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FEKETE-SZEGO PROBLEM FOR CERTAIN ANALYTIC
FUNCTIONS DEFINED BY HYPERGEOMETRIC FUNCTIONS
AND JACOBI POLYNOMIALS

J. M. JAHANGIRI, C. RAMACHANDRAN, S. ANNAMALAI

ABSTRACT. In this paper we study the relationships between classes of Ja-
cobi polynomials, hypergeometric and analytic univalent functions and obtain
bounds for their respected Fekete-Szegé body of coefficients.

1. INTRODUCTION

Let A denote the class of all functions f(z) of the form
fR) =24 anz" (1)
n=2

which are analytic in the open unit disk U = {z : |z| < 1} and let S be the subclass
of A consisting of univalent functions in U. For complex numbers «; (i = 1,2,...,p)
and 5; (j =1,2,...,¢) where 8; # 0,—1,-2,...;j = 1,2,...,q, the generalized
hypergeometric function ,Fy(z) is defined by

o S (e (o) 2
pFo(2) =p Folon, ..o 1,0, B3 2) ;(ﬁl)n...(ﬁq)n'n! @

where p < g+1, (Vo = Land (), = Toi? = AA+1) ... (A+n—1)ifn =1,2,...
The series given by (2) converges absolutely for |z] < oo if p < ¢+ 1 and for z in
the open unit disk U = {z : |2| < 1} if p = ¢ + 1. For suitable values «; and
B; the class of hypergeometric functions ,Fj is closely related to classes of ana-
lytic and univalent functions. It is well-known that hypergeometric and univalent
functions play important roles in a large variety of problems encountered in applied
mathematics, probability and statistics, operations research, signal theory, moment
problems, and other areas of science (e.g. see Exton [3, 4], Miller and Mocanu [11]
and Ronning [12]). In this paper we introduce a new approach for studying the re-
lationships between classes of hypergeometric and analytic univalent functions and
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will derive some new bounds for their respected Fekete-Szegé body of coefficients.
We hope this new approach can motivate further research in this direction.

2. PRELIMINARIES

For p = g+ 1 = 2, the series defined by (2) gives rise to the Gaussian hyper-
geometric series o Fy (a, b; ¢; z). This reduces to the elementary Gaussian geometric
series 1+2+422+... if(i))a=cand b= 1or (ii) a = 1 and b = c. For Re > Rb > 0,

we obtain - -
T $h=1(1 — )e=b-
2Pi(a.biei2) = SR =) /0 =tz

As a special case, we observe that

1 ,b-1 a—2
t 1-—t
Al = [ 200

dt

and
1

F Ll2) = —
2 1(0“’ ) ,Z) (].*Z)a

so that )
2F1(a, 1515 2) *2 Fi(a, 1315 2) = T, =2 Fi(1,1;1;2).

3 3 )

Here, the operator * stands for the Hadamard product or convolution of two

o0 o0
power series f(z) = Y anz™ and g(z) = > b,2", that is
n=0 n=0

(F*9)(2) = f(2) *g(2) = 3 anbuz™,

If f and g are analytic in U then their Hadamard product f * g is also analytic
in U. An alternative representation for the Hadamard product is the convolution
integral
z
E)g (€)d¢, |z <1.

We shall need the following three definitions for stating and proving our theorems
in the next section.

*g)(z) = ! -t
Fro)) =g [ S

T 2mi

Definition 1. Fort > —1 k> —1 and | 2 |[< 1 define F(t,k,z) by

o0

Rgzt)k)(x) = F(tvk’x) = Z

n=0

P (@) i
— <
P (1)

)

o0

1 —
:ZzFl <n,t+k+n+1;t+1; 2:1:) Lt
=0

o0

= Z F,z" !
n=0
where F,, = I (—n,t—|— k+n+1;t+1; 1*79”), z € U, and Pﬁf’k)(x) is (also see
Lewis [9]) the Jacobi polynomial

