Journal of Fractional Calculus and Applications
Vol. 8(1) Jan. 2017, pp. 59-77.

ISSN: 2090-5858.
http://fcag-egypt.com/Journals/JFCA/

ON FEJER TYPE INEQUALITIES VIA LOCAL FRACTIONAL
INTEGRALS

MEHMET ZEKI SARIKAYA AND HUSEYIN BUDAK

ABSTRACT. In this paper, we establish some weighted version of the gener-
alized Hermite- Hadamard type, so-called Hermite-Hadamard-Fejér type, in-
equalities for local fractional integrals. Then, we obtain several inequalities
related both left and rigt side of this inequality using the local fractional inte-
grals and generalized convex functions.

1. INTRODUCTION

Theorem 1 (Hermite-Hadamard inequality). Let f : I C R — R be a convex
function on the interval I of real numbers and a,b € I with a <b. If f is a convex
function then the following double inequality, which is well known in the literature
as the Hermite—Hadamard inequality, holds [9]

(5) Sbia/abf(“d“W' -

In [2] and [3], Dragomir et al. proved the following results connected with the
Hermite-Hadamard inequality:

Theorem 2. Let f : [a,b] = R be a twice differentiable mapping such that there ex-
ists real constants m and M so that m < f” < M. Then, the following inequalities

hold:
—a)® a b —a)?
m(b24) sf();rf(b)bia/af(x)dng(bM) (1.2)
and
—a)® b a —a)’
m(b24)§b—1a/a f(x)dx—f( ;b)SM(b%:). (1.3)

The most well-known inequalities related to the integral mean of a convex func-
tion are the Hermite Hadamard inequalities or its weighted versions, the so-called
Hermite-Hadamard-Fejér inequalities (see, [5], [10]-[20]). In [4], Fejer gave a weighted
generalizatinon of the inequalities (1.1) as the following:
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Theorem 3. f:[a,b] = R, be a convex function, then the inequality

f(a;rb)/a w(z dx<7/ fa < fle );rf()/a wz)de  (1.4)

a+b
2

holds, where w : [a,b] — R is nonnegative, integrable, and symmetric about x =
(i.e. w(x) =w(a+b—1x)).

In [6], Minculete and Mitroi presented the following important inequalities;

Theorem 4. Let f : [a,b] = R be a twice differentiable mapping such that there ex-
1sts real constants m and M so that m < f” < M. Then, the following inequalities
hold:

mM A 0 < M@ @M O - F @ -NE (15)
< M%(b—a)2
and
2
m@ (b—a)? (1.6)
Fa+0=Xb)+f(1—=XNa+ D) a+b
= 2 f( 2 )
< 1\4(1_8”)2(b—a)2
for X € [0,1].

And using the Theorem 4, some inequalities of Hermite-Hadamard-Fejer type
for differentiable mappings were proved as follows:

Theorem 5. Let f : [a,b] — R be a twice differentiable mapping such that there
exists real constants m and M so that m < " < M. Assume g : [a,b] = R is non-

negative, integrable, and symmetric about x = “TH’. Then, the following inequalities
hold:

T;/ab(ta)(bt)g(t)dt < f(Hf( / £)dt — /f tdt (1.7)
M/ (t—a) (b ) g(t)dt

b b b
5[ e-a-itown < [ roeoa-r(50) [Cana o
< J\S/[/b(%ab)Qg(t)dt.

2. PRELIMINARIES

IN

and

Recall the set R® of real line numbers and use the Gao-Yang-Kang’s idea to
describe the definition of the local fractional derivative and local fractional integral,
see [21, 22] and so on.

