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FABER POLYNOMIAL COEFFICIENT ESTIMATES FOR A
COMPREHENSIVE SUBCLASS OF m-FOLD SYMMETRIC
ANALYTIC BI-UNIVALENT FUNCTIONS

SERAP BULUT

ABSTRACT. In this work, considering a general subclass of m-fold symmetric
analytic bi-univalent functions, we determine estimates for the general Taylor-
Maclaurin coefficients of the functions in this class. For this purpose, we use
the Faber polynomial expansions. In certain cases, our estimates improve some
of those existing coeffcient bounds.

1. INTRODUCTION

Let A denote the class of all functions of the form
) =2+ anz" (1)
n=2

which are analytic in the open unit disk U={z:z2€ C and [z <1}. We also
denote by S the class of all functions in the normalized analytic function class A
which are univalent in U.

It is well known that every function f € S has an inverse f~!, which is defined
by

i) =2 (z€U)
and )
Pt @) =w (el <n@in) = ]).
In fact, the inverse function g = f~! is given by
g(w)=f1(w) =w—aw? + (2a§ —as) w3 — (5ag — bagas + as) w4 (2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. Let ¥ denote the class of bi-univalent functions in U given by . The class
of analytic bi-univalent functions was first introduced and studied by Lewin [32],

where it was proved that |az| < 1.51. Brannan and Clunie [6] improved Lewin’s
result to |az| < v/2 and later Netanyahu [34] proved that |as| < 4/3. Brannan and
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Taha [7] and Taha [42] also investigated certain subclasses of bi-univalent functions
and found non-sharp estimates on the first two Taylor-Maclaurin coefficients |as|
and |ag|. For a brief history and interesting examples of functions in the class
Y, see [38] (see also [7]). In fact, the aforecited work of Srivastava et al. [3§]
essentially revived the investigation of various subclasses of the bi-univalent function
class ¥ in recent years; it was followed by such works as those by Frasin and
Aouf [22], Xu et ol. [44, [45], Hayami and Owa [28], and others (see, for example,
[, 8, [, [0} [T, 12, (13, B3, 33, 35, 37]).

Not much is known about the bounds on the general coefficient |a,,| for n > 3.
This is because the bi-univalency requirement makes the behavior of the coefficients
of the function f and f~! unpredictable.

On the other hand, the Faber polynomials introduced by Faber [2I] play an
important role in various areas of mathematical sciences, especially in geometric
function theory. The recent publications [I8], [24] and [27] applying the Faber
polynomial expansions to meromorphic bi-univalent functions to determine esti-
mates for the general coefficient bounds |a,| motivated us to apply this technique
to classes of analytic bi-univalent functions, see [2), B} 14}, [I5] 16} 25] 29 311 [40].

Let m € N = {1,2,3,...}. A domain E is said to be m-fold symmetric if a
rotation of E about the origin through an angle 27 /m carries E on itself. It follows
that, a function f (z) analytic in U is said to be m-fold symmetric (m € N) if

f (62m‘/m2) = e2mi/m g ().

In particular every f (z) is 1-fold symmetric and every odd f (z) is 2-fold symmetric.
We denote by S, the class of m-fold symmetric univalent functions in U.

A simple argument shows that f € S, is characterized by having a power series
of the form

fz) =2+ Z g1 2" (z€U, meN). (3)
k=1
Srivastava et al. [39] defined m-fold symmetric bi-univalent functions analogues

to the concept of m-fold symmetric univalent functions. For normalized form of f
given by , they obtained the series expansion for f~! as following:

gw) = f(w)

= w—apw™ T+ [(m+1)al, 4 — azmpr ] W

2

oo

k+1

w + § Appp1w™ A
k=1

We denote by 3, the class of m-fold symmetric bi-univalent functions in U given
by . For m = 1, the formula coincides with the formula of the class X.
For some examples of m-fold symmetric bi-univalent functions, see [39].

