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FRACTIONAL DERIVATIVES FOR KOBER OPERATORS AND
STATISTICAL DENSITIES IN THE REAL MATRIX-VARIATE
CASES

A.M. MATHAI

ABSTRACT. Fractional integrals, fractional derivatives and fractional differen-
tial equations in the real scalar variable cases have found many applications
and are very popular in the literature. Fractional integrals in the real and
complex matrix-variate cases have been considered by this author recently.
Some cases of fractional derivatives in matrix-variate case are discussed in the
present article. Some matrix-variate differential operators are defined. These
are only suitable to handle certain types of matrix-variate cases. Fractional
derivatives in the Riemann-Liouville and in the Caputo senses are evaluated
when the arbitrary function is compatible with right and left sided fractional
integrals in the matrix-variate cases. Fractional derivatives involving Kober
operators of the first and second kind in the matrix-variate case are also dis-
cussed here

1. INTRODUCTION

Fractional integrals and fractional derivatives in the real scalar variable case
and their applications in stochastic processes and random walk problems may be
seen from many papers, see for example [1],[2]. Solutions of fractional differential
equations in the real variable case may be seen, for example, from [3],[13]. There are
not many papers on fractional integrals in the matrix-variate case. Some discussions
on functions of matrix argument may be seen from [4] - [10]. Fractional integrals
in the matrix-variate case may be seen from [7], [8]. Some aspects of fractional
derivatives in the matrix-variate case are discussed in [4]. In the present article we
introduce fractional differential operators in the matrix-variate case and which are
applicable when the arbitrary function of matrix argument has certain structures.
As an illustration of the matrix differential operators, Kober operators of the first
and second kinds are discussed in the Riemann-Liouville and Caputo senses.

The following standard notations will be used. All matrices appearing here are
p X p symmetric and positive definite when real and Hermitian positive definite
when in the complex domain unless otherwise stated. tr(-) and det(-) denote the

2010 Mathematics Subject Classification. 15B57, 26A33, 60B20, 62E15, 33C60, 40C05.

Key words and phrases. Fractional derivatives, matrix-variate case, fractional integrals, Kober
fractional integrals, Kober fractional derivatives.

Submitted Nov. 11, 2014.

65



66 A.M. MATHAI JFCA-2015/6(2)

trace and determinant of the square matrix (-) respectively. |det(-)| denotes the
absolute value of the determinant of (-). For example, if det(A) = a + ib,i = v/—1
and a and b are real scalars then

|det(A)| = [(a + ib)(a — ib)]? = [0 + b%]? = [det(AA*)]? (1.1)

where A* is the conjugate transpose of A. If X = (;;) is m x n and real then dX
will denote the wedge product of all differentials

m n P
dX = H H Ndz;j, dX = H Adz;; for X = X', p x p and real, (1.2)

i=1j=1 i>j=1

where X’ denotes the transpose of X. If X = X1 +1iXa,i =+/—1 where X; and X>
are real matrices then dX = dX; A dX,. In order to distinguish between matrices
in the real and complex cases, matrices in the complex domain will be denoted by a
tilde as X. Real matrix variables X and real or complex constant matrices will be
written without a tilde. The real matrix-variate gamma function will be denoted
by I',(a) where I',(a) has the following expression and integral representation:

T,(a) = 75 T(a)l(a — %)...F(a - p%l), R(a) > 7%1 (1.3)
T,(a) = /X >O[det(X)]a—%e—“<X>dx, R(a) > % (1.4)

where X > O means X is positive definite and f(«) denotes the real part of o. The
integration is done over all real positive definite matrices X. The matrix-variate
gamma function in the complex domain will be denoted by a tilde as T',(a). Then
it has the following expression and integral representation:

T,(a)=m Fa)la—-1)..I'a—p+1), R(a) >p—1 (1.5)

p(p—1)
2

F,(a) = / ldet(X)[*Pe~*®) 4 X R(a) > p— 1 (1.6)
X>0
and the associated Jacobian will be given here as lemmas without proofs. For the

proofs and for other Jacobians see [4].

Lemma 1.1. Let X and Y be m X n matrices of distinct real elements and let

Y = AXB where A and B are nonsingular m x m and n X n constant matrices.
Then

Y = AXB = dY = [det(A)]"[det(B)]™dX. (1.7)
Let X and Y be m x n and in the complez domain. Then
Y = AXB = dY = |det(A)|*"|det(B)[*dX. (1.8)

Note that |det(A)|? = [det(AA*)], |det(B)|* = [det(BB*)] where A* and B* are the
conjugate transposes of A and B respectively.

