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APPLICATION OF A FAMILY OF INTEGRAL OPERATORS IN

THE MAJORIZATION OF A CLASS OF p− VALENTLY

MEROMORPHIC FUNCTIONS OF COMPLEX ORDER

T. JANANI, G. MURUGUSUNDARAMOORTHY

Abstract. The main object of this present paper is to investigate the problem

of majorization of certain class of meromorphic p-valent functions of complex
order involving certain integral operator. Moreover we point out some new or
known consequences of our main result.

1. Introduction and Preliminaries

Denote byAp the class of analytic functions in the unit disc ∆ = {z ∈ C : |z| < 1}
of the form

f(z) = zp +
∞∑

n=1

ap+nz
p+n, (p ∈ N = {1, 2, .....}). (1)

We note that A1 ≡ A. For analytic functions f, g ∈ A are analytic functions in the
unit disc ∆ we say that f is majorized by g in ∆ (see [7])and we write

f(z) ≪ g(z), (z ∈ ∆) (2)

if there exists a function ϕ, analytic in ∆, such that |ϕ(z)| < 1 and

f(z) = ϕ(z)g(z), z ∈ ∆. (3)

It may be noted here that (2) is closely related to the concept of quasi-subordination
between analytic functions.

For γ(γ ∈ C \ {0}), let S∗
γ be the class of starlike functions of complex order

satisfying the condition

f(z)

z
̸= 0 and ℜ

(
1 +

1

γ

[
zf ′(z)

f(z)
− 1

])
> 0

and also let Cγ be the class of convex functions of complex order if

f ′(z) ̸= 0 and ℜ
(
1 +

1

γ

[
zf ′′(z)

f ′(z)

])
> 0, (z ∈ ∆).
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Further, S∗
(1−α)cosβ e−iβ = S∗(α, β), |β| < π

2 ; 0 ≤ α ≤ 1 the class of β− spiral-like

function of order α investigated by Libera [5] and for |β| = 0, then S∗
cosβ e−iβ =

S∗(β) the class of β− spiral-like functions introduced by Spacek [10] (see[11]).
By using the Gaussian hypergeometric function

2F1(a, b, c; z) =

∞∑
n=0

(a)n(b)n
(c)n n!

zn, c ̸= 0,−1,−2,−3 . . .

recently Srivastava et al.[12]( see also [2] ) defined Saigo-hypergeometric fractional
integral and fractional derivative operators as given below.

Definition 1. For real numbers λ > 0 and µ, η ∈ R Saigo hypergeometric fractional

integral operator Iλ,µ,η0,z is defined by

Iλ,µ,η0,z f(z) =
z−λ−µ

Γ(λ)

z∫
0

(z − t)λ−1
2F1

(
λ+ µ,−η;λ; 1− t

z

)
f(t)dt,

where the function f ∈ A is analytic in a simply-connected region of the complex
z−plane containing the origin, with the order

f(z) = O(|z|ε) (z −→ 0; ε > max{0, µ− η} − 1),

and the multiplicity of (z − t)λ−1 is removed by requiring log(z− t) to be real when
(z − t) > 0.

Definition 2. Under the hypotheses of Definition 1, Saigo hypergeometric frac-

tional derivative operator Sλ,µ,η
0,z is defined by

Sλ,µ,η
0,z f(z) =


1

Γ(1− λ)

d

dz

{
zλ−µ

z∫
0

(z − t)−λ
2F1

(
µ− λ, 1− η; 1− λ; 1− t

z

)
f(t)dt

}
(0 ≤ λ < 1);

dn

dzn
Sλ−n,µ,η

0,z f(z) (n ≤ λ < n+ 1;n ∈ N),

where the multiplicity of (z − t)−λ is removed as in Definition 1.

