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APPLICATION OF A FAMILY OF INTEGRAL OPERATORS IN
THE MAJORIZATION OF A CLASS OF p— VALENTLY
MEROMORPHIC FUNCTIONS OF COMPLEX ORDER

T. JANANI, G. MURUGUSUNDARAMOORTHY

ABSTRACT. The main object of this present paper is to investigate the problem
of majorization of certain class of meromorphic p-valent functions of complex
order involving certain integral operator. Moreover we point out some new or
known consequences of our main result.

1. INTRODUCTION AND PRELIMINARIES

Denote by A, the class of analytic functions in the unit disc A = {z € C: |z| < 1}
of the form

FE) =2+ 3 apn™, peN={1,2,...}). (1)
n=1
We note that A; = A. For analytic functions f, g € A are analytic functions in the
unit disc A we say that f is majorized by g in A (see [7])and we write

f(z) < g(2),(z € A) (2)
if there exists a function ¢, analytic in A, such that |¢(z)| < 1 and
f(2) = ¢(2)9(2), ze€A. 3)

It may be noted here that (2) is closely related to the concept of quasi-subordination
between analytic functions.

For v(y € C\ {0}), let S3 be the class of starlike functions of complex order
satisfying the condition

J?#Oand%(l—i—i[i{ég)—l]) >0

and also let C, be the class of convex functions of complex order if

Zf’I;S)D >0,(z € A).
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Further, S{l_a)cosﬁ ein = S™(a, B), |B] < §; 0 < a <1 the class of 3— spiral-like
function of order a investigated by Libera [5] and for [8] = 0, then 87 5 s =
S*(B) the class of §— spiral-like functions introduced by Spacek [10] (see[11]).

By using the Gaussian hypergeometric function

= n le
oF 1 (a,b,¢;2) = Z Mz",c;ﬁ 0,-1,-2,-3...

— () !

recently Srivastava et al.[12]( see also [2] ) defined Saigo-hypergeometric fractional
integral and fractional derivative operators as given below.

Definition 1. For real numbers A > 0 and p,n € R Saigo hypergeometric fractional

integral operator Ié\:f’" is defined by

z

—“A—p ¢
IOA,ZMT’ (Z) = ZF()\) /(Z - t))\71 2F1 <)\ + My =175 )‘5 1- Z) f(t)dt7
0

where the function f € A is analytic in a simply-connected region of the complex
z—plane containing the origin, with the order

f(2)=0(z")  (z— 0;e > max{0,p —n} — 1),
and the multiplicity of (z —t)*~' is removed by requiring log(z —t) to be real when
(z—1t) > 0.
Definition 2. Under the hypotheses of Definition 1, Saigo hypergeometric frac-

tional derivative operator 637’5’" is defined by

I‘(%—)\)diz{ZA_#ofz(z_t)_A 2 F1 (u—/\,l—n;l—k;l—£> f(t)dt}
&)1 (2) = (@<r<1)

d" _
dz—nGQZn’”’" (2) (n<A<n+1;neN),

where the multiplicity of (z — t)™> is removed as in Definition 1.
By Lemma 3 in [12], if A > 0 and n > g —n — 1, then
Fn+1)I'(n—p+n+1)

Ipkm g = noh, 4
0 T T pt DI+ A+n+1) )

It may be remarked that Ié\”;)"” (2) = D7 f(2),(A > 0) and 68‘,’;"7’ () =
D2 f(2),(0 < XA < 1), where D;* denotes fractional integral operator and D?
denotes fractional derivative operator considered by Owa [9].

Recently Goyal and Prajapat [4] introduced the generalized fractional differin-

tegral operator 337’5”7 : A, — A, by

Fl+p— )T +p+n—XN) , »
MGG f(z 0<A<n+p+1,);
g T(1+pT(l+p+n—p) 0z S ntptl)
0 =N R - Y
_ IAVANTY s LN T —00< A<
F1+pT(1+p+n—p) 0" (2) )

()
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for z € A. It is easily seen from (5) that for a function f € A, we get

o0

~ (1+p)n(l+p+n—p)n

A1 _ p p+n
z) = 2P+ E Aptn?