Recently, the theory of Yang’s fractional sets [21] was introduced as follows.
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For 0 < a < 1, we have the following a-type set of element sets:
Z% : The a-type set of integer is defined as the set {0%, £1, £2% ... +n®% ...} .
Q“ : The a-type set of the rational numbers is defined as the set {m® = (%)
p,q € Z, q # 0} .
J* : The a-type set of the irrational numbers is defined as the set {m® # (%)
p.q € Z, q #0}.
R® : The a-type set of the real line numbers is defined as the set R* = Q* U J<.
If a®, b and c® belongs the set R* of real line numbers, then
(1) a® + b and a*b* belongs the set R*;
Ja* +b* =b*+a*=(a+b)" =(b+a)";
) a®+ (b* 4+ ¢*) = (a+b)* + ¢
) a“b* = b*a® = (ab)” = (ba)”;
) (baca) — (aaba) Ca
(7) a® 4+ 0% = 0% + a® = a® and a®“1% = 1%a® = a®.
The definition of the local fractional derivative and local fractional integral can
be given as follows.

Definition 1. [21] A non-differentiable function f : R — R, x — f(x) is called
to be local fractional continuous at xg, if for any € > 0, there exists § > 0, such that

[f (@) = f(zo)] <&®
holds for |x — xg| < 0, where ¢,06 € R. If f(x) is local continuous on the interval
(a,b), we denote f(x) € Cq(a,d).

Definition 2. [21] The local fractional derivative of f(x) of order a at x = x¢ is

defined by
S| A )~ ()

dz® z—a0 (x —m9)"

f(a)(xo) =

where A (f(z) — f(z0)) ZT(a -+ 1) (F(z) — F(z0)).

(2
(3
(4
(5
(6) a
7

)

k-+1 times
——
If there exists f*+1De () = D...D f(x) for any = € I C R, then we denoted
[ € Dig1ya(I), where k =0,1,2, ...
Definition 3. [21] Let f(z) € C, [a,b]. Then the local fractional integral is defined
by,

(@)
ol (@) a—|—1 /f O T(a+1) —|—1 Ataozf A%

with Atj = tj+1 — tj and At = maX{Atl,AtQ, ...,At]\]_l}, where [tj,tj+1], ] =
0,.... N—=1landa=1ty <t; <..<ty_1 <ty =D is partition of interval [a,b].
Here, it follows that (I f(x) =0 if a = b and I f(x) = —p I3 f(x) if a < b. If
for any x € [a,b], there exists (I f(z), then we denoted by f(z) € IS [a,b].
Definition 4 (Generalized convex function). [21] Let f : I C R — R®. For any
x1,x2 € I and X € [0,1], if the following inequality
fQzy+ (1= Naz) < A% f(21) + (1= A)* f(22)

holds, then f is called a generalized convex function on I.
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Here are two basic examples of generalized convex functions:
(1) f(z)=a*P, 2 >0,p>1;
(2) f(z) = Ey(z®), € R where E,(z%) = > F(%I;m) is the Mittag-Leffer
k=0
function.

Theorem 6. Let f € D, (I), then the following conditions are equivalent
a) [ is a generalized convex function on I
b) [ s an increasing function on I
¢) for any xq,x9 € 1,

(22 —21)"

f(z2) — f(x1) > Tta)

Corollary 1. Let f € Dyy(a,b). Then f is a generalized convex function ( or a
generalized concave function) if and only if

£ (@) 2 0 (or £ (@) < 0)
for all z € (a,b).

Lemma 1. [21]
(1) (Local fractional integration is anti-differentiation) Suppose that f(x) =
g (z) € Cy [a,b], then we have

I f() = g(b) — gla).

(2) (Local fractional integration by parts) Suppose that f(x), g(x) € Dy [a,b] and
f@(x), ¢ (x) € Cyla,b], then we have

I F@)g ) (@) = F@)g@) —a I F (2)g().
Lemma 2. [21] We have

Z) Ao ke B F(]_ + ]{1()6) L(k—Da.
dre T+ (k—1)a) ’
1 b I'(1+ ka)

ko a (k41 _ ,(k+1)c
¥ (dx) I‘(l—i—(k—i—l)a)(b a ), k€R.

Lemma 3. [21] Suppose that f(x) € C, [a,b], then
@ (W1 F0)
dz®

Lemma 4 (Generalized Holder’s inequality). [21] Let f,g € Cy [a,b], p,q > 1 with
Lyl _1 then
D + q ’

i) N(a+1) L{

=f(z) a<z<b.