The coefficient problem for m-fold symmetric analytic bi-univalent functions is
one of the favorite subjects of geometric function theory in these days, see [17, 26,
39, [41]. Here, in this paper, we use the Faber polynomial expansions for a general
subclass of m-fold symmetric analytic bi-univalent functions to determine estimates
for the general coefficient bounds |amk+1] -

1 ;
- [ (m+1)(3m+2) a;n’nﬂ — (3m + 2) g 1G2m i1 + Q3mgr | W 4
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2. Tue Crass Ny, (o, )

Firstly, we consider a comprehensive class of m-fold symmetric analytic bi-
univalent functions defined by Bulut [17].

Definition 1. (see [I7]) For A > 1 and u > 0, a function f € ¥, given by is
said to be in the class ./\/'gm (ar, A) if the following conditions are satisfied:

%((1—»(fiz))umf’(z)(fiz))u_l) > a (5)
R ((1 ~ ) (5’501‘”)“ + g’ (w) (f’fuw)yl) >a (6)

where 0 <a<1l;meN; z,weUand g= f1is deﬁnedby.

and

Remark 1. In the following special cases of Definition [I, we show how the class of
analytic bi-univalent functions Ngm (a, \) for suitable choices of A, u and m lead
to certain new as well as known classes of analytic bi-univalent functions studied
earlier in the literature.

(i) For p = 1, we obtain the m-fold symmetric bi-univalent function class

Ng o (@, 0) = A3, (@)

introduced by Siimer Eker [4I]. In addition, for m = 1 we have the bi-univalent
function class

NEl,l (Oé, >‘) = BZ (Oé, >‘)

introduced by Frasin and Aouf [22].

(ii) For 4 =1 and A = 1, we have the m-fold symmetric bi-univalent function class
Nﬁll,m (Oé, 1) = Hz,m (O[)

introduced by Srivastava et al. [39]. In addition, for m = 1 we have the bi-univalent
function class

Nz 1 (@,1) = Hs (a)
introduced by Srivastava et al. [38].
(iii) For =0 and A = 1, we get the class

Ng,m (O‘a 1)

of m-fold symmetric bi-starlike functions of order « (see [20]). In addition, for
m = 1 we have the bi-starlike function class

Nz (o,1) = 85 (a)

introduced by Brannan and Taha [7].
(iv) For A = 1, we have a new class

g,m (a,1) = Ps,m (o, 1)

which consists of m-fold symmetric bi-Bazilevi¢ functions.
(v) For m = 1, we have the bi-univalent function class

Ng,l (o, ) = Ng (cr, A)
introduced by Gaglar et al. [19].
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3. COEFFICIENT ESTIMATES

Using the Faber polynomial expansion of functions f € A of the form , the
coefficients of its inverse map g = f~! may be expressed as, [1I:

— - 1 —n n
gw)=f 1(w):w+ZﬁKn,1(a2,a3,...,an)w : (7)
n=2
where K™ is a homogeneous polynomial in the variables as,as,...,an, [5]. In

particular, the first three terms of K", are
Ki{?=-2a,, K;®=3(2a3—a3), K;'=—4(5a}— basas+as).
In general, for any n > 2 and for any p € R, an expansion of K? is as, [II,

(p—1)

| |
Kﬁ:pan+p 5 D: pi n

D3 +...
(p—3)!3! nt +(p—n)!n! "

where D!, = D! (a3, as,...,a,), and by [43],

D? +

l Z ’ i -
Dn(a27a37~~.7an): ﬁazl...an“ 1,
— 11 lp—1-
n=2
and the sum is taken over all non-negative integers 41, ..., %,—1 satisfying
i1+ia+ - +in1 = 1

n — 1.

i1+2i2—|—-~-—|—(n—l)in_1

It is clear that DI (ag,...,a,) = aj.
Similarly, using the Faber polynomial expansion of functions f € A of the form

, that is,

3=

(oo} o0
F2) =2+ ampp 2™ =24 > K7 (a,a3,..., aper) 2",
k=1 k=1

the coefficients of its inverse map ¢ = f~! may be expressed as:

1

mk+1
mk + 1 '

—(mk+1)
K, (@m41, G2m41s -+ oy Gmkg1) W

gw)=f"(w) =w+)
k=1
(®)

Consequently, for functions f € Ngm (a, A) of the form , We can write:

