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ON CERTAIN SUBCLASS OF MEROMORPHIC FUNCTIONS
DEFINED BY CONVOLUTION

H. E. DARWISH, A. Y. LASHIN AND A. N. ALNAYYEF

ABSTRACT. For certain meromorphic p-valent functioun ¢ andiy, we study a
class of functioun f (z) = zip +3 002, anz", (an > 0), defined in the punctured
unit disc D, satisfying R (((;:j;))((i))> >a (0<a<1,z€ D). Coeffiicient eti-
mate disortion theorem and radii of starlikeness and convexity are obtained.
Further we consider integral operators associated with functions belonging to
the aforementioed class.

1. INTRODUCTION

Let _ denote the class of functions of the from
1 oo
fR) =2+ ans" peNN={123.} (1)
n=p
which analytic and p-valent punctured unit disk D={z:0 < |z| < 1}. A function

fe Zp is said to be in the class Q,, (o) of meromorphic p-valently starlike functions
of order « in D if and only if

2" (2) }
%{— >« z€D;0<a<p;p€eN)
7 (
Furthermore, a function f € >_ 1is said to be in the class Aj (@) of meromorphic
p-valently convex function of order « in D if and only if

%{_<1+ZJ{,(S)>}>a (z€D;0<a<ppeN)

The classes Qy,(a) , A, (@) and various other subclasses of 3~ have been studied
rather extensively by Frasin and Murugusundaramoorthy [4], Aouf et.al. [1, 2, 3],

Joshi and Srivastava [5], Kulkarni et.al. [6], Mogra [8], Owa et.al.[9], Srivastava
and Owa [10], Uralegaddi and Somantha [11], and Yang [12] .
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The Hadamard prouct or convolution of the functions f (z) given by (1) and
I =,
g(z) = > + Z bnz
n=p
is defined by
1 .
(f*xg)(z) = Z—p—i—Zanbnz .
n=p

For two functions f and g analytic in D, we say that the function f is subordi-
nate to g in (denoted by f < g) if there exists a Schwarz function w(z), analytic in
D with w(0) =0, and |w(z)| < 1(z € D), such that f(z) = g(w(z)). We introduce
here a class M (a, ¢, 1) which is defined as follows: suppose the functions ¢(z) and
1 (z) are given by

1 o0
o(z) = ;+2Anz” (2)
n=p
1 (oo}
Y(z) = ;+Zﬂnzn
n=p

Where p,, > A, >0 (for all n > p) .
A function f € Zp is said to be in the class M («, ¢, 1) if and only if

(o)) . L
§R{<fw><z>}> O<a<lzel).

In the next section we derive suffcient conditions for f(z) to be in the class
M (o, ¢,1) and Q («, ¢, 1) , which are obtained by using coefficient inequalities .

2. COEFFICIENT INEQUALITIES
Theorem 1 If f € 3 satisfies

D Akt = A+ A+ pn (k= 20)[} ag| < 2(1 - a) 3)
n=p
for same (0 < a < 1),and (k> 1), then f € M (o, 9,7).
Proof Suppose that (3) holds true for a (0 < < 1) and p, > A, (k> 1), for
f €3>, it suffices to show that

(f*o)(2)

e — k ) (D)
< S
(f*9)(2) _
(o)) + (k= 20)
we note that
(F*8)(2) 0o +n
T — k k—1+ Zn:p (ki — An) ap 2P
EOT+ (k-20)| 120+ T, O+ p (k= 20)) 0n28 7

< k—1+ Z;l.o:p (kptn — M) |an] 2277
- 1-2a+k-— Z;o:p [An + pn (kK — 20)]| |ay| 2PT7
k—1+ E;o:p (kpn, — An) |an]
L—=2a+k—30" Ao+ pin (k= 20)] |an|
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The last experssion is bounded above by 1 if

k—1+Z(kun—>\n)|an|<1—20é+k—Z|)‘n+ﬂn(k_2a)||an|
n=p

n=p

which is equivalent to our condition (3) of Theorem 1.

When ¢ (2) = zip - % and ¢ (z) = ZLP + lz,pz we have A\, = % and
pin = 1 therefor M (a, ¢, ) reduse to the class Q,(a). Putting A, = =* and

tn = 1 in Theorem ?7?, we obtain the follwing corollary due to Frasin and Muru-
gusundaramoorthy [4].

Corollary 1 Let o, (p,k,a) = (p+n+k—-1)+[p+n+2a—-k—-1].If f(2) =
L Y angp_12PTTL (p € N), satisfies o, (p, k, @) |apin—1| < 2(p— ) for
some « (0 <« <p)and some k (k> p), then f(z) € Q,(a).

