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HARDY’S-SOBOLEV’S-TYPE INEQUALITIES ON TIME SCALE
VIA ALPHA CONFORMABLE FRACTIONAL INTEGRAL

A. BENAISSA CHERIF, F. Z. LADRANI

ABSTRACT. In this paper, we obtain some new generalizations of the Hardy’s
inequality on time scale for function a-fractional integral. Other integral in-
equalities are established as well, which have as special cases some recent
proved Hardy-type inequalities on time scales.

1. INTRODUCTION

The classical Hardy inequality states that for f > 0 and integrable over any finite
interval (0,z) and f? is integrable and convergent over (0,00) and p > 1, then

[T o) <(2) [ e "

holds and the constant (p/p — 1)” is the best possible. Inequality which is
usually referred to in the literature as the classical Hardy inequality, was proved
in 1925 by Hardy [1]. In 2005, Rehak [5] stated that if @ > 0, p > 1, and f be
a nonnegative function such that the delta integral faoo fP (s) As exists as a finite
number, then

[ (=" ros) <Gy [ros o

unless f = 0. If, in addition, u(t) /t — 0 as ¢ — oo, then the constant (p/p —1)”
is the best possible. A family of inequalities that interpolate between Hardy and
Sobolev inequalities is given by the Hardy-Sobolev inequality,

[uer,,
F 2 B

which holds for any function f € Wol’p (I), with I = (0,1), where C,, is a positive
constant. This inequality plays an important role in analysis and its applications.

The main aim of this paper is to prove a generalized versions of Hardy-Sobolev
inequality on time scales via conformable calculus.

3)
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2. PRELIMINARIES

A time scale T is an arbitrary nonempty closed subset of the real numbers. For
t € T, we define the forward jump operator o : T — T by o (t) =inf {s € T : s > t},
and the backward jump operator p (t) =sup{s € T : s < t}.If o (t) > ¢ we say that
t is right-scattered, while if p (f) < ¢t we say that ¢ is left-scattered. Points that are
simultaneously right-scattered and left-scattered are said to be isolated. If o (t) = ¢,
then ¢ is called right-dense; if p (t) = t, then ¢ is called left-dense. Points that are
right-dense and left-dense at the same time are called dense. If T has a left-scattered
maximum M, define T* := T — {M}; otherwise, set T := T.

The graininess function for a time scale T is defined by p(t) = o (t) — ¢, and
for any function f : T — R the notation f° (¢) denotes f (o (¢)). For more on the
calculus on time scales, we refer the reader to [2,[4]. We review now the conformable
fractional derivative and integral [11].

Definition 2.1. [II, Definition 1] Let f : T — R be a real valued function on a
time scale T and a € (0,1], t € T*. Then, for t > 0, we define T, (f) (t) to be the
number, if one exists, such that for all € > 0, there is a neighborhood U of t such
that for all s € U,

[1F7 () = F(I = Ta (f) (#) (0 () = 5)| < elo(t) - 5]
We call T, (f) (t) the conformable fractional derivative of f of order « at t, and we
define the conformable fractional derivative at 0 as T, (f) (0) = tli_r)nOTa (f) (®).

Theorem 2.2. [IIl Theorem 15] Let f, g : T — R are conformable fractional
differentiable of order . Then, the following properties hold:

(a) The sum f+ g: T — R is conformable fractional differentiable with
To (f+9) =Ta (f) + Ta(9).-
(b) For any A € R, Af : T — R is conformable fractional differentiable with
To (Af) = AT (f) -

(¢) If f and g are rd-continuous, then the product fg : T — R is conformable
fractional differentiable with

To(f9) = 9Ta(f)+(foo)Ta(g)
Ta(9) f+(goo)Ta(f). (4)
(d) If f is rd-continuous, then 1/ f is conformable fractional differentiable with

r(3) - 20
“\f f(foo)
valid at all points t € T* for which f (t) f (o (t)) # 0,
(e) If f and g are rd-continuous, then f/g is conformable fractional differen-

tiable with
T (9) _Ta(Ng=Tu(9) f
“\f g9(go0)
valid at all points t € T* for which g (t) g (o (t)) # 0.

)
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Definition 2.3. [II, Definition 26] Let f : T — R be a regulated function. Then
the a-fractional integral of f is defined by

/f(t) A“t:/f(t)to"lAt.

