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A NEW SUBCLASS OF BAZILEVIC FUNCTION WITH FIXED
ARGUMENT INVOLVING NEW GENERALIZED DIFFERENTIAL
OPERATOR AND HYPERGEOMETRIC FUNCTION

S.0. OLATUNJI , I.T. AWOLERE

ABSTRACT. In this work, a new subclass of Bazilevic function with fixed ar-
gument involving new generalized differential operator and hypergeometric
function were considered. Coefficient estimates, distortion theorems, extreme
points, radii of convexity and starlikeness for the class T3 (q, s, 4, A, 9, a, 8, A, B)
and T2(0,q, s, 1, \, 6, a, B, A, B) were defined.

1. INTRODUCTION

Let T denote the class of function of the form
f(z):z—&—Zakzk (z€U) (1)
k=2

which are analytic in the unit disk £ = z : |2| < 1 and normalized by f(0) = f'—1 =
0.

Recall that Re% > 0 refers to as a starlike function while Re (1 + ZJ{, (S)) >0
refers to as a convex function.

Also, let T® denote the class of functions of the form

f(z)* = (z + Zakzk> (z € E) (2)
k=2

are analytic in the unit disk F = z : |z| < 1 and normalized by f(0) = f'(0)—1=0
where a > 0 and « is real. Using Binomial expansion in , we obtain

f(2)* =2+ Zakza+k_1 (z € E) (3)
k=2
Researchers like [1], [3], [I0] , [9] and the likes have used (3] to define several classes
of analytic functions and their interesting result are too voluminous to discuss.
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Recently, [4] defined a differential operator as follows :
Du A, s(a, B)f(z) = f(2)

B()\_a) BO\_G) / d 2 p1r
.U+>\> f(z) + ﬁzf (2) + —=2"f"(2)

D aslo2)1(2) = (1- —

and for m =1,2,3, ...
Dii 5(a:8)F(2) = Dyrsla, B) (Di5 (. 9)1(2)
If f(z) is given by , then from the above operator, we get

DI s(a,8)f(z) = = + Z [1 4 (k—1D[\ ;j)ﬁ-i— kd) kzk} )
k=2

for feT a,6 >0,8,\,u>0and m e Ny.

By specializing the parameters surrounded the operator, we obtained numerous
operators studied by [2], [6], [13] and [14].

Therefore, applying in , we have the following

Dhas(@AF()" = F(2)°

B ~a) )
A )f(z) * A N

D sl ()" = (1-
and for m =1,2,3, ...

Dy sla, B)£(2)™ = Dynsla, B) (Db, 8)£(2)°)
If f(z) is given by (I), then from the above operator, we get

m a BN —a)+as\\™ , & (a+k—2)[A—a)B+ (a+k—1)5\™ ok
D, x5(a; B)f(2) :<1+(0¢—1)(ﬁ>> z +Z (1+ P ) ay(a)z +h-1

(5)
where the parameters as earlier defined. Varying the parameters involved in , it
gives birth to many operators which serves as a new generalization in this direction.
Two analytic function f and g written as f % g denote the the convolutions of two
functions given by

(f*9)(z _Z+Zakbkz

For complex parameters,

1/)1, ceey ﬂ)q (f)l, ) ¢s ((,ZSJ # O, 71, 72, ,j = 1, ceey 8) 5

by
qFS(¢13-"7wq;¢1,...7¢s’ Z 1 1/’q))k2'
T 0

(g<s+1;9q,s€ Ng=0,1,2,...; 2 € E), where (w)k is the pochammer symbol de-
fined, in terms of the Gamma function I', by

Nw+k) J1 k=0
Fw)  Nww+1)..(wt+k—=1) (k€N = Ny/0)

Corresponding to a function i (Y1, ..., ¥g; @1, ..., Ps; 2) defined by
h (u)la ~'~a'¢)q; ¢1> ceey (ZSS; Z) = Zqu (1/11, --~,1/1q; ¢1a ceey ¢s§ Z) ,

(Wi = (6)
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we consider a linear operator