(1+1t),

1_
PR (x) = —" Ry (_n’HkJrnH;tH; 2%).
n! 2
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To note the significance of the class pk (x) = F(t,k,z), we list the following
six special cases of the Jacobi polynomials

Cl(z) = R(t bk %)(x), called the ultra spherical polynomial,
_ 1

=(i+ 1)R<§7%)($), called the Chebyshev second polynomial,

K3
=R, (-3 %)(a:), called the Chebyshev third polynomial,
1 1
Wi(x) = (20 + 1)R£§’ E)(;U), called the Chebyshev fourth polynomial,
6) Pi(x) = Rgo 0)( ), called the Legendre polynomial.

Using the convolution operator *, we define

n=2

F = {F 1F(2) = (fx Ft,k,2))(2) = 2+ > Fnanz", f € A} .

Let U be the class of analytic functions w, normalized by w(0) = 0, satisfying the
condition |w(z)| < 1. For analytic functions f and g, we say that f is subordinate to
g in U, denoted by f < g, if there exists a function w € U so that f(z) = g(w(z)) in
U. In particular, if g is univalent in U, then f < g < f(0) = ¢(0) and f(U) C g(U).

For 0 < ¢ < 1, the Jackson’s ¢-derivative ([5, 6]) of a function f € A is given by

f(z) — f(qz)
Df(x)={ (—gz 17" 27" (3)
1/(0) for z=0,

where D2 f(z) = Dy(Dgf(2)). It follows from (3) that

z)=1+4 Z[n]qanz”_l, where [n], =

is sometimes called the basic number n. If ¢ — 17 then [n], — n.
Moreover, as a consequence of (3), for F' € F we obtain

—1—|—Z qFnanz"”

Definition 2. Let P denote the well known class of Carathéodory functions with
positive real part in U. We let P(pr) (0 < k < 00) denote the family of functions
p, such that p € P, and p < px in U, where the function pr maps the unit disk
conformally onto the region Qy such that 1 € Q. and

O, = {u+iv:u? = k*(u—1)? + k*0?}.

We remark that, the domain Qy is elliptic for k > 1, hyperbolic when 0 < k < 1,
parabolic for k = 1 and covers the right half plane when k = 0. We note that the
class P(pr) and their extremal functions were presented and investigated by Kanas
(171, [8]). Ewidently, for k =0 we have

142

. =142:4+222+23+24 4+ ...
—Z

po(2) =
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for k=1 we have

pi(z) =1+ %log2 (ité)
:1+§z+£z2+ 181

2 32 4572

for0 <k <1 and A= A(k) = (2/7)arccos k we obtain

3
27+,

pr(z) =1+ 2 sinh® (A(k) arctanh Vz)

1— k2
1 o 1+z k?
_WCOS{A(k)ZIOgl_\/E}—l_kQ.
oo 2n
B 1 (AN (2n—1\] ,
_1+171<:27;1 ;2 (z)(mz)]z
46A2 87/14 4A5

2A2 4A% + 244 9 15 + 3 Jrf 3

BRI AR e =y -k
and for k > 1 and u(z) = f:\%i we have
1 . s N dt
pr(z) = =1 sin 72K(/<;) /0 T
- 2 {z 4K?(k)(K* + 6K+ 1) — 72 4 }
4y/(k) (k2 — 1) K2(r)(1 + k) 4y/(k)K2(K)(1 + k)

where K (k) denotes the Legendre’s complete elliptic integral of the first kind, and
K'(k) is the complementary integrand of K (k) with k € (0,1) is chosen such that
k = cosh [(rK'(k)) / (4K (k))]. By virtue of

ooy = 20 2" (2)

<pr(z) or p(z) =1+ 70 < pr(z)

f(2)
and the properties of the domains, we have
k
R(p(2)) > Ripr(2) > 1=

Definition 3. For the real numbers 0 < k <00, 0<a<1,0<qg<1andb#0
and for pi(z) as in the Definition 2, we say that a function f € A is in the class

FSo(pr) if
1+2(ZDF‘3(Z§Z)—1)<pk(z) (z € U)

and is in the class ]-'CZ(pk) if
WYCACRL)
b\ Dy(F(2))

Finally, prior to the start of the next section, we state the following lemma,
which can be found in [1] or [2] and is a reformulation of the corresponding result
for functions with positive real part due to Ma and Minda [10].