Theorem 2.4. [I1], Theorem 31] Let a,b,c € T, A€ R and let f;g: T — R be two
rd-continuous functions. Then, the following properties hold:
b

Q) [1f@®)+g@) Ao‘t:fbf(t) A"‘t—i—fbg(t) A“t,

@ far@ace=xfrmas,

® froan=-froam,

@ froae=froaoes froas,
(5) Zf(t) Aot =0,

Theorem 2.5 (Chain rule). [II, Theorem 21] Let « € (0,1]. Assume g : T — R
is rd-continuous and conformable fractional differentiable of order a att € T, and
f:R = R is differentiable. Then there exists ¢ in the real interval [t, o ()] with

To(fog)(t)=F (g(s) Ta(g) (¢). (®)

3. MAIN RESULTS

Before stating the main results, we begin with the following lemma.

Lemma 3.1. Let T be a time scale, a,b € T with a < b, and let f,g are conformal
fractional differentiable of order ae. Then the integration by parts formula is given

by
b b
[ Tnwswat=1r0s0l - [ 0700

Lemma 3.2. Let T be a time scale, a,b € T with a < b, a € (0,1], p € R with
p>1, and let n, : (a,b)N'T — R is a function defined by:

np () := for allt € (a,b]y.

Then the inequality

a—1

M1 () < =—Ta (0p) (1) <ppy1 (8),  for all t € (a,bly . (6)

Definition 3.3. Let T be a time scale, a,b € T with a <b, a € (0,1], p € R with
p>1, and let f: T — R, we said that f belongs to LY? ([a,b] N'T) provided that

b

/|f(t)|PAat<oo.

a
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Remark 3.4. Let T be a time scale, a,t € T, € R with 8 > 0, and let f : T — R,
for simplification, we note

LA (t) = lim&.
f() s%t(s_a)ﬁ

Now, we are ready to state and prove the main results in this paper. We gen-
eralize the Hardy-Sobolev inequality the a-conformable fractional integral on time
scales. As particular case we get A-inequalities on time scales for « = 1. In the
sequel we use [a, bl to denote [a,b] N'T.

Theorem 3.5. Let T be a time scale, a,b € T with 0 < a <b, a € (0,1], p € R
with p > 1, and let f : [a,bl; — R is conformal fractional differentiable of order c,
such that | f7 ()| < |f (t)], fort € [a,b]},

L§ (a) < 400 and L (b) =0. (7)

If (0 () — )" Tu (f) € 137 ([a,bly). Then (o (t) — ) f € Lhw ([a,bly), there
exist a constant C1 (p, «,a) > 0 such that

/a (O’(t)_a)apA t<Cy (p, , )/a (a’(t)—a)(a_l)pA t, (8)

with the constant

ap —1

G = (E-2)" )

Proof. By definition the L$ in the points a, b and by L§ (a) < +oc and L§ (b) = 0,
which implies

limnap—1 (8) |f (B = limnap—1 () [f ()" = 0. (10)
From Lemma and , we obtain

b b
/ Nap-1 (0 (1)) Ta (I (£)") A%t = —/ To (Map—1) (1) |f (D" A",

By inequality the @ , we find that

b 41— P b
£ (@) 1 /
— A —— _ T Py A“t. 11
| G et < = [ GOz (s @PIA )
By using the , we obtain
T (IF7) (&) = p|f ()" F () Ta (f) (), for all £ € [a,b]y, where s € [t,0 (1)),
which implies that
T (L) O < pIf OFHTa (f) ()], for all ¢ € [a,b] (12)
Substituting into , we have
b 4l-a P b p—1
[0 oo 2 UOTL NG,y
o (0(t)—a) ap—1Ja  (o(t)—a)™
Applying Holder’s inequality on time scale, on the term

(a=D)(p=1) a-1

/b IF@)P! |Ta§f_)l(t)|Aat/b FOP T T () (t)ltTAt, (14)
a  (o(t)—a)® a (o)

—a)* " (e () - )t
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with indices p/p — 1 and p, we see that

YU OF e (F) (O] 1o 0 VR T e N0
/ (0 (t) —a)" “<</a GOED t) </ 0@

(15)
Substituting into , we have

p—1

P OPT. () ()] ca O A A OI0
[ e A“(/a et -a" t) </ o0 o

(16)
From and , we have

</a (o (t)_a)apA t) </a (U(t)—a)apA t) = (/a (o (t)_a)(a—l)pA t)'

Since a > 0, we obtain

/” FOF  pap < (aalp>” /” T () OF oy
— NP = _ (a=1)p ’
o (0(t)—a) ap—1) Jo (o(t)—a)
Which is the desired inequality . This proves the Theorem. O

Remark 3.6. Let f : [a,bly — R, such that f (b) = f(a) = 0 and f* (a) < oo,
then L} (a) < oo and L} (b) = 0.