1
q

S

b b b
L @ 1 P @ 1 q «
NCES) / |f(z)g(z)| (dz)* < T il / |f ()| (dz) et D / lg(x)|? (dz)

In [7], Mo et al. proved the following generalized Hermite-Hadamard inequality
for generalized convex function:
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Theorem 7 (Gereneralized Hermite-Hadamard’s inequality). Let f(x) € I [a, D]
be generalized convex function on [a,b] with a < b. Then

a+b) _T(1+a) fla) + £(b)

The interested reader is refer to [1],[7],[8],[11]-[15],[21]-[25] for paper related to
local freactional.

In this paper, we firstly establish generalized Hermite-Hadamard-Fejer inequality
via local fractional integrals. Then, we obtain several inequalities related both left
and right side of this inequality using the local fractional integrals and generalized
convex functions.

3. MAIN RESULTS

Now, we give the following our results:

Theorem 8 (Hermite-Hadamard-Fejer inequality). Let f(z) € i [a,b] be a gen-
eralized convex function on [a,b] with a < b. If g : [a,b] — R® is nonnegative, local
fractional integrable and symmetric ‘%rb, then the following inequalities for local

fractional integrals hold

f (a;b> I () < WLV () gla) < W oIV (). (3.1)

Proof. Since f be a generalized convex on [a, b], we have for all t € [0, 1]

f<a+b> _ f<at+(1t)b+tb+(1t)a> (3.2)

2 2

IA

2%[f(at+(1—t)b)+f(tb+(1—t)a)].

Multiplying both sides of (3.2) by F(1+ g(th + (1 — t)a), then integrating the
resulting inequality with respect to t over [0, 1], we get

1

f(“;rb> O/gtb+ (1 - t)a) (dt)® (3.3)

< /gtb+ (1 —t)a)[f (at+ (1 —t)b) + f (tb+ (1 — t)a)] (dt)”
0
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Setting x = tb + (1 — t)a, and (dx)” = (b — a)® (dt)” gives

b
f<aJ2rb> (b—a)alr(l—i—a)/g(x) (dz)”

a

IA

b b
1 1 X )
20 (b—a)°T (1+a) {/f (a+b—x)g(x) (dz) +/f(m)g(x)(dm) }

a

b b
- > 22— (1+a) {/f a+bx)(dzr)aJr/f(a:)g(x)(dx)o‘}

b
- (b—a)“lr(1+a)/f(x)g(a:) (dx)

which completes proof of the first inequality in (3.1). For the proof of the second
inequality in (3.1), we first note that if f is a generalized convex function, then, for
all t € [0, 1], it yields

flat+ (1 =1)b) + f b+ (1 —t)a) < f(a) + f(b). (3-4)

Multiplying (3.4) by F(l a9 g(tb+ (1 —t)a), then integrating the resulting inequality
with respect to ¢ over [0, 1], we get:

/gtb+ (1= t)a)f (at + (1 £)b) (d)°
0

gtb+ (1 —t)a)f (tb+ (1 — t)a) (dt)”

O\H

1

< [f(a)+ f(b) /gtb+ (1= t)a) (dt)°

0

This implies that

b
1 «
(b_a I'(l1+a) /f "< @+ 1) (b—a)al“(1+a)/g(x)(d$)

which proves the second inequality in (3.1). O
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Theorem 9. Let f(x) € Dag [a,b] such that there exist constants m,M € R so
that m < %) (z) < M for x € [a,b]. Then
mt*(1 — )«

P a) (a —b)** (3.5)

IN

t*f(a) + (L =) f(b) — flat + (1 = 1)b)

Mite(1 — ) .
< @

for all t € ]0,1].
Proof. We consider the function g : [0,1] — R* defined by

mt* (1 — )«

_m(a—b)m.