Yoz 1(z) 1+p wWn(l+p+n—2A), P+

= f3EOJ+m&+p+nfm1+p7m1+p+nfkd*ﬂ@
(zelpeNiuneRu<p+l;—co<A<n+p+1) (6)

where (a),, denote the Pochhammer symbol ( or the shifted factorial ) defined by

_F(a—i—TZ)_ 1 forn=20
(a)n—T(a)_{ ala+1)(a+2)...(a+n—-1) forneN={1,2,...}.

Let X, be the class of p—valently meromorphic functions which are analytic and
univalent in the punctured unit disk A* = {z € C:0 < |z] <1} = A\ {0} of the

form
1 o0
:—p—f—Zanz" P, (7)
n=1

with a simple pole at the origin.

Motivated by Lashin[6], by applying the operator I)"“ " to the function f € %,
we define a new generalized Saigo integral operator for p—valently meromorphlc
functions as below:

AP
Joz By — Xy

given by
N PA—p—pwl'(l-—p+A+tn)
p)\ B /L]A B
fz) = F1—pl(l—p—pn+n) 1) ®)
From (4), we get
e _ Pn—p+Dln—p—pt+n+l) . pp )

” Pn—p—p+ Dl —p+A+n+1)
Thus, equation (8) gives

N 1 IPA—p—pwl(l—-—p+Ar+n)
Pf ST C’P , nZ -p 10
1= 5+ —Fa—pra—p—jt ) E: (11, Na (10)

n=1

I(n—p+ D) (n—p— 1 . .
where CP(u,m,\) = F(TEﬁpf:+)l)(l—‘Tzn;l—)pi—)":j-—7~]_+)l)' Further by simple computation, (8)

yields following relation:
2O (2) = A= pHmIEITIF () = A+ mIEIf(2). (1)

It is easy to verify from (11),that

d@2MFEN Y = (= p ) @62 (2) W = (A0 + @) (352 ().
(12)

A majorization problem for the class of analytic starlike functions have been in-
vestigated by MacGregor [7] and Altintas et al.[1]. Recently Goyal and Goswami [3]
extended these results for the class of meromorphic functions making use of certain
integral operator. In the present paper we investigate a majorization problem for
the class of p—valently meromorphic starlike functions of complex order associated

with the generalized Saigo-integral operator 38’;\ 1 defined in this paper.
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Definition 3. A function f(z) € X, is said to in the class Mg:i‘y’;"n(v,A,B) of

meromorphic functions of complex order v # 0 in A* if and only if

1 [2@52"7f(2) @D + Az
_Z A* 13
(~p7z\unf( ))(q) TrTy 1+ Bz’ Z€ (13)
where =1 < B < A <1 veC\{0}, p<p+1, —co<A<n+p+1 pe

N and p,n € R.

For simplicity, we put ./\/lg:;\:é""(’y, 1,-1) = Mg’i‘g"( ), where Mg:i”g’"('y) de-

note the class of functions f € X, satisfying the following inequality:

R <1 1 l A ()
YL @EMTE(2))@
where vy € C\{0}, p<p+1, —co<A<n+p+1, peNand pu,neR.

tprp+gq

) >0, ze€A* (14)

Example 1. Putting v = (p — a)cosB e, |B| < 2; 0 < a < p the class

Mg:;’g’"('y) = M’S;;’;"”((p — a)cosf e ) = MYy A"”7( ,B) called the generalized

class of f—spiral-like functions of order a(0 < a < p) if
AP Aty
o (s [
(@627 f(2)@
where p <p+1, —co<A<n+p+1, peNand u,neR.

q ) < —a cosBB, z€A* (15)

Example 2. Puttingy = (p—a);0 < « < p the class Mg:;\:;’"(p—a) Mp: ()
the generalized class of p—wvalently meromorphic starlike functions of order a(O <
a<p) if

”° (z(sﬁzi’“’"ﬂz))(q“)
@627 f(2)@
where p<p+1, —co<A<n+p+1, peNand u,neR.