The next results provides some useful relationships concerning the space’s Sobolev
on time scales W, % ([a,bly,R) and Wa’g (la, bl ,R) initiated in [6]. As a special
case of Theorem when a = 1, we have the following Hardy-Sobolev inequality
on time scales be the generalization the inequality .

Remark 3.7. Assume that o =1 in Theorem [3.5, a, b € T such that 0 < a <
b < oo andlet f € W&’K (la,bly), such that |f7 ()| < |f (t)|, fort € [a,bly. Then
LY (b) =0 and L} (a) = fA (a). It is easy to see that the conditions the Theorem
are satisfied. Substituting o = 1 into @D, we have the following Hardy inequality

[t () [

We show some examples of application of Theorem [3.5]

Example 1. Assume that T = R in Theorem 3.5, o =1, a = € and b = oo, such
that e > 0. Let f € Wy (e, +00)), then L; (e)=1f (e) and L} (00) = 0. It is easy
to see that the conditions the Theorem[3.5 are satisfied. Then the Hardy inequality

o] t p p es}
[TUO (2
€ (t - E) pb—= 1 €
Example 2. By Example |1, we have formula holds for all e > 0 and f €
Wol’p ([e, +0)). If e = 0, we have the following Hardy inequality

[ Gl

hold for all f € WyP ([0,400)).

’

f (t)‘pdt7 for all e > 0. (17)

D =

=
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Remark 3.8. Along the work, we give the main results and for simplification, we

note 0
l—a) ot

= inf 1-— — .

7(047])) te[}zr,lb]mT{ ( D ) t }

Theorem 3.9. Let T be a time scale, a,b € T with0 < a <b, a € (0,1], p € R
with p > 1, and let f : [a,bl; — R is conformal fractional differentiable of order c,
such that | f7 ()| < |f (t)], fort € [a,b]y,

L?“ (a) < +o0, L?H (b) =0, and v (a,p) > 0.
If (o () — a)* Ta (f) € LYP (Ja,blg). Then (o (t) —a)”*" f € LYP ([a,bly), there
exist a constant Cy (p,a,a) > 0 such that

b » , ,
/ (U(ty(l;))(aﬂ)PAat <G (p,ma)/ WA%' (18)

with the constant

Cs (pya,a) = (aa1>>p. (19)

v (o, p

Proof. By definition the L$ in the points a, b and by L;’ﬁ'l (a) < 400 and L‘}‘H (b) =
0, which implies

o1 ()1 (OF = Ty 1 (8)1F () = 0. (20)

From Lemma and , we obtain

b » ,
/W)'f_(%Aat - /n?a+1)p(t)|f(t)‘pAat

1 b
< _I;/ T, (nmnp—l) Bt f () At
1 b
< 5/(1 nt(TaJrl)pfl (t) Ty (ta_l |f (t)lp) A%t (21)

Using the product rule the conformable fractional differentiable of order «, we have
o (I OP)] = [Ta () I OF + (0 )" T (7 OF)
< T DI OF +e T (@R (22)
From and , we see that
T ot 1 )] < (- o) Oy ot = (0 9)
Substituting into , we have

PP e ol f? If ) b1 F ()P T () ()] o
/a (g- (t) )( at1)p A%t < > /a t(U (t) _a)(a+1)p_1 +/a (o' (t) _a)(a+1)p_1 A%t
(24)

Applying Holder’s inequality on time scale, on the term
(2a=2)(p—1) 20—2

/btallf()lp T (f If O AL
. (00— )“**““ (0(t) - e -a)T T
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with indices p/p — 1 and p, we see that

p—1 1

[, o (f rere s VP (Prmore )}
p—1 1
N A L e N LN N IO WA
=0 </ (g(t)fa)@“)”A t) </ (ff(t)—a)”"’A t) '

(25)

Therefore, we have

b p b P
1/ ()] & o) [f @) o
[ i gt [T et
Substituting into , we have
[ eyl [0 O [N B (D0,
a (0’ (t) a a

—a)tr T boo(t) —a)r (o (t) = a)tFP!

Then

’ If @) o Y (l—a)o(t) If @ a
7(Ol’p)/a o) @ S / (1 pt >(a(t)—a)(a+1)pA !