By Lemma 3 in [12], if λ > 0 and n > µ− η − 1, then

Iλ,µ,η0,z zn =
Γ(n+ 1)Γ(n− µ+ η + 1)

Γ(n− µ+ 1)Γ(n+ λ+ η + 1)
zn−µ. (4)

It may be remarked that Iλ,−λ,η
0,z f(z) = D−λ

z f(z), (λ > 0) and Sλ,λ,η
0,z f(z) =

Dλ
z f(z), (0 ≤ λ < 1), where D−λ

z denotes fractional integral operator and Dλ
z

denotes fractional derivative operator considered by Owa [9].
Recently Goyal and Prajapat [4] introduced the generalized fractional differin-

tegral operator Jλ,µ,η0,z : Ap −→ Ap, by

Jλ,µ,η0,z f(z) =


Γ(1 + p− µ)Γ(1 + p+ η − λ)

Γ(1 + p)Γ(1 + p+ η − µ)
zµSλ,µ,η

0,z f(z) (0 ≤ λ < η + p+ 1, );

Γ(1 + p− µ)Γ(1 + p+ η − λ)

Γ(1 + p)Γ(1 + p+ η − µ)
zµI−λ,µ,η

0,z f(z) (−∞ < λ < 0)

(5)
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for z ∈ △. It is easily seen from (5) that for a function f ∈ Ap, we get

Jλ,µ,η0,z f(z) = zp +
∞∑

n=1

(1 + p)n(1 + p+ η − µ)n
(1 + p− µ)n(1 + p+ η − λ)n

ap+nz
p+n

= zp 3F2(1, 1 + p, 1 + p+ η − µ; 1 + p− µ, 1 + p+ η − λ; z) ∗ f(z)
(z ∈ △; p ∈ N;µ, η ∈ R;µ < p+ 1;−∞ < λ < η + p+ 1) (6)

where (a)n denote the Pochhammer symbol ( or the shifted factorial ) defined by

(a)n =
Γ(a+ n)

Γ(a)
=

{
1 for n = 0
a(a+ 1)(a+ 2) . . . (a+ n− 1) for n ∈ N = {1, 2, . . .}.

Let Σp be the class of p−valently meromorphic functions which are analytic and
univalent in the punctured unit disk ∆∗ = {z ∈ C : 0 < |z| < 1} = ∆ \ {0} of the
form

f(z) =
1

zp
+

∞∑
n=1

anz
n−p. (7)

with a simple pole at the origin.

Motivated by Lashin[6], by applying the operator Iλ,µ,η0,z to the function f ∈ Σp

we define a new generalized Saigo integral operator for p−valently meromorphic
functions as below:

Jp,λ,µ,η0,z, : Σp −→ Σp

given by

Jp,λ,µ,η0,z f(z) =
Γ(1− p− µ)Γ(1− p+ λ+ η)

Γ(1− p)Γ(1− p− µ+ η)
zµIλ,µ,η0,z f(z). (8)

From (4), we get

Iλ,µ,η0,z zn−p =
Γ(n− p+ 1)Γ(n− p− µ+ η + 1)

Γ(n− p− µ+ 1)Γ(n− p+ λ+ η + 1)
zn−p−µ. (9)

Thus, equation (8) gives

Jp,λ,µ,η0,z f(z) =
1

zp
+

Γ(1− p− µ)Γ(1− p+ λ+ η)

Γ(1− p)Γ(1− p− µ+ η)

∞∑
n=1

Cp
n(µ, η, λ)anz

n−p (10)

where Cp
n(µ, η, λ) =

Γ(n−p+1)Γ(n−p−µ+η+1)
Γ(n−p−µ+1)Γ(n−p+λ+η+1) . Further by simple computation, (8)

yields following relation:

z(Jp,λ,µ,η0,z f(z))′ = (λ− p+ η)Jp,λ−1,µ,η
0,z f(z)− (λ+ η)Jp,λ,µ,η0,z f(z). (11)

It is easy to verify from (11),that

z(Jp,λ,µ,η0,z f(z))(q+1) = (λ− p+ η)(Jp,λ−1,µ,η
0,z f(z))(q) − (λ+ η + q)(Jp,λ,µ,η0,z f(z))(q).

(12)
A majorization problem for the class of analytic starlike functions have been in-

vestigated by MacGregor [7] and Altintas et al.[1]. Recently Goyal and Goswami [3]
extended these results for the class of meromorphic functions making use of certain
integral operator. In the present paper we investigate a majorization problem for
the class of p−valently meromorphic starlike functions of complex order associated

with the generalized Saigo-integral operator Jp,λ,µ,η0,z defined in this paper.
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Definition 3. A function f(z) ∈ Σp is said to in the class Mp,λ,µ,η
0,z,q (γ,A,B) of

meromorphic functions of complex order γ ̸= 0 in ∆∗ if and only if

1− 1

γ

[
z(Jp,λ,µ,η0,z f(z))(q+1)

(Jp,λ,µ,η0,z f(z))(q)
+ p+ q

]
≺ 1 +Az

1 +Bz
, z ∈ ∆∗ (13)

where −1 ≤ B < A ≤ 1, γ ∈ C\{0}, µ < p + 1, −∞ < λ < η + p + 1, p ∈
N and µ, η ∈ R.