g(t) =t f(a) + (1 — ) f(b) — f(at + (1~ t)b)
Since

g2I(t) = (a = b)** [m— FE(at + (1 - )] <0,

=g9(1) =0,

0=t"g(1) + (1 — £)*g(0) < g(Lt + (1 — 1).0) = g(t)

for all ¢ € [0,1]. Thus,we obtain the first part of inequality (3.5).
To see that the later inequality holds, we take the generalized convex function
h:[0,1] — R defined by

then ¢ is a generalized concave function. Therefore, since g(0)

Mte(1 — t)e

~ P ita) (a —b)*.

h(t) =t f(a) + (1 = )% f(b) — f(at + (1 — t)b)
Since h(0) = k(1) = 0, which implies that
0=t"h(1) 4+ (1 —t)*h(0) > h(1.t + (1 — t).0) = h(t)
for all ¢ € [0,1]. This completes the proof of the theorem. |

Corollary 2. Suppose that the assumptions of Theorem 9 are satisfied, then we
have the inequality

m (1 — Zt)a 20
2aT2 (1 + ) (b—a) (3.6)
fta+ (1 —1)b) + f((1 —t)a + tb) a+b
< - -1(%57)
M (1-2t)" (b— )™

= 9aT2(1+ o)
for allt €10,1].

Proof. According to Theorem 9 for ¢t = %, we obtain the following result,

m 2a f(a) + f(b) a+b M 2a
m(a—b) < 50 —f< > )S23a1“2(1+a)(a_b) .
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Therefore we consider the above inequality (3.7) replacing a — ta + (1 — ¢)b and
b — (1 —t)a+1tb (the hypothesis m < f(® < M is still working on the interval with
these endpoints because it is contained by [a,b]) and we get the claimed result. O

Theorem 10. Let f(x) € Daq [a,b] such that there exist constants m,M € R* so
that m < fC% (z) < M for x € [a,b]. Assume g : |a,b] — R* is nonnegative, local
fractional integrable and symmetric 22, then the following inequalities for local

2
fractional integrals hold

b
m / (z =) (a - 2)g(x) (dz)" (3.8)

a

fla) + f(b)
20¢

IN

odig (@) —a I f (2) g(2)

b
M a a @
< gEiga [ @0 -0 )

and

b
m

3aT3 (1 - a) / (a+b—22)"g(x) (dr)” (3.9)

a

< T @ew -1 (50) e e)

b
M

< m/(a—!—b—%v)a o) (do)”

a

Proof. Multiplying both sides of (3.5) by ﬁg(m + (1 — ¢)b), then integrating
the resulting inequality with respect to ¢ over [0, 1], we get

Ty LU / (1= 1)%(ta+ (1 - 1)) (d1)"
@) [ )
o [ t"g(ta+ (1 —1)b) (dt)
/
1
U /(1 —t)%g(ta + (1 — t)b) (dt)
0

—#/f(atqt(17t)b)g(ta+(1—t)b) (db)®
0
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1
M
— ) [ (1 — )%t 1 —t)b) (dt)”
< grrrray (@07 [ 0= gt + (L= 0p) @)
0
This implies that, by using the change of the variable ta + (1 — ¢)b =

m

b
T S / (=07 (=) () (@)° (310)

b

= (a— / ) (@

Jr
=
S
=
D\Q_
—
s
|
<
=
Q
<
—~
<
=
—
U
=
Q

e | B a0 @)

a

On the other hand, because of the symmetry of g, for u = a + b — x, we also have

b
m

eI Ty / (0= 0)" (0 —a)g(x) () (31)

b
a—1x) d:z:a
(a—bZa 1+a / )

b
f() . )
+(a—b)2ar(1+a) a/(x_b) g(z) (dx)

b
1

(a—b)°T(1+a) /f(w)g(x) (dz)®

a

b
@=0° 2“1“3 T+ o) / (= b)" (a—z)%(x) (dz)*.

Adding (3.10) and (3.11) we obtain (3.8).

The second part is established in a similar manner, we follow same steps as
above, using (3.6) instead of (3.5). The computation is straightforward, taking into
account the symmetry of g (applied now as g(ta + (1 —t)b) = g((1 — t)a + tb)). We
omit the details. This completes the proof. ([l
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We will establish a new result connected with the left-hand sides of (3.1) used
the following Theorem.