H(wla "'awq;(bh "'7¢S) A — A7

defined by the convolution

H(wla "'ad}q;(bh "'7¢S) f(Z) =h (1/}17 --~7¢q§ ¢17 "'7¢S) f(Z)
It is observed that, for a function f(z)® of the form (3)), we have

H (wlv ~-~7¢q; ¢17 "')¢S) D/’T,‘k,(s(a7ﬁ)f(z)a

B o B(XA —a)+ as mza - (a+k—2)[(A—a),B+(a+k—l)é]a K ma oy otk
_(1+( 1>< Y )) +,§2Fk <1+ Wt A F ) k(o)
(7)

where

o (D) k15 ey (D)1 B

The linear operator comprises of other operators has been considered by, [5], [6],
[8] and [12].

Let ¢, s € N and suppose that the parameters 91, ...,9, and ¢, ..., ¢ are positive
real numbers. Also, let

0<#<m,0<B<1 —-B<A<B.

2. LEMMA AND DEFINITIONS

For the purpose of this present investigation, the following Lemma and definitions
are necessary:
Lemma [11] Let f be a function of the form

f(z)= Zakzk (zeU) (9)
k=1

analytic in E. If f < g and ¢ belongs to convex then |ax| <1 (k€ N).

Definition 1 Let T%(q, s, i1, A, 9, a, B, A, B) denote the class of functions f(z) € T

satisfying the following condition
H(¢17~~~ﬂ/’q§¢1»m,¢s)D,T,\,5(aaﬁ)f(Z)a 1+AZ

<1+(a— 1) (7/3(*“”“5))7"2& REEE

(10)
J7ES)

Definition 2 Let T%(0, q, s, 11, A, 0, a, 3, A, B) denote the subclass of the class T (q, s, i1, A, , a, 3, A, B)
of functions of the form (7)) such that arg(a,) = 6 for ax # 0(k € N).
In particular, for ¢ = s + 1 and 9,41 = 1, we write

TT?(G’Q78)/’L7>\757a’ﬁ’A7B) :TS(07S7IJ”A7670’7ﬂ7A’B) (q: S+ 17w8+1 = 1)'

Thus, we can write every function f(z)* from the the class T2 (0, q, s, 4, A, 8, a, 8, A, B)
in the form

f2)™ =2+ ¢ i Jag ()22 (11)
k=2
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3. MAIN RESULTS

Here, the coeflicient estimates, distortion theorems, extreme points, the radii
of convexity and starlikeness for the class T)%(6,q, s, u, A\, d,a, 3, A, B). Also, the
coefficient estimates for the class T.%(q, s, u, A, 9, a, 3, A, B) were derived.
Theorem 1 If a function f(z) of the form (3]) belong to the class T (0, q, s, i, A, 8, a, 8, A, B),
then

p+N) 4+ (a+k—2) (BN —a)+ (a+k—1)6)\" B-A
ZF ( (L+A) + (= 1(BA—a) +ad) ) lar(e)] < V1 — B2sin20 — Bcosf
(12)

where I'j, is defined in
Proof. Let a function f(2)* of the form T%(0,q,s,p, A, 0,a,8,A,B). Then by
and the definition of subordination, we have

where w(0) = 0 and |w(z)| < 1 for z € E. Thus we obtain

H(wl 11111 Vqib1yees (bs)Dﬂ A 5(‘1 ﬁ)f(z)a 1
(oD CoEg=E) =)~
(d’lg SUgiP1,. ,¢S)DL"A 5(0' B)f(z)o‘ A
(et

Hence, by @, we have

<1

<u+>\ (a+k—2)(6(>\—a)+(a+k—1)5)) ax(a)51 (13)

(u+ )+ (a—1)(BN—a)+ ad)