For simplicity, we put Mp,λ,µ,η
0,z,q (γ, 1,−1) = Mp,λ,µ,η

0,z,q (γ), where Mp,λ,µ,η
0,z,q (γ) de-

note the class of functions f ∈ Σp satisfying the following inequality:

ℜ

(
1− 1

γ

[
z(Jp,λ,µ,η0,z f(z))(q+1)

(Jp,λ,µ,η0,z f(z))(q)
+ p+ q

])
> 0, z ∈ ∆∗ (14)

where γ ∈ C\{0}, µ < p+ 1, −∞ < λ < η + p+ 1, p ∈ N and µ, η ∈ R.

Example 1. Putting γ = (p − α)cosβ e−iβ , |β| < π
2 ; 0 ≤ α < p the class

Mp,λ,µ,η
0,z,q (γ) = Mp,λ,µ,η

0,z,q ((p − α)cosβ e−iβ) ≡ Mp,λ,µ,η
0,z,q (α, β) called the generalized

class of β−spiral-like functions of order α(0 ≤ α < p) if

ℜ

(
eiβ

[
z(Jp,λ,µ,η0,z f(z))(q+1)

(Jp,λ,µ,η0,z f(z))(q)
+ q

])
< −α cosβ, z ∈ ∆∗ (15)

where µ < p+ 1, −∞ < λ < η + p+ 1, p ∈ N and µ, η ∈ R.

Example 2. Putting γ = (p−α); 0 ≤ α < p the class Mp,λ,µ,η
0,z,q (p−α) ≡ Mp,λ,µ,η

0,z,q (α)

the generalized class of p−valently meromorphic starlike functions of order α(0 ≤
α < p) if

ℜ

(
z(Jp,λ,µ,η0,z f(z))(q+1)

(Jp,λ,µ,η0,z f(z))(q)
+ q

)
< −α z ∈ ∆∗ (16)

where µ < p+ 1, −∞ < λ < η + p+ 1, p ∈ N and µ, η ∈ R.

By taking q = 0 we get Mp,λ,µ,η
0,z,0 (p−α) ≡ Mp,λ,µ,η

0,z,0 (α) p−valently meromorphic

starlike functions involving integral operator of order α(0 ≤ α < p) if

ℜ

(
z(Jp,λ,µ,η0,z f(z))′

(Jp,λ,µ,η0,z f(z))

)
< −α, (z ∈ ∆∗)

2. A MAJORIZATION PROBLEM FOR THE CLASS Mp,λ,µ,η
0,z,q (γ,A,B)

Theorem 1. Let the function f(z) ∈ Σp and g(z) ∈ Mp,λ,µ,η
0,z,q (γ,A,B) if (Jp,λ,µ,η0,z f(z))(q)

is majorized by (Jp,λ,µ,η0,z g(z))(q) in ∆∗ then

|(Jp,λ−1,µ,η
0,z f(z))(q)| ≤ |(Jp,λ−1,µ,η

0,z g(z))(q)|, |z| ≤ r1, (z ∈ ∆∗) (17)

where r1 = r1(A,B, λ, η, µ, ρ) is the smallest positive root of the equation

|(λ+ η − p)B − γ(A−B)|r3 − {(λ+ η − p) + 2ρ|B| }r2

−{|(λ+ η − p)B − γ(A−B)|+ 2ρ}r + (λ+ η − p) = 0 (18)

and −1 ≤ B < A ≤ 1, γ ∈ C\{0}, µ < p+1, −∞ < λ < η+p+1, p ∈ N, µ, η ∈ R.
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Proof. Since g(z) ∈ Mp,λ,µ,η
0,z,q (γ,A,B), we readily obtain from (13) that, if

1− 1

γ

[
z(Jp,λ,µ,η0,z g(z))(q+1)

(Jp,λ,µ,η0,z g(z))(q)
+ p+ q

]
=

1 +Aw(z)

1 +Bw(z)
(19)

where w denotes the well known class of bounded analytic functions in ∆ and

w(0) = 0 and |w(z)| ≤ |z|, (z ∈ ∆). (20)

From(19) we get

z(Jp,λ,µ,η0,z g(z))(q+1)

(Jp,λ,µ,η0,z g(z))(q)
= − (p+ q) + [(p+ q)B + γ(A−B)]w(z)

1 +Bw(z)
.