Theorem 11. Let I C R be an interval, f : I° C R — R (I° is the interior of 1)
such that f € Do (I°) and f(*) € C, [a,b] for a,b € I° witha < b and g : [a,b] — R"
is nonnegative and local fractional integrable, then the following equality for local
fractional integrals holds:

1 @) -1 (557 ) o) = S [k e+ (1= ) @0
’ (3.12)
where
71—‘(1]:1-(1) Oftg(sa +(1—s)b) (ds)*, te[0,d)
k(t) =
ﬁ _[g(sa +(1—3s)b) (ds)*, te[3.1].
Proof. Tt suffices to note that
K (3.13)
1
_ 1 (@) (4q + (1 — a
- s O/k:(t)f (ta + (1 — 1)b) (dt)
_ 1+a / . 1+ /gsa—|— (1= )8) (ds)° | £ (ta+ (1 — £)b) (dt)°
0 0

1 a) / (1“(11—‘,—a) /g(saJr(lfs)b) (ds)o‘) f(a)(taJr(lit)b) (dt)a

K+ Ks.

Using the local fractional integration by parts, we have

Nl=

K, = /gsa—|— (1 —s)b) (ds)* f(ta(;—_(lb)—at)b)

0 0

(3.14)

1
2

/g(ta + (L =t)b) f(ta+ (1 —t)b) (dt)"

0

1
“(a—b)°T (1+a)
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- o (r<11+a>/29(”“18)b) “S)Q) (%)

0

(1- 1— a
a—baF1+ /gta—|— t)b) f(ta+ (1 —t)b) (dt)
0

and similarly,

! 1 / «a a+b
Ky, = @b (F1—|— /gsa—l-(ls)b)(ds))f( 5 ) (3.15)

1
/g (ta+ (1 —t)b) f(ta+ (1 —t)b) (dt)™ .

O‘F (1+«)

Adding (3.14) and (3.15) in (3.13) and using the changing variable z = ta+ (1 —1t)b
for ¢ € [0,1], we get

oo (3.16)
RE—
0
o= b>“; (1+a) [ otta+ (1= 0p)s(ta+ (1 o) (@)
0

T —16)2‘1 (F(11+oz) /g(:p) (dx)“) ! (a;b>

— (a — b)2OzI1 (1 + Oé)

1

- (a — b)2af <a J2r b> aféa)g () - a _1b)2a aléa)f(z)g(l”)-

Multiplying the both sides of (3.16) by (a—b)2“, we obtain the desired result, which
completes the proof. O
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Corollary 3. Under assumption of Theorem 11, if we take g(x) = 1%, then we
have

- b (252)

Nl

o (b - a)za e () « / o p(a) (e
- — 2 FO (ta+ (1= )b) (d)* + [ (=1 £ (ta+ (1 — t)b) (dt)
C(+a) / /

N

Theorem 12. Let I C R be an interval, f : I° C R -+ R~ (IO is the interior
of I) such that f € Du(I°) and f*) € C,a,b] for a,b € I° with a < b and
g : la,b] = R“ is nonnegative, local fractional integrable and symmetric “—er If
’f("‘)| is the generalized conver on [a,b], then the following inequality for local

fractional integrals holds:

(3.17)

7S (@) gla) — f (”2”’) e

1@+ |70

<
- (b—a)T( 1—|—2a

g(z ;v —a)™ —(b— x)za} (dx)*

Proof. Taking modulus in Theorem 11 and using the generalized convexity of ’ fle ’ ,
we have

JOF (@) gla) — ( - b) I (@)

= (b—a)™ /{( Fita) /g(sa+(1—s)b)(ds)a)
0

x[ta

JrF(ll—l—a)/[( it /g sa+ (1—3s) b)(ds)a)

t
X [t“

= (b— a)2a Q1+ Q2].