When k£ =1 and A, + pn (1 —2a) < 0 < py, — A, we get the following corollary
due to Kumar et al [7].

Corollary 2 Let f(z2) €, givenby (1). If 32 (apn — An) lan| < 1—a for
a(0<a<l),then f(z) € Mp(g,h, ).

In view of Theorem 1, we now define the subclass Q («, ¢, 9) of M («, ¢,v) which
consists of functions f(z) € _ satisfying condition (3).

3. DISTORTION THEOREM

Theorem 2 If the function f (z) defind by (1) is in the class Q(«, ¢, ), then
for 0 <|z| =7 <1, we hava

1 2(1 - a) b <lf o) < La 2(1 —a) )
- T < z ~ — r I
P (kpp — Ap) + [Ap + pp (K — 20 P (kpp = Ap) + [Ap + pp (k(—)?a)\
4
where the sequence < u,, > and < p,/\, > are nondecreasing.
The bound in (4) is attained for the functionsf (z) given by
1 2(1—
F2) ==+ S )

2P (kpp — Ap) + [Ap + pip (k — 20

Proof We observe that the sequences (ku, — A,) and (A, + un (k — 2a)) are non-
decreasing. Since f(z) € Q(a, ¢, 1)) from inequality (3) we have

> 2(1 —a)
2 lonl S G T A T (20 ©

Thus for 0 < |z| = r < 1, and making use of (6) we have

1] < n
FE < |5+ D lanll2] (7)
n=p
< LY e
= ’I“p n
n=p
i+ 2(1—a) "
P (k= Ap) + Ay + pp (K — 20)]
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and

Il =

1 > n
1= 2 laal I (®)
n=p

1 oo
A
n=p

1 2(1—a)

— P
P Ay = Kyl + [Ap + pp (K — 20)

which readily yields the inequalitiy (4) .This completes the proof of Theorem 2.

4. RADII OF STARLIKNESS AND CONVEXITY

The radii of starlikeness and convexity for class M («, ¢, ) is given by.
Theorem 3 If the funtion f(z) defind by (1) is in the class M («a, ¢, 1), then f(z)
is meromorphically p-valetly starlike of order §(0 < § < 1) in |z| < r; where

. :inf{(p_a)[(k“"_>‘n)+|>\n+un(k—2a)|]}"l+”
1 2(n+2p—10)(1—a)

furthermore, f(z) is meromorphically p-valetly convex of order §(0 < § < 1) in
|z| < ro where

9)

1
_5— _ _ i
ry = inf (p— 6 = 2) [(kptn — An) + [An + pn (b — 20)]] (10)
nn+2p—46(1-—a)
The results (9) , (10) are sharp for the function f(z) given by
1 2(k—a) +p
= " . 11
O = 2 Gt =3+ Do 0 (6= 20)] )
Proof To prove (9) it suffices to show that
2f'(2) ‘
+p|<p-94 12
7o) 12
for |z| < r; we have
Zf/(z) o Zzo:p (n + p) anzn-i-p (13)
f(Z) B ]‘ + Z;L.O:l an2n+p
Sty (n+p) lag| 2"
IR S Dt A 1
Hence (13) holds true if
>+ ) anl 2" < (0 - 0) [1‘ Zanuzl”“’] (14)
n=p n=p
that is
- 2p—§
S RO e <1 (15)

(p—9)

n=p
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With the aid of (3), (15) is true if

|z\"+p (n+2p—19) < ki, — An 4+ [An + i (B — 20)| 01 (16)
(p—9) 2(1-a)
Solving (16) for |z| we obtain
(p— 8) {httn = An + [ + i (5 = 20)[} | 77
< > 1. 1
|Z|{ 2(n+2p—0) (1 — ) "= (17)

In precisely the same manner, we can find the radius of convexity asserted by (10)
by requiring that
(2)

f'(2)
5. CLOSURE THEOREM
Let the functions f;(z) be defind, for j € {1,2,3,...,m}, by

+p—|—1‘<p—5. (18)

[ N
= —+Y an;z", (2€D). (19)
n=p

Now, we shall prove the following result for closure of functions in the class Q («, ¢, ¥) .
Theorem 4 Let the functions f;(z), j € {1,2,3,....m}, defined by (19) be in the
class Q (a, ¢, ). Then the function h(z) € Q (a, ¢, 1)) where

2)=Y bifi(z), bj>0and Y b =1 (20)
Jj=p Jj=p
Proof From (20), we can write
1 oo
== + Z 2", (21)
n=p
where
en =Y bjan;,  j€{1,2,3,..m}. (22)
j=p
Since f;(z) € Q (o, ¢,¢),(j €{1,2,3,...m}), from (3), we have
o (ki = An) + [ An + pin (k= 20)| [ <
2 201~ a) 2 bt
n=p J=pP

|
3
/\

i (Kt = An) + A+ i (k= 20)]
2(1— ) mi

n=p

NE HM

< Sy =1

Il
S

S <.