(1-)) (fiz)yﬂf’ (2) (Jciz))u_l = 1+i Fi (Gmt1, Q2mi1s - -+ Qo) 2™,

k=1
(9)
where
Fi (@mt1, G2mat1s -« s Gmk+1) = [+ mEN x [(p— )] (10)
« Z Uy 1011 - '~aerk+1
141751 i1 — (1 1 1 |
iy 2in b kip—k 21:220 .. U [,U, (21 + 12 + + lk)].
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is a Faber polynomial of degree k. In particular, the first three terms of F, (am+1, @2m+1, - - - » Gmk+1)
are
o= (p+mA)amr
F o= 2m\ p=1 o
2 = (Bt 2mA) | —an + Gama
—1 —2
Fy = (p+3mA) |:(M)3'(/i)a§n+1 + (1 = 1) amy102m+1 + a3mt1

Our first theorem introduces an upper bound for the coefficients |a,x+1] of m-
fold symmetric analytic bi-univalent functions in the class Ngym (o, M) .

Theorem 1. For A > 1, u > 0, m € N and 0 < a < 1, let the function f €
NE . (@, X) e given by @) . If amjp1 =0 (1 <j<k—1), then

2(1—-a)
W+ mkA

Proof. For the function f € N&  (a, ) of the form (3]) , we have the expansion @
and for the inverse map g = f~!, considering and , we obtain

(1-2) (9’(7“”)>“+Ag’ (w) (*"Z‘”)M _ 1+’§ Fo (Amsts Asmsts o Amgesn) 0™,

(k> 2).

|a’7nk+1 ‘ S

w
(11)
with
1 —(mk+1)
—K
mk+1"F
On the other hand, since f € N§ ,, (a,A) and g = f~1 € N, (o, \) , by definition,
there exist two positive real part functions

Amks1 = (@41, G2m41s -+ - 5 Gmkt1) (k>1). (12)

p(z):l—l—chzmkeA and q(w)zl—l—dewmkEA,
k=1 k=1

e R(p() >0 and R(q(w) >0
in U so that
0= (L) wapio (£2)
= a+(1-a)p(z)
- 1+(1—a)§:K,§ (c1,2,- -y cx) 2™ (13)
and .

03 (292)" g (£02)

= at(l-a)gq(w)

= 1+(1—0a)) K} (d,d,... dg)w™, (14)
k=1
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respectively. Note that, by the Caratheodory lemma (e.g., [20]),
lek| < 2 and lde] <2 (ke€N).
Comparing the corresponding coefficients of (9) and , for any k > 1, yields

Fi (@1, G2mits - - s ampt1) = (1 —a) K} (c1,¢0, ..., ¢1), (15)
and similarly, from and we find
i (Ams1, Aoty oy Ami1) = (1 — @) K (dy,da, - .., di) - (16)
Note that for a,,;+1 =0 (1 <j <k —1), we have
Apk+1 = —Qmkt1
and so
(n+mk) a1 = (1 —a)cy,
—(p+mkX) ampr1 = (1—a)dy.

Taking the absolute values of the above equalities, we obtain

_ (-]  (A—a)ldi| _2(1—a)
|amk+1|_ - < ;
w4+ mkA w4+ mkA @+ mkA

which completes the proof of the Theorem O

By setting 4 = 0 and A =1 in Theorem [} we obtain the following consequence.

Corollary 2. [26] For m € N and 0 < «a < 1, let the function f € ./\/'onym (a, 1) be
given by . Ifamjs1=0 (1<j<k—1), then
2(1-a)

mk
Remark 2. By setting m = 1 in Theorem [I} we get [14, Theorem 1].

|amk'+1| < (k > 2)

Theorem 3. For A > 1, u >0, m € N and 0 < a < 1, let the function f €
§7m (a, \) be given by . Then one has the following

4(1—a) m(u+2m/\7m/\2)
Virzonerm 0 0 2< Gmmneem

|am 1] < 4D
2(1—a) m(,u+2m)\—m)\2)
T NG <@ <1
. 2(m4+1)(1—a)  2(m+1)(1-a)? | 2(1—a)
i { GrmN(Fm) * (armn? /t+2mA} » Osp<d
lazm+1] < ’
2(1—a)
pn+2mA oM Z 1
(18)
oy I 2(1-a)
2m+1 9 m+1| = L + 2m/\'
Proof. If we set k=1 and k=2 in and , respectively, we get
(H + 77’))\) Am+1 = (1 - Oé) C1, (19)
-1
(e +2mA) [M 5 aZ g+ a2m+l:| =(l-a)e, (20)