Pt F P Tw (F) ()] ca
< e

Substituting into , we have

PP e (@ T (D OF .
/a e —a S (wa,p)) / GO

which is the desired inequality . This proves the Theorem. O

We show some example of application of Theorem
Example 3. Assume that T = N in Theorem 3.9, a = %, a=1,b=00,peR
with p > 1, and let f : N — R, such that im n=2f(n) =0, |f(n+1)] < |f (n)|,
n—oo
forn €N and f (1) =0. Then
1 p—1
It is easy to see that the conditions the Theorem[3.9 are satisfied. Furthermore as-

sume that Y | %

Hardy inequality
|f (n IAf
Z 3p+1 < Z

where Cy (p, %, 1) = (p/p —1)? is defined as in Theorem .

Remark 3.10. Let T be a time scale, o € (0,1], and let f : [a,b]p = R. The
following notation

is convergent. In this case, we have the following discrete

(TaoTa)(ﬁ:TEz(f)-
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Theorem 3.11. Let T be a time scale, a,b € T with0 < a <b, « € (0,1], p e R
with p > 1, and let f : [a,b]; = R is conformal fractional differentiable of order 2c,
such that |f7 (0)] < |f ()] for t € [a, bl

L?H (a) < o0, L?‘H (b) =0, and  v(a,p) > 0.

If (o (t) —a) ™ Tou (f) € LXP ([a,blg). Then (o (t) —a)" TV f € LY ([a,b]y),
there exist a constant Cs (p,«,a) > 0 such that

’ |f @) N vz P
| Gt Gs e [ A

with the constant

o= (2 Y 29
Cs(p,a,a) = ( ) . 28
’ 7 (e, p) (ap — 1)

Proof. This is similar to the proof of the Theorem [3.5] and Theorem [3.9) O

As a special case of Theorem [3.11] when o = 1, we have the following Hardy-type
inequality.

Remark 3.12. Let T be a time scale, assume that oo =1 in Theorem a,beT
such that a < b < oo and let f € Wg”g ([a,bly), such that |f7 (t)] < |f(t)|, for
t € [a,by. Then~(1,p) =1, L} (b) =0 and

£ (a)
2(a)={ pla)’

if p(a) >0,
TN ,
/@), i) =0.
It is easy to see that the conditions the Theorem |3.11| are satisfied, therefore, we
have
» \?
= 1 =— 2
Cp CB(pa »a) (p_1> ) ( 9)
where C3 is defined as in Theorem |3.11], we have the Hardy inequality

/ab (o |(f)(t) l:)”’ A= G /ab

FA° (t)‘p At.

We show some examples of application of Theorem

Example 4. Assume that T =R in Theorem[3.11, o =1, a = ¢ and b = oo, such
that e > 0. Let f € WoP ([e, +00)), then

v(1,p) =1>0, Li(e)=f () and L7 (c0) =0.
It is easy to see that the conditions the Theorem[3.11) are satisfied. Then the Hardy

inequality
) P [e’e]
/ \f(t)l2 dtgcp/
€ (t - 5) P €

where C,, is defined as in .

£ (t)‘p dt,  foralle>0, (30)
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Example 5. By Ezample |4, we have formula holds for all e > 0 and f €
WP (Je, 400)). If e = 0, we have the following Hardy inequality

Oo|f(t)|pdt<c h pdt hold Ifews?(o )
O < cn . hold for all § € W3 (0. +50)).
where C,, is defined as in (29) .

Corollary 3.13. Let T be a time scale, a,b € T with0<a<b, a € (0,1], peR
with p > 1, and let f : [a, bl — R is conformal fractional differentiable of order 2c,
such that | f7 ()| < |f (t)], fort € [a,b]},

L?H (a) < 400, L?H (b) =0, and v (a,p) > 0.
If (o(t) —a)" * Toa (f) € LY ([a,b]7). Then (o (t) —a)” "V f € LY” ([a,b])

and (o (t) —a)”"“Tu (f) € LY" ([a, b)), there exist a constant Cy (p,a,a) > 0 such
that
)

/a (U(t)—a)(a+1)pA t+/a (J(t)—a) A t<Cy (pv ) )/ ( (t) )(a 1)pA t.

Remark 3.14. Let T be a time scale, assume that o =1 in Corollary|3.13, a, b € T
such that 0 < a < b < oo and let f € WO’A ([a,bly), such that |f7 (t)| < |f ()], for

t € [a,blp. Then, we have the Hardy inequality

Ol Ol 2
/a (a(t)—a)szt+/a (0 (t) —a)” At<0/ ‘fA

where C), is constant.

4. CONCLUSION

The study of integral inequalities on time scales via the a-fractional integral. In
this paper we generalize integral inequalities on time scales to a-fractional integral.
As special cases, one obtains previous Hardy’s-sobolev’s inequalities.
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