Using (12) in the above equation, we get,

(Jp,λ,µ,η0,z g(z))(q) =
(λ+ η − p)[1 +Bw(z)]

(λ+ η − p) + [(λ+ η − p)B − γ(A−B)] w(z)
(Jp,λ−1,µ,η

0,z g(z))(q).

(21)
Hence, by making use of (20), we get,

|(Jp,λ,µ,η0,z g(z))(q)| ≤ (λ+ η − p)[1 + |B| |z|]
(λ+ η − p)− |(λ+ η − p)B − γ(A−B)| |z|

|(Jp,λ−1,µ,η
0,z g(z))(q)|.

(22)

Since (Jp,λ,µ,η0,z f(z))(q) is majorized by (Jp,λ,µ,η0,z g(z))(q) in ∆∗ from (3), we have

(Jp,λ,µ,η0,z f(z))(q) = ϕ(z)(Jp,λ,µ,η0,z g(z))(q).

Differentiating the above equation w.r.t z and multiplying by z, we have,

z(Jp,λ,µ,η0,z f(z))(q+1) = zϕ′(z)(Jp,λ,µ,η0,z g(z))(q) + zϕ(z)(Jp,λ,µ,η0,z g(z))(q+1).

By using (12), we get,

(Jp,λ−1,µ,η
0,z f(z))(q) =

z

(λ+ η − p)
ϕ′(z)(Jp,λ,µ,η0,z g(z))(q) + ϕ(z)(Jp,λ−1,µ,η

0,z g(z))(q).

(23)
Noting that the Schwarz function ϕ(z) satisfies

|ϕ
′
(z)| ≤ 1− |ϕ(z)|2

1− |z|2
(24)

and using (22) and (24) in (23) we have

|(Jp,λ−1,µ,η
0,z f(z))(q)|

≤
(
|ϕ(z)|+ (1−|ϕ(z)|2)

(1−|z|2) · |z| (1+|B| |z|)
(λ+η−p)−|(λ+η−p)B−γ(A−B)| |z|

)
|(Jp,λ−1,µ,η

0,z g(z))(q)|

which upon setting |z| = r and |ϕ(z)| = ρ, (0 ≤ ρ ≤ 1) leads us to the inequality

|(Jp,λ−1,µ,η
0,z f(z))(q)| ≤ θ(ρ)

(1− r2){(λ+ η − p)− |(λ+ η − p)B − γ(A−B)|r} |(J
p,λ−1,µ,η
0,z g(z))(q)|,

(25)
where

θ(ρ) = ρ(1− r2){ (λ+ η − p)− |(λ+ η − p)B − γ(A−B)| r}+ (1− ρ2)(1 + |B| r)r
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takes its maximum value at ρ = 1. Furthermore, if 0 ≤ σ ≤ r1, the function φ(ρ) defined
by

φ(ρ) = ρ(1− σ2){ (λ+ η − p)− |(λ+ η − p)B − γ(A−B)| σ}+ (1− ρ2)(1 + |B| σ)σ

is an increasing function on (0 ≤ ρ ≤ 1) so that

φ(ρ) ≤ φ(1) = (1− σ2){ (λ+ η − p)− |(λ+ η − p)B − γ(A−B)| σ}.

Therefore, from this fact, (25) gives the inequality (17). �

3. Corollaries and their Consequences

By taking A = 1 and B = −1 and ρ = 1 in Theorem 1 we state the following
corollary without proof.

Corollary 1. Let the function f ∈ Σp and g(z) ∈ Mp,λ,µ,η
0,z (γ) if (Jp,λ,µ,η0,z f(z))(q)

is majorized by (Jp,λ,µ,η0,z g(z))(q) in ∆∗ then

|(Jp,λ−1,µ,η
0,z f(z))(q)| ≤ |(Jp,λ−1,µ,η

0,z g(z))(q)|, |z| ≤ r1,

where r1 = r1(λ, η, µ) is the smallest positive root of the equation

|λ+ η − p+ 2γ|r3 − (λ+ η − p+ 2)r2 − (|λ+ η − p+ 2γ|+ 2)r + (λ+ η − p) = 0,

r1 =
L1−

√
L2

1−4|λ+η−p+2γ|(λ+η−p)

2|λ+η−p+2γ| and L1 = λ+ η − p+ 2 + |λ+ η − p+ 2γ|.