Which shows that
Theorem 5 Let

(2) € Q(a, ¢, ) . This completes the proof of Theorem 4.

fri= (z€D) (23)
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e ( )+ Ao+ o (k = 200)
1 kpn — An) + | A + pn (B —20)| ,
fnl2) =+ 2(1— ) o
where n > p ;2 € D.Then f(z) € Q(a, ¢,v) if and only if it can be expressed in
the from

(24)

FE) = > Anfal2), (25)
n=p—1
where A\, > 0, (n € Np) and Zzozp_l An = 1.
Proof From (23),(24), and (25) it is easily see that
F) = ) Aafalz) (26)
n=p—1
- 2(1 —a)
= —_— )\n n'
7t ;) (Kttn — Aa) + P+ i (k — 20)] "7
Since
o~ (kpin = An) + [An + pin (k — 20)| 2(1—a) -
. An = A =1-X,_1 <1,
,LZ:;D 2(1-a) (ki — An) + [An + pn (k — 20 nz:;, P

it follows from Theorem 1 that the function f(z) given by (25) is in the class
Q («a, ¢, 1) .Conversely, let us suppose that f(z) € Q (o, ¢, 1) . Since

2(1—-a)

n < > .
o (kpin — An) + | A + pin (B — 2a)| (n2p)
Setting
(ki — M) + [An + pin (k — 20)
= >
A 2(1—a) jan]  (n2p)
and
Ap—l =1- Z )‘n
n=p
It followes that
fE) = > Afal2).
n=p—1

This completes the proof of the Theorem 5.

6. INTEGRAL OPERATOR
Theorem 6 Let the function f(z)defind by (1) be in the class Q (o, ¢, ¢)and ¢
be a real number such that ¢ > p. then the function F(z) defined by

Plz) = <P / T ()t (27)

C
Z 0

also belongs to the class Q(a, A, g).
Proof From the representation of F'(z), it followes that

F(z2) = —+ Y 2", (28)
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where
c—p
n = n - 2
¢ <c+n> “ (29)
Therefore -
Z[kun—)\n+|)\n—|—,un(k;—2a)|]cn
n=p
= i[ku A+ Pt (k=200 (1) (30)
< Z[kﬂn*/\n+|>‘n+ﬂn(k*2a)”an§2(1*O‘)
n=2

sinc f(z) € Q(a, ¢, 1) . Hence, by Theorem 1, F(z) € Q (o, ¢, )

Theorem 7 Let ¢ be areal number such that ¢ > p. If F(z) € Q («, ¢,v) .Then the
function f(z)defind by (27) is meromorphically p-valent close-to-convex in |z| < r*,
where

r* = inf
n

(p = @) (c =) [kt — M) + Ao+ pin (k = 20)] | 77
{ 2n(c+n) (1 —a) } (n>p) (31)

The result is sharp .
Proof Let F(z) =4 + > omep @nz"(an > 0). it follows from (27) that

e F(2)) . /c+n
f(z)[F()]lJrZ( i )anz" (¢ > p). (32)

c— zP c—
(c—p) p

n=p
In order to obtain the required result itsuffices to show that ’zp“ f(z)+ p| <p—-«
in |z| < r*. Now

1 1 = n(c+n
|24 f(2) + p| < Z((C_p)

n=p

n—1
an |2|

Thus [P f(2) + p| <p — aif

= n(c+n)
———————an |2 <1 33
nz:;,(p—a)(c—p) . (3
Hence by using (3), (33) will be satisfied if
n(c+n) |Z|n+p < (kpn — An) + [An + pin (K — 20)|

(p—a)(c—p) 2(1-a) ’

ie, if
(p— ) (¢ = p) [(kptn — An) + [An + 1 (k = 20)]] 17
2n(c+n)(1—a)

Therefore f(z) is meromorphic close-to-convex in |z| < r*. Sharpness follows if we
take

2| < (n=p). (34)

. n(c+n)(l—-a) P
f(z) =2+ (p— ) (c—p) [(kttn — M) + |An =+ fin (k — 20)]] (%)

(n>p,c>p).
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