
n?= & ['(2m + a — 2) Ba,,

Ko (o

sz—l (2m —2) =iy
— 1+ a)(2m)! n
From the identity
2m—-1)2m—-2)=02m -2+ a)2m—-1+a) —2a(2m -2+ a) + a(a—1)

we obtain

2—a X
S (et Cn e B
Ks(a) = — 9 z_zl (2m)! n>m
a2 a1+ a)(2 4 a) - (2m— 2+ a) Bay
Tn n; (2m)! n2m
_nQ’ai<a—1>a(1+a>(2+a>---(2m—3+a>B2m
2 (2m)! nim
= XN a(l+a)(2+a) - (2m — 1+ a) Bay,
Ky(a) = — % Z:l (2m)! n?m
+nzw i(a,1)a(1+a)(2+a)~~(2m72+a)Bzm
a_1 (2m)! n2m
m=1
Lt S 0= a1 £0)C +0) - (2m =5 + o) B
a—2) e~ (2m)! n?m’
n? | n= & [—a\ Bay, n'= o (1—a\ Bay
Ky(a) =— | — -
2() 5 l_a mZ::l 2m) n2m " 1_O‘m—1< 2m )nzm
1| n2 > & /2—a\ Bop
+§ 2—amz_:1( 2m >”2m
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Then
n? n=% 1 nt—e 1
Ky(a) == N+ 24— |- _ -
2(a) 5 [Sn[a—i- |+ - +2n1+a] n[Sn[a] Tt
1 n2=e 1
- 1] =
T3 {S"[O‘ ] 2—a+2n0‘1}’
Kafe) = S,la+ 1] = nS,fo] + SSufa— 14— (a3)
AH = Ty onle onld T gonld ala—1)(a—2)
Approximation has expansion of order 3 — «
1 & (a o —a
o Dy = =)y + (Ka(@)yh — C(a)y,) b (44)
k=0

+ (Kg(a)yg - ;((a)y;{) h?=“ + 0 (hgfo‘) .

By approximating y{, ¥0, Yh, Yo in using the approximations
3

1 1 !
vo =14 <2y0+2y1 - 2y2) +0 (1K), y6 = 73 (9o = 21 +12) + O (h),

2 2
we obtain the approximation for the Caputo derivative of order 3 — «

1
e

1/3 1 1
Yy, = 7 (yn —2Yn_1 + yn—2> +0 (hz) Yn = 2 (Un = 2Un—1 + Yn—2) + O (h),

n

>0y = 5 + 0 (K3, (45)
k=0

where
57 = (1 +a) + 5¢(@) — 5¢(a—1), 87 = 1-20(a) +¢(a 1),
11 1 N 1
:21+a+§<(a)_7<(a_1)7 5](g ): Llto (k:377n_3)7

1
0ty = wiy + 5Ki(a) = Ka(a), 6, = w,?) — 201 (a) + 2Ka(a),

n—2 -~ “n-2

a5

[\)

6() = (™ 4 gKl(a) — Ky(a).
When n = 2, approximation has weights
5@ (a+2) 4
0 20(2 — ) (o — 1) 22(2 — ) (1 — a)
When n = 3: 5(()(1) =—1a—1)+ 2((a) = (a+1),
9 31-2(q + 4)

5 = SCla— 1)+ 3¢(a+ 1) — S ¢(a) - 2a(l— )2 —a)

2 -3a
292 —a)(1 — a)a’

, o) = , 05 =

(@ _ 3 9 2x 37 (at1)
57 = =50 = 1)+ 5¢(@) =3+ 1) + T
05" = §<<a—1>+<<a+1>—§<<a>—m'

In the previous sections computed the numerical solutions of the fractional relax-
ation equation of order 1 —«, 2—« and 2 using the second-order approximation ([29))
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for the value y(h). In order to obtain a third-order approximation for y(h) we need
to compute the values of 3’(0) and y”(0). By applying fractional differentiation of
order 1 — « to equation we obtain