Lemma 1.2. Let X be a symmetric p X p matriz with distinct real elements except
for symmetry and let A be a nonsingular constant matriz. Let X be Hermitian. Let

Y = AXA andY = AXA*. Then
dY = [det(A)PHdX, dY = |det(A)[*PdX. (1.9)



JFCA-2015/6(2) FRACTIONAL DERIVATIVES FOR KOBER OPERATORS 67

Lemma 1.3. Let X and X bep x p nonsingular matrices with distinct elements,
except for symmetry, and let Y = X 1andY = X! be the reqular inverses of X
and X respectively. Then

4y = [det(X)]~2PdX for a general X (1.10)
) [det(X)]"@HDAX for X = X' '

V- |det(X)|~*dX for a general X (1.11)
) |det(X)|"2dX for X = X* or X = —X*. '

2. SOME FRACTIONAL DIFFERENTIAL OPERATORS

Let U = (u;;) be px p matrix of distinct real variables. Let % = (Uij%) where
ij

1 i
Nij = { " 'T et U =U"and X = X' be p X p real symmetric matrices. Then

1 - .
29 ? 7& J
11 Ti12 ... Tip
9 et (UX)] = _ 2L S22 | ot (UX) — _ yo-tr(UX)
€ ] - . € - € 9
ou
Tpl Tp2 ... Tpp
for x;; = xj;,u;; = uy; for all ¢ and j. Let us consider the case p = 2. Then
" (—tr(UX) _ o o—tr(UX) 1 8 —tr(UX) _ _ . o—tr(UX) _ 0" —tx(UX) ;
Buj; © = —xjje and 3 Fug; © = —x;j¢ = Pu;© 1
j. Then
o 0 o*

Uy Outy 6u12)2]eitr(UX) = (_1)2[x22x11_x%2]eitr(UX) = (_1)2[det(Xﬂ€7tr(UX)~

For the general p, consider the determinant of the operator %, that is [det(%)]
operating on e~"(UX) then the result is (—1)?[det(X)]e~*(UX). Then the opera-
tor [(fl)pdet(gU)}” = [(fl)pdet(g—U)]...[(fl)pdet(g—U)} operating on e~ (UX) gives
[det(X)]"e~"(WUX) This determinant operator will be denoted by Dar;. Then

Dye~ UK = [det (X))~ (UX), (2.1)

Similarly, % operating on e"(UX) gives Xe'"(UX)  Consider the operator DYy =
[det(25)]". Then

D} UX) = [det(X)]me (VX (2.2)

With the help of these two operators we will establish a few basic results which will
be stated as lemmas.
Lemma 2.1. Let X be p X p real positive definite. Then
_ _ Ip(y+n)
toldet(U)] 77 = [det(U))~OrFm) S22 T2
su[det(U)] [det(U)] T

for R(v) > %,n =0,1,2,....

Proof: Consider the following integral, for X = X' > O and U = U’ > O:

, ) o
/ [det(X)]~ "% e 0T X = [det(X)]~ 2 et (U2 XUZ) g x
x>0 X>0
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where U2 is the unique positive definite square root of the positive definite matrix
U. Let V=U3XU? = dV = [det(U)]*s dX by using Lemma 1.2. Then

/ [det(X)]7~ et U2 XU2) g x — [det(U)]“Y/ [det(V)]"~ 55 e~ (V)qy
X>0

V>0
_ -1
= [det(U)] T, (7), R(y) > P
by using (1.4). Hence we have the following identity:
1 P -1
[det(U)] ™7 = —— / [det (V)] "5 e WYy, R(y) > 2~ (2.3)
I'p(7) Jvso 2
Now, operate on both sides with DZ;;. That is,
1 P
Dy ldet(U)] 7 = 5 | [den(V)r (D Vv
() Jvso
1 / _ptl UV
= [det(V)] = e " UVIqy
(7)) Jvso
Ip(y+n) - p—1
=2 [det(U)] " R =0,1,2,.. (24
e @) 0 R ) > B =012, 24)

This establishes the result.

Now, let us look at a basic result of D7, operating on e (UX) " which will be
stated as a lemma.