—|—q> <—a zeA* (16)

By taking ¢ = 0 we get M’ Z’(’)‘ p—a)=Mp 27’” («) p—valently meromorphic

starlike functions involving integral operator of order a(0 < a < p) if

. (438;2’“*%(2»'

—a, (z € A*
(Jﬁji’“’"f(z))>< eay

2. A MAJORIZATION PROBLEM FOR THE CLASS M4 (, A, B)

Theorem 1. Let the function f(z) € £, and g(z) € MY Z’f; (v, A, B) if (Tjg:i"“’"f(z))(@
is magjorized by (”p’)"“’ng(z))@) in A* then
(@627 () @] < @A) @], 2] <y (2 € AY) (17)
where r1 = r1(A, B, A\, n, 1, p) is the smallest positive root of the equation
(A +n—=p)B—~v(A=B)|r* = {(A+n—p)+2p|B| }r?
A +n=p)B—v(A=-B)|+2p}r+ (A+n-p)=0 (18)
and —1< B<A<1, yeC\{0}, p<p+l, —co<A<n+p+1, peN, u,neR.
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Proof. Since g(z) € MEVH(~y A B), we readily obtain from (13) that, if

0,z,q
1 zﬁp’;\’“’" 2))(a+1) 1+ A
R (19)
T @ESMg(2)@ 1+ Bu(z)

where w denotes the well known class of bounded analytic functions in A and
w(0) =0 and |w(z)| <lz], (2€A). (20)
From(19) we get

2F52"9(2) Y (pyg) + [(p+ 9)B + (A - B)w(2)

(BT g(2)) (@ 1+ Bw(z)
Using (12) in the above equation, we get,

(A+n—=p)[1 + Bw(z)]
A+n—p)+[A+1n—-p)B—~(A~-B)] w(2)

(3&;\%779(3))((1) — (316:;\—1%719(2))(!1)_
(21)
Hence, by making use of (20), we get,
(A+n—p)[1+[B] =]
A+n—p)—[(A+n—p)B—~(A-B)| ||

(352" "9(2)) @] < (38271 "g(2) ).

(22)
Since (ﬁgé"“’"f(z))(q) is majorized by (38:?’”’%(2))(‘1) in A* from (3), we have

@62 (2D = $(2) (352" "g(2) .

Differentiating the above equation w.r.t z and multiplying by z, we have,

2@ (2) @Y = 29/ (2) (2" (2)) D+ 20(2) (352 g(2)) Y.

By using (12), we get,

— n < m ADA— m
(315:;\ b ’f(z))(Q) = mqﬁ/(z)(ﬁgﬁ% 19(7«“))@ + fb(z)(dlo)? b ’9(2))((1)-
(23)
Noting that the Schwarz function ¢(z) satisfies
, 1—|p(2)]?
()1 < 5 (21)

and using (22) and (24) in (23) we have

@27 f (=)

(a—](2)%) 2| (1+]B] |z]) ~pA—Lp,
< (|¢’(z)‘ TG CFnp 10+ n-p B—(A—B)| |z\) 3527 g(2) @)

which upon setting |z| = r and |¢(2)] =p, (0 < p < 1) leads us to the inequality

AP A=l g0 vy (a) 6(p) AP A=Lsm o yy(@)
Qo= TS G —p = 10+ —pB = (A= B} 0 (922)” :

where

0(p) = p(1 =1 ){ A+ —p) = |(A+1—p)B—7(A~=B)| r} + (1= p*)(1 + |B| r)r
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takes its maximum value at p = 1. Furthermore, if 0 < o < r1, the function ¢(p) defined
by

e(p) = p(1—=0){ A+n—p) = |A+n—p)B—7(A—B)| o} + (1 —p*)(1+|B| o)
is an increasing function on (0 < p < 1) so that
0(p) <p(1) = (1= ){ A+n—p) = |(A+n-p)B-v(A-B)|o}.
Therefore, from this fact, (25) gives the inequality (17). |

3. COROLLARIES AND THEIR CONSEQUENCES

By taking A = 1 and B = —1 and p = 1 in Theorem 1 we state the following
corollary without proof.