Y (2) +y" (@) = FU~Y (). (46)
Then y'(0) = F1~2)(0). In [5] we showed that
d B 3 y/(O)xa_l
2 A=)y — (2—a) )
By differentiating we obtain
d d
7 Y4 (1-a) — 7F(1—a)
/(@) + 5oy @) = T FO(),
/ a—1
" (2—a) Y (0).’1} — iF(l—a)
(@) 4y )+ S = S P ),

When the solution of equation has a bounded second derivative, the value of
y"(0) is computed with the formula

1 : d 11—« y/(o)ma—l
y"(0) :rll_% (de( )(95) - F(a)) :

Now we compute the values of the derivatives y'(0),y” (0) of the exact solutions of
Equation I, Equation II and Equation III.

k=0 k=1
F(lfa) B 3 mk+a 3 i
1 ()_ZF(k—i—l— )+Z(k+1)x
k=0 k=0
Then ' (0) = F\'~*(0) = 1.
3 o 3
FTE =2 e et

Then

xk—1+a

(1-a) _oo wi_oo 2k N
B (x)_;F(k+a)+Z H= 2 Thra
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FIGURE 3. Graph of the exact solution of Equation III and numer-
ical solutions N S(12)-red, and N S(13)-blue, and NS (34)-green for
h =0.1 and o = 0.6.

| . .
1
[ ]
0.5
[ ] 0.‘5 © ‘;
[ ]
Y [ ]
Then 3/ (0) = F{'™*(0) = 1.
d (1—a) _ > xk—Q—&-a N
pret R )_;F(“@—U tes

) d (1—a) xa—l ) & xk—2+a
1 _ _ — z —
y"(0) = lim (da: Fy 7 (x) (@) lim kE:Q Tk a1 +e 1.

The exact solution of Equation II satisfies y'(0) = y”(0) = 1.
Fy(x) = cos(2nz) +ina' ™ (E1 2o (2miz) — By 9_o(—27iz)),

B e (_47r2)kx2k o0 (_4ﬂ2)kx2k—o¢
B0 =2 gt Tk 1)

k=0 k=1

(1-a) B 0 ok x2k—1+o¢ ka—l
B (@) = kZ:: (=47%) (F(2k+a) T 1)!) '

[

i (1—a) B e 2 b x2k—2+a m21@—2
s (€)= (~4r) L2k —1+a) * (2k —2)! )’

The exact solution of Equation III satisfies y'(0) = 0,y”(0) = —4x?. Let
g1 =y(0) + ¢/ (0)h +y"(0)h*/2.

From Taylor’s formula §; is an approximation for y(h) with accuracy O (h?®).
The accuracy of numerical solution NS(13) with initial values ug = yo,u1 = 1
is O (h3~®). In Figure 3 we compare numerical solutions NS(34), NS(12) and
NS(13) of Equation IIT and a = 0.6.
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TABLE 10. Error and order of numerical solution N.S(13) of Equa-
tion I with a = 0.25, Equation II with @ = 0.5 and Equation III

with o = 0.75.
h Equation I Equation IT Equation III
Error Order Error Order Error Order
0.003125 79x107% 27458 | 7.6 x 10~%  2.4945 | 0.00003552 2.2495

0.0015625 1.2x 1078 27479 | 1.3 x107% 24973 | 7.5 x 107% 2.2499
0.00078125 | 1.7x107° 2.7490 | 2.4 x107° 2.4987 | 1.6 x 107%  2.2500
0.000390625 | 2.6 x 10710 2.7495 | 4.2 x 107'° 2.4993 | 3.3 x 1077 2.2500

6. CONCLUSIONS

In the present paper we obtained approximations of the Caputo derivative of
order 2 — «,2 and 3 — o whose weights consist of terms which have power —a
and —1 — a. In all experiments the accuracy of the numerical solutions which
use approximation of the Caputo derivative is higher than the accuracy of
the numerical solutions using approximations and @D A question for future
work is to construct an approximation of the Caputo derivative of order 2 —« whose
weights consist of terms which have power —a, where the accuracy of the numerical
solutions of Equation I, Equation II and Equation III is higher than the accuracy
of the numerical solutions using approximation .
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