(3.18)

[\)

7o))@

f<a><a>\ -0

1
2

7@ w)|]] @}

FO @]+ -
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By change of the order of integration, we get

1

_ @] t o\ o e
Q1 = I‘(1+a/ O/gsa—l— (1= 19)b) (ds)™ | t* (dt)
|f°“) ()|
5/
_ 9]
B 1+a20/

’fa) // sa+ (1= $)b)(1 — £)° (dt)° (ds)” .

Using the Lemma 2, we have

A

i a) /g(sa +(1—s)b) (ds)a) (1 —)™ (dt)*

0

(sa+ (1 — s)b)t™ (dt)™ (ds)”

o m\

o - M{M(a) [ atsa -0 BRI

0

£ / glsa+ (130 (1= 9% - ] <ds>“} |
0

and using changing variable x = sa + (1 — s) for s € [0, 1], we obtain

1

@ = 4 (b — a)3T(1 + 2a) (3.19)

X

b
[ @] [ gla) (6= @ — 40— 2] (@)

2

+ @) \ / ) [4° (2 — @)% — (b— a)2] (dx)o‘] .

If we follow the same steps as above, then we obtain

7)) / 2 (h— a)2°] (da)"

1
@ = 49(b — a)3L(1 + 2a) [

|f<a(>|a7+b o o
TaTa) [ o) (- @ — 42— 0] (@0 |
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Since g(x) is symmetric to = = %rb, we have g(x) = g(a + b — x). Using changing
variable, it follows that

1
@2 = BhoaTis2a) (3.20)

< || @)

a

g() [4%(z — a)** — (b — a)**] (dx)”

—

b

H

|f(a)
(1

\cr ""

+——" [ gla+b—2)[(b—a)** —4%(b— 2)**] (dz)”

Substituting the equalities (3.19) and (3.20) in (3.18), then we obtain required
result. O

(03

Corollary 4. Under assumption of Theorem 12, if we take g(x) = 1%, then we

have

o) e (0]

< 3% (b—a)®* T (1+a)
- 20 (14 3a)

£ (a )I+\f(“)(b)|]
20 ’

Now, we will give a new result connected with the right-hand sides of (3.1) used
the following Theorem.

Theorem 13. Let I C R be an interval, f : I° C R — R™ (I° is the interior of 1)
such that f € Do (I°) and f*) € C, [a,b] fora,b € I° witha < b and g : [a,b] — R*
is nonnegative and local fractional integrable, then the following equality for local
fractional integrals holds:

1

_ (], 2a
LT 100 @)= ot @) at0) = g [ PO 0t 1-00) ()
’ (3.21)
where
p(t) = Tita) /g sa+ (1 —s)b) (ds)* — /g(sa + (1= s)b) (ds)”
0
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Proof. 1t suffices to note that

L (3.22)

—

)b) (dt)”

0

= 1+al/(r1+a /gawkl—s f)f@@a+ﬂ—¢%Nﬁf
0

t

/(r /g sa+ (1 — s)b) (ds) )f(a)(ta+(1—t)b) (dt)°
0

0

= L1+ Ls.

Using the local fractional integration by parts, we have

1

- 1 o\ flta+(1-1)h)
L, = (F ita) / g(sa+ (1 —s)b) (ds) ) __ -7 (3.23)

(@ —b)

0

+ ! S /g(ta + (1 —=t)b) f(ta+ (1 —t)b) (dt)*
0

- m:;a(raiak/ﬂw+ﬂ—wﬁﬂwf)f@

0
+ = /g(ta+(1 —)b) f(ta+ (1 —t)b) (dt)*.
0

1
Ly = (a—b ( /g sa+(1—s)b )a) f(a) (3.24)

0

1
/gta+ (1 —=t)b) f(ta+ (1 —t)b) (dt)™.
0

a—bO‘F 1+«
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Substituting the equalities (3.23) and (3.24) in (3.22) and using the changing vari-
able z = ta + (1 —t)b for t € [0, 1], we have

L = Li+1L (3.25)

- _ ( /g sa+ (1 — s)b) (ds)a) [f(a) + f(b)]

(a— b
0
1
ta+ (1 —6)b)f(t 1 —t)b) (dt)*
g ] Ata+ (1= 00+ (1= o)
0
fla)+ () (o) 2% ()
ol ——— I .
(a—b)2°‘ b (iL') (a_b)ga b f(il?)g(il’)
If we multiply both sides of (3.25) by (a— b) , we obtain the required result. (I

Remark 1. If we take g(x) = 1% in Theorem 13, then we have

1

f(a);f(w_F(b(l_Z)a) ST f () = gar 1+ / )" f19 (tat(1-)b) (dt)*

0
which is given by Mo et. al in [8].