Corollary 1. Let the function f € 3, and g(z) € Mg:i"“’"(v) if (38:;\’“’7’]”(,2))(’1)
is magjorized by (38:2"“’"9(2'))(‘1) in A* then
AP A—1,1, AP A=,
(@627 ()P < (@52 g(2) D, [z] <,
where r1 = r1(\,n, w) is the smallest positive root of the equation

A+n—p+29r —A+n—p+2)r2—(A+n—p+2y|+2)r+A+n—p) =0,

Li—+/L3—4]x+n—p+2v[(A+n—p)
2[A+n—p+27|

r = and Ly =A+n—p+2+|A+n—p+ 27|

By setting p = 1 in Corollary 1, we state the following Corollary.
Corollary 2. Let the function f € ¥ and g(z) € Ma\:f’"(w) if (58:5’"]”(2))(‘1) is
magorized by (387’5’"51(;2))(‘1) in A* then
@ F D@ < 1@ g DL, 2] < e,
where ro = ro(n, 1) is the smallest positive root of the equation
N+n—1+29r = A+n+D)r2 = ((A+n—1+29[+2) r+ (A+n—-1) =0,

Lo—~/L2—4|X4+n—14+2v|(An—1
ry = LV AR LA D g Ly — A+ 1+ A+ — 1+ 291,

By taking v = (p — a)cos Be=" ((|8] < %,6(0 < B < p),) in Corollaries 1, we
state the following Corollaries without proof.
Corollary 3. Let the function f € ¥, and g(z) € Mg:;\’“’"(a,ﬂ) if (38:2"“’"f(z))(q)
is magjorized by (38:2"“’"9(2'))(‘1) in A* then

(@271 () D] < (I g(2)) D], 2] < s

where r3 = r3(a,n, 1) is the smallest positive root of the equation

IX+n—p+2(p—a)cos e~ F|rd — (A +n—p+2)r?
—(IAN+n—p+2(p—a)cos Be B +2)r + (A +n—p) =0,

— LB_\/L§_4|>\+T7—;D+2(10—0<)003 Be—B|(A+n—p)
8= 2[A+n—p+2(p—a)cos Be= A

and Ly =A+n—p+2+|A+n—p+2(p—a)cos Be .
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Corollary 4. Let the function f € ¥, and g(z) € Mg:i"“’"(a) if (38:2"“’77]”(,2))(‘1)
is magjorized by (SS:A’“’ng(z))(q) in A* then

(@627 @) @] < N@E2TH9(2) @), (2l < s,
where r4 = r4(c,m, 1) is the smallest positive root of the equation
N+n+p—2afr* —A+n—p+2)r = ((A+n+p—2a|+2)r+(A+n—p) =0,

La—\/T2—4A 20l (b=
Y 42|/|\++7-7T;;:2ao|¢|( 28 and Li=A+n—p+2+[A+n+p— 20|

T4 =

Corollary 5. Let the function f € ¥y and g(z) € Mév’f’"(a) if (35
majorized by (Jéy’f’ng(z))(‘” in A* then

@z N < 1@ 92D @, 2] <7,
where r5 = r5(c,m, 1) is the smallest positive root of the equation

AN+n+1—2afr* —A+n+)r*—((A+n+1-2a|+2)r+(A+n—1)=0,

Ls—+/LZ—4|X - A+n—
ry = LV Pl 200D g Ly = A+ 14+ A+ 1 2

LT f ()@ s

)

Concluding Remarks: Further specializing the parameters A, 7 one can define
the various other interesting subclasses of X, involving the various integral operators
and the corresponding Corollarylaries as mentioned above can be derived easily.
The details involved may be left as an exercise for the interested reader.
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