<B—A+J%”§§F*<O‘+M*(a+kQXWA@*(a+kU&)mmuwkkl e r

= k (p+A) + (= 1) (BN —a) + ad)
where Iy, is defined by (8). Putting z = (0 < r < 1), we find that

lw| < |B — A+ Bwe’| (14)
where for convenience

p+ XA+ (@+k=2)(B(A—a)+ (a+k—1)5)\" -
ZF ( (it N+ (@~ D(BON—a) + ad) > far(@)ir™

Since w is a real number, by we have
(1 — B*)w? — [2B(B — A)cosf]w — (B — A)* < 0. (15)
Solving this inequality with respect to w, we obtain
ZF ( ,u+)\( (a+k—2)(6()\—a)+(a+k—1)5)) la(a) [t < B-A

p+A)+ (a—1D(BA—a)+ ad) ~ V1 - B2sin20 — Bcosf
(16)

which upon letting » — 17, readily yields the assertion of Theorem.
Theorem 2 If a function f of the form (3]) belong to the class T (7, g, s, i, A, 0, a, 5, A, B),
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then
p+A)+ (a+k—=2)(BA—a)+ (a+k—1)5)\" B—-A
ZF ( LN+ (a— DB —a) + ad) ) ()l < T3
(17)

where I';, is defined in .

Proof. By the virtue of Theorem 1, we only need to show that the condition
is sufficient. Let a function f(2)® of the form satisfy the condition (L7)). Then,
in view of , it is sufficient to prove that

<u+/\ (a+k—2)(5()‘_a)+(a+k_1)5)>m|ak(a)|zk_l
(

LN+ (@ DB —a) 1 ad) (18)

pt )+ (atk=2)(BA—a)+ (a+k—1)5)\" -
1P BZF < (b4 A) + (a— 1B —a) + ad) ) |ar(a)|z

Indeed, 1ett1ng |z| = r(0 < r < 1), we have

pAN+(a+k=2)(BA—a)+ (a+k—-1)5)\" ~
ZF < (u+ 2+ (@ D(BA—a) + ad) > lax(e)le*™

(19)

p+ A+ (a+k—=2)(BN—a)+ (a+k—1)5)\" ko1
m|BoA- BZF ( Gt N+ (@ D(A0—a) + ad) ) lax (@2

- p+AN)+ (a+k=2)(BA—a)+ (a+k—1)8)\" o1
<<ZF (e e D0 Lo o) @b )

(B A— BZF <M+/\( (a+k_2)(ﬁ(>\_a)+(a+k_1)6)>m|ak(a)rk_1>
<0

p+A) + (a—1)(BN—a) + ad)

ot (N (@t k= 2) (B —a) + (a+ k=15 \"
(1+B) kZQFk ( L+ N+ (a—1)(B(A—a) + ad) > |lak ()| —(B—A)

(20)
which implies that f € T.%(nw,q, s, p, A, 6,a, 5, A, B).
Theorem 3 If a function f(z)* of the form (3|) belongs to the class f € T>(0, q, s, i, A, 9, a, B, A, B)
P (B_A) ((u—&—A)—&—(a—l)(ﬁ()\—a)—i—oﬁ))m a+1 < |A f( ) |
Do ((p+A) + (BN —a) + (a+1)8))™ V1 — B2sin20 — Beosh A0
(21)

o (B—A) ((k+ )+ (a—1)(BA\ —a) +ad)™ Lo+l
Lo ((+A) + (BN —a)+ (a+1)6))™ V1 — B2sin20 — Bcosf

where I';, can be obtained from .

Proof. From , we have

[e9)
(2)%] < 2%+ Z lar(a)|z2TF1 0 < |2] < 1.

Using ([12)), we get

[F(2)7] < 2%+

(B—A) ((1+N) + (@ = D(B(A — a) + ad))" <z < 1.
)

Lo ((p+A) + (BN —a) + (a+1)§))™ V1 — B2sin20 — Bcosf

<0. ze F
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Similarly, we get

[f(2)%] = 2% =

22T o<z <1

(B—A) (+A) + (o= D(BA = a) + ad))™
Do ((+A) + (BN —a) + (a+1)8)" V1 — B2sin20 — Bcosfl

which completes the proof.
Theorem 4 If a function f(z)“ of the form (3] belongs to the class f € T%(0, q, s, 1, A, 6, a, 8, A, B)

act__ @+ DB-A)(p+ N+ (@-DBEA-a) +ad)" n ey
Ty (1 +A) + (B —a) + (a+1)8))™ V1 — B2sin2 — Bcosf <l ((A“)’A";f( )
22

sty @FDB-A N+ @-DEA-a) +ed)"
- Lo (4 A) +a(BA—a) + (a+1)8))™ V1 — B2sin20 — Bcosf
where I's can be obtained from .
Proof. From (3f), we have