= (H+mA)amir = (1 —a)d, (21)
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+2m+1
%afnﬂ — agmi1| = (1 — ) da. (22)

From and , we find (by the Caratheodory lemma)
I-—a)fa|l  (A-a)|d| _2(1-0a)

(1 +2mA)

mat] = = < . 23
[@m 1] 0w+ mA w+mA T p4mA (23)
Also from and , we obtain

(1 +2mA) (+m)ag, = (1—a) (e +do). (24)

Using the Caratheodory lemma, we get

lam11] < \/ 11 ~a) ;
(1 +2mA) (p+m)

and combining this with the inequality , we obtain the desired estimate on the
coefficient |a,,+1| as asserted in .

Next, in order to find the bound on the coefficient |as,;,+1|, we subtract
from . We thus get

(1 +2mA) [= (m + 1) af iy + 2a0m41] = (1 — @) (c2 — da)

or
m—+1 9 (1—@)(02—d2)
il = ——— LA 25
a2m+1 ) Am+1 + 9 ('u ¥ 277’7)\) ( )
Upon substituting the value of a2, ,; from into , it follows that
. S mAl(1-a)’d  (1—a)(e—do)
2m+1 —
i 2 (utm\? | 2(p+2m))
We thus find (by the Caratheodory lemma) that
2m+1)(1-a)’ 2(1-a
] < 2 DU ) 20~ 0) (26)

(14 mA)? A+ 2mA’

On the other hand, upon substituting the value of a2, ,; from into (25) , it
follows that
11—«

2 (p+2mA) (u+m)
Consequently, (by the Caratheodory lemma) we have

A2m+1 = [(p+2m+1)co+ (1 — p)da].

l-«a
w4 2mA) (u+ m)
Combining and , we get the desired estimate on the coefficient |ag;,11] as
(18)

l2m+1] < ¢ [(n+2m+ 1) + 1 - pl]. (27)

asserted in
Finally, from , we deduce (by the Caratheodory lemma) that

p+2m+1 4 (I1—-a)|ds]  2(1—-a)
a2m+1 — 70‘771-&-1 = S .
2 W+ 2mA 1+ 2mA
This evidently completes the proof of Theorem O

By setting g = 1 in Theorem [3] we obtain the following consequence.
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Corollary 4. For A > 1, m € N and 0 < a < 1, let the function f € Ag,m (o) be
given by . Then one has the following

4(1—a) m(1+2m)\—m)\2)
i 0 0 < armmnatm
|Cl,m+1| S 5
2(1—a) m(1+2m/\7m/\2)
1+mA ’ (142mX)(1+m) Sa<l
2(1—a)
< 2
l2ml < 508

2(1-a)
I a2, |< 2"

Remark 3. Corollary [4] is an improvement of the estimates obtained by Siimer
Eker [41, Theorem 2].

By setting 4 = 1 and A = 1 in Theorem [3] we obtain the following consequence.

Corollary 5. For m € N and 0 < a < 1, let the function f € Hx m (o) be given
by . Then one has the following

4(1—«) m
| < Temyars 0 0 a< i,
am+1 > 9
2(1—a) m_ <]
1+m ? 1+2m —
2(1-a)
< — 7
|a2m+1‘ =71 + 2m )
2(1-a)

[azms = (mt D | < T5500

Remark 4. Corollary [5]is an improvement of the estimates obtained by Srivastava
et al. [39, Theorem 3].

By setting 4 = 0 and A = 1 in Theorem [3] we obtain the following consequence.

Corollary 6. (see also [26]) For m € N and 0 < « < 1, let the function [ €
Ng_’m (a, 1) be given by (3) . Then one has the following

2(1—
7(m2a) , 0<a<i
‘am+1‘ S )
2(1—a) 1
m v 2 <a<l
(m+1)(1—a) 2m+1
e v 0<a <5y
lagmi1] < . :
2(m+1)(1—a) 1—a 2m+1
m?2 + m > 2(m+1) <a<ld
2m+1 5 l—«a

A2m+1 — 2 am+1 S m .
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