) < pr(z) (z € U).
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Lemma 1. Let w(z) = wiz + we2? + ... € U be so that |lw(z)] < 1inU. Ift is a
complex number, then

}wg + tw%’ < max{1, |t|}.
The inequality is sharp for the functions w(z) = z or w(z) = 22.

3. THE MAIN RESULTS

In this section we determine the Fekete-Szego functional related to the conical
domains.

Theorem 1. Let 0 < k < oo, 0 <a <1, 0<qg<1, b#0 and let pp(z) =
1+ p1z + pez? + -+ be defined as in the Definition 2. If f given by (1) belongs to
fSZ(pk) then we have

(4)

p2 | pab([2g —1) FZ — upr1b ([Blg — 1) Fs

|blp1
S e O R (2l — 1) F2
q 2

3]q_1)F3

Actually, (4) holds for any complex number p.

Proof. If f € ]-'Sg(pk), then there is a Schwarz function w = wiz + wez% +--- € U

such that
1+ % (ZD;(}? - 1) = pr(w(2)). (5)
‘We note that

ZDI;Z(ZZ) =1+ ([2lg — DazFoz + (Bl — DasFs = ([2)g — DF5az) 2 +... (6)

and
pr(w(2)) = 1+ prwiz + (prwa + pawi) 2 + (prws + 2pawiwy + psw?)2® +- -+ . (7)
Applying (5), (6) and (7), we obtain

bprw,
Uy = s (8)
(2l — D E>
and
2 2, 212
ag = bprwa i wip2b I piwib ) 9)
(Bl —=DFs  F3([8lg—1)  ([2]q = D([Blg = D) F3
Hence, by (8), (9), we get the following
bp1
as — pa? = ————— (wq + tw?),
= - E ()
where
_pr [ (Rl — D= b (Bl - D] »

n (Bl — )27
The result (4) now follows by an application of Lemma 1 to the equation (10). O

For the class of functions Fi Cg’b(pk) we can prove the following
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Theorem 2. Let 0 < k < oo, 0 <a<1l 0<g<1, b#0, and let pp(z) =
1+ p1z + p2z? + -+ be defined as in Definition 2. If f given by (1) belongs to

]:C'qub(pk), then we have
b

Proof. If f € ]-'Cqﬁ’b(pk), then there is a Schwarz function w = wy + wo +--- € O

such that
1 (Dq<quF<z>>

v (250 — e (12)

p2 | (P1b[2]gFF — up1b[3]4F3)
p1 [2]qF22

blp1
— 2 < |7 1
a3 — pa3] < 21,[3],Fs max{ ’

Actually, (11) holds for any complex number .

‘We note that
Dy(2DgF(2))
D) = Haeebet (BBlessFs - PlgFiaz) S (13)

and
pr(w(2)) = 14 prwiz + (prws + paw?) 22 + (prws 4 2powiws +p3w?)2® +- - . (14)
Applying (12), (13) and (14), we obtain

bprw1
ag = , 15
? FZ[Q]q ( )
and 2 2,272
as = bp1w2 wlpzb plwlb . (16)
[2]11[3]qF3 [2}q[3]qF3 [z]q[g]qFfi
Hence, by (15), (16), we get the following
bp1
as — pas = ———— (wy + tw? ,
» M0 = R, ()
where )
Fz[2], — F
‘= P2 p1b 2[ ]q pp1b 3[3}11 (17)

b1 F3 2]q
The result (11) now follows by an application of Lemma 1 to the equation (17). O
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