az

| (f(2)*) 2743 (et k= Dla(@)[z22 0< o) <1 (23)
k=2

Using , we get

(F(2)*) | < az® 14 (a+1)(B—A) ((n+A) + (= 1)(BA —a) + ad))™

Do ((+A) + (BN —a) + (a+1)8)" V1 — B2sin20 — Bcosf)

z% 0< |zl < 1L

Similarly, we get
|[(f(2)) | > az*" = (a+1)(B—A) ((u+A) + (= 1)(B(A —a) + ad))™
) Ta (1 +2) +a(B(A = a) + (e +1)8))" VI — B?sin®f — Beos?

which completes the proof.
Theorem 5 Let f € T (m, q,s, 1, A, 9, a, 8, A, B) and

a1 (B=A) (p+ )+ (a=1)(BA—a) +ad)" Ltk
(1+B)Ts((p+ XN+ (a+k—2)(BA—a)+ (a+k—1)5))"

if and only if it can be expressed in the form

= Z on.fr(z)
k=0

where 5, > 0and ) ;- ; = land f|s for k > 0 are the points for T (m, ¢, s, i1, A, 8, a, B8, A, B).

Proof. Let
o0
2) =Y enfil(2)
k=0

N (B=A) ((n+ )+ (o= DBA —a) + ad)™ oth—
(1_Z¢k>z +Zw’“< R [ (T e ey v 1)

z% 0< |z <1,

k>2

_ aii (B—=A) (1 + )+ (= D(BA —a) +ad))™ Lath—1
PO+ B (p+ N+ @tk —2)Br—a) + (atk—1)3)"

which proves that f € T*(w,q, s, u, A, 0,a, 5, A, B). Since

L (1+B)TL (u+ N+ (a+k—2)(BA—a)+ (a+k—1)5)"
(B—A)((n+A) + (a = 1)(B(A — a) + ad))™

k=2
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o (B=A)(p+ M)+ (a =1)(BA—a) +ad)™
PATBTL(p+ N+ (a+k—2)Br—a) + (a+k—1)o)"

Z@k <l-p <L
k=2
Conversely, suppose that f € TY(w,q,s, 1, A\, d,a, 8, A, B) then using we set
_ (4B (N + (e +k—2)(BA—a) + (e + k — 1)5))ma (a)
. (B—A) (i + N+ (@—1)(BA—a) +ad))" ‘

for k> 2and o1 =1— 3,7, k. Thus

BT NI S RS (B—A) (k4N + (e = D(BA —a) +ad)™ Latk—1
1) kz::z' k() fo(2) ,c;<1+B)rk<<u+x>+<c«+k—2)<5(x—a>+<a+k—1)6))m
o0 o0
= fo(z) = )_ [z°fu(2)] ¢r = Z o fr(2)
k=2 k=2

this completes the proof.
Theorem 6 If a function f belongs to the class T2 (6, q, s, u, A, 8, a, 3, A, B), then
f is convex of £(0 < ¢ < 1) in the disk U(r°) where

= inf { (L= &)(B = A) ((u+ ) + (- D(BA—a) + as))" }
T k2 L k(k— &+ BTy (k+ N+ (at+k—2) (BN —a) + (a+k—1)5)"

,rC

(24)
and I'y, is defined by . For 6 = 7, the result is sharp that is
RC(TS(TI-’q?S7u7A767a7/87A7B)):TC
where 7¢ is defined by .

Theorem 7 If a function f belongs to the class T2(6, q, s, u, A, J, a, 8, A, B), then
f is starlike of p(0 < p < 1) in the disk U(r*) where

r* = inf{ (1—p)(B—A) ((t+ )+ (e — 1)(B(X — a) + ad))" }k
S22 (k= p) 1+ BTk ((u+ M)+ (a+k—=2) (BN —a)+ (a+k—1)§)"

(25)
and 'y is defined by . For 6§ = 7, the result is sharp that is

R* (T'I(‘I,](Tr7 q? s? /’L7 AV 57 a" /37 'A7 B)) = T*
where r* is defined by .
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