By setting p = 1 in Corollary 1, we state the following Corollary.

Corollary 2. Let the function f ∈ Σ1 and g(z) ∈ Mλ,µ,η
0,z (γ) if (Jλ,µ,η0,z f(z))(q) is

majorized by (Jλ,µ,η0,z g(z))(q) in ∆∗ then

|(Jλ−1,µ,η
0,z f(z))(q)| ≤ |(Jλ−1,µ,η

0,z g(z))(q)|, |z| ≤ r2,

where r2 = r2(η, µ) is the smallest positive root of the equation

|λ+ η − 1 + 2γ|r3 − (λ+ η + 1)r2 − (|λ+ η − 1 + 2γ|+ 2) r + (λ+ η − 1) = 0,

r2 =
L2−

√
L2

2−4|λ+η−1+2γ|(λ+η−1)

2|λ+η−1+2γ| and L2 = λ+ η + 1 + |λ+ η − 1 + 2γ|.

By taking γ = (p − α)cos βe−iβ ((|β| < π
2 , δ(0 ≤ β < p),) in Corollaries 1, we

state the following Corollaries without proof.

Corollary 3. Let the function f ∈ Σp and g(z) ∈ Mp,λ,µ,η
0,z (α, β) if (Jp,λ,µ,η0,z f(z))(q)

is majorized by (Jp,λ,µ,η0,z g(z))(q) in ∆∗ then

|(Jp,λ−1,µ,η
0,z f(z))(q)| ≤ |(Jp,λ−1,µ,η

0,z g(z))(q)|, |z| ≤ r3,

where r3 = r3(α, η, µ) is the smallest positive root of the equation

|λ+ η − p+ 2(p− α)cos βe−iβ |r3 − (λ+ η − p+ 2)r2

−(|λ+ η − p+ 2(p− α)cos βe−iβ |+ 2)r + (λ+ η − p) = 0,

r3 =
L3−

√
L2

3−4|λ+η−p+2(p−α)cos βe−iβ |(λ+η−p)

2|λ+η−p+2(p−α)cos βe−iβ |

and L3 = λ+ η − p+ 2 + |λ+ η − p+ 2(p− α)cos βe−iβ |.
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Corollary 4. Let the function f ∈ Σp and g(z) ∈ Mp,λ,µ,η
0,z (α) if (Jp,λ,µ,η0,z f(z))(q)

is majorized by (Jp,λ,µ,η0,z g(z))(q) in ∆∗ then

|(Jp,λ−1,µ,η
0,z f(z))(q)| ≤ |(Jp,λ−1,µ,η

0,z g(z))(q)|, |z| ≤ r4,

where r4 = r4(α, η, µ) is the smallest positive root of the equation

|λ+ η + p− 2α|r3 − (λ+ η − p+ 2)r2 − (|λ+ η + p− 2α|+ 2)r + (λ+ η − p) = 0,

r4 =
L4−

√
L2

4−4|λ+η+p−2α|(λ+η−p)

2|λ+η+p−2α| and L4 = λ+ η − p+ 2 + |λ+ η + p− 2α|.

Corollary 5. Let the function f ∈ Σ1 and g(z) ∈ Mλ,µ,η
0,z (α) if (Jλ,µ,η0,z f(z))(q) is

majorized by (Jλ,µ,η0,z g(z))(q) in ∆∗ then

|(Jλ−1,µ,η
0,z f(z))(q)| ≤ |(Jλ−1,µ,η

0,z g(z))(q)|, |z| ≤ r5,

where r5 = r5(α, η, µ) is the smallest positive root of the equation

|λ+ η + 1− 2α|r3 − (λ+ η + 1)r2 − (|λ+ η + 1− 2α|+ 2)r + (λ+ η − 1) = 0,

r5 =
L5−

√
L2

5−4|λ+η+1−2α|(λ+η−1)

2|λ+η+1−2α| and L5 = λ+ η + 1 + |λ+ η + 1− 2α|

Concluding Remarks: Further specializing the parameters λ, η one can define
the various other interesting subclasses of Σp involving the various integral operators
and the corresponding Corollarylaries as mentioned above can be derived easily.
The details involved may be left as an exercise for the interested reader.

Acknowledgements. We record our sincere thanks to the referee for his valu-
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