Theorem 14. Let I C R be an interval, f : I° C R —» R~ (IO is the interior
of I) such that f € Do(I°) and f € C,la,b] for a,b € I° with a < b and
g : [a,b] = R* is nonnegative, local fractional integrable and symmetric a—“’ If
|f(o‘)|q is the generalized convex on [a,b], then the following inequality for local
fractional integrals holds:

‘f(a);:f(b) a[éa)g (x) — aféa)f(x) g(:z:) (3'26)

X 1 ) ) b
(F(1+0¢)/W (#) (dt) )

0

Q=

< U5 (i)

[l + o)

where p,q > 1, %+%:1 and

b—(b—a)t
1
WO |sr [ e @)
(b—a)t

forte[0,1].
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Proof. Taking modulus in Theorem 13, we have

’f();f(b) o179 (@) = ol f (1) g(2)

C(b-a)™
2« (1 +a)]

i

x | £ (ta + (1 —t)b) H (dt)™.

t

t

a+b

5, we write

Since g(z) is symmetric to x =

t

0

b—(b—a)t
1
— dz)®
el EECIC
a+(b—a)t

for t € [0 f] and

I'(l+«)
t 0

a+(b—a)t
-1

- T b/ )t 9() (dx)"

for t € [£,1] . If we write (3.28) and (3.29) in (3.27), we have

I g () = SISV f (2) g(2)

‘f(a)Jrf(b)
2a

1
- Z“F 1—|—a /W
0

/ sa+ (1 —s)b) (ds)* — /g(sa + (1 —s)b) (ds)”
0

{/19 sa+(1—s)b ds)a*/g(sajt(l—s)b)(ds)

L |:/g(sa+ (1 — 5)b) (ds)° f/g(saqL (1 — 5)b) (ds)

)@ (ta+ (1 —t)b)’ (dt)*

75

(3.27)

a] (3.28)

a] (3.29)
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b—(b—a)t

F(l{ﬁ—a) f
a+(b—a)t

and generalized convexity of ’ fle |q

where W (t) = g(x) (dm)a|. Using generalized Holder’s inequality

‘f(a);f(b) Iy (2) = W f (@) g(x)

1
1 P

(b_a)2a 1 p @ 1 h o q o
= 2 T+ a) O/W () (dt) 1“(1+oz)0/‘f( J(ta+ (1 —t)b)| (dt)
- (1 fo )
= T oa (F(1+a)O/W (@) (@) )
; 7

1@+ -

1o e

ta
1+a /

0
1
(b—a)* L “TT+a) 'NE
= 2= W) @) | | eea (19| + [ w)
20 F(1+a)/ (1) (@) [F(1+2a (I +roof)
0
which completes the proof. (I
Corollary 5. Under assumption of Theorem 14, taking g(x) = 1%, since
1 b—(b—a)t P
1 1
dz)*| (dt)”
I‘(1+a)/ T(1+a) / (da)”| (dt)
0 at(b—a)t
L[ bay
—a
= 1 — 26)P (dt)”
F(1+a)/[F(1+a)}p( ) (dt)
0

(b —a)™ I'(1+ pa)
TA+a)’T(1+(p+1)a)

then we have

20 (b—a)”* atb
(b—a)®* [T(1+a)\7/ T[(1+pa) \»
= 20 (F(1+2a)> <F(1+(p+1)a))

< [|f @@+ |rem)][]

’f(a)+f(b) ['(1+a) 194 ()

Q=
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