Lemma 2.2. Let X and U be p x p real positive definite matrices. Let DYy, be the
operator defined in (2.2). Then

o etV [det(U)] "5 ny P1
I e B R

Proof: Observe that (2.3) can be taken as the Laplace transform of the function
[det(V)]"~ "5
Tp(v)

l,i=j

3177
taking each element once. If U = (u;;), U = U’ then it is the Laplace transform of
all elements in V, taking the diagonal elements once and the off-diagonal elements
twice. Hence as an inverse Laplace transform we can write, for R(~y) > 112;1,

with Laplace parameter matrix U. If U = U’ = (n;;u;;) with n;; =

then it is the multivariable Laplace transform of all elements in V,

S T —y o tr(UX) R
[det(X)] "= 2ty LD Jrwyso, [det(U)] Ve AU, U = (n;jusj)
- T N~ p(p=1)
DO | 2 fayso MU 000U = ().

(2.6)
Then, operating on both sides with the operator D7y we have
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p+l p(p—1)
2

o : / - tr(UX
n = [det(U)] 7 (D et U
1X Lp(v) (2m1) p(pt1) S T
p(p—1)
27
- %/ [det(U)] et UX)qu.
(27Ti) 2 §R(U)>Uo

Interpreting the right side as an inverse Laplace transform the right side corresponds
P

+1
to % for R(y —n) > 251 or R(7) > n + 25+, Hence the result.

With the help of Lemmas 2.1 and 2.2 we can look at some fractional deriva-
tives when the arbitrary function f(X) is of the form [det(V)]™ or of the form
[det(V)}'Y_% or of the form e**"(V), Let D, f and DS, f denote the fractional
integral and fractional derivative of order o of the second kind or right-sided sit-
uation respectively. Similarly, let Di o f and DYy f be the fractional integral and
fractional derivative of the first kind ( left-sided) and of order a respectively. The
following symbolic representations will be used to write fractional derivatives from

fractional integrals:
DSy f = DDy~ ] =

the fractional derivative of order « of the second kind, in the Riemann-Liouville
sense for n > R(a) + 251

DSy f =Dy (D3 f) =

the fractional derivative of order «, of the second kind, in the Caputo sense for
n > R(e) + 2

v f =Dy DLy ) =

the fractional derivative of order «, of the first kind, in the Riemann-Liouville sense
for n > R(a) + 25

Dy f =Dy g Dy, f] =

the fractional derivative of order «, of the first kind, in the Caputo sense. The
operator of the second kind is also called right-sided operator and the operator of
the first kind is also called the left-sided operator.

3. FRACTIONAL DERIVATIVES IN SOME SPECIAL CASES

We will examine a few cases of the arbitrary function with reference to first and
second kinds of fractional derivatives of order «.

Case 3.1: f(V) = e~ (V) right-sided fractional derivative in the Riemann-Liouville
sense

—1
For n > R(a) + &&=,
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Dgyf = Dy [Dy ™ f]

1
Dy / [det(V — U)o~ 5 o=u (M gy
Lp(n—a) Jysu
7tr(U) (W)
= DY 7/ detVV”o‘fifr dW,W =V -U
g p—— w>o[ (W)]
_ D;LUeftr(U) _ eftr(U) (31)

where D=t (U) = [(—1)"Pdet((—I)")] = 1. In this case, the right-sided fractional
derivative in the Caputo sense is the following for n > R(a) + 25

1
I'p(n—a)

Dyyf = DQ_((Jn_a)[DSU ] = / [det(V — )"~ a=2 —t(V) gy
’ 7 V>U
But Dy e~ (V) = e=(V) and

S — / [det(V — )]~ " e~ (ay = ot Lo —a) )
Iyin—a) Jysu T,(n—a
(3.2)

In this case, both the Riemann-Liouville and the Caputo derivatives are the same.

Note 3.1. In this case it is easy to note that the semigroup property holds for
both the Riemann-Liouville and the Caputo derivatives. That is,

Dg,UDg,Ue_tr(U) = Dg,UDg,Ue_tr(U) = D;Eﬁe_trw)-

Case 3.2a: f(V) = [det(V)]~7, R(y) > 0, right-sided fractional derivative of order
o in the Riemann-Liouville sense

This is the following:

DS f = Dyy[Dy o f]

n 71 e — nfo‘*pT“ -
= Do /V  det(v =) [det (V)] "7V
n 71 e n_a_pTH e -
= Dol gy etV 5 e+ W] )

o lp(n—a)p(y —n+ ) 11
— D} [det(U)] T2 P T=U3VU
2U[ ( )} Fp(n _ Oé)Fp(’}/)
—(r—nta)Lp(y —n+ )
= Dy [det(U)) Ot 3.3
fyldet(U) e (33
But from Lemma 2.1
D [det(U)] =t = M{det((])r(wa) (3.4)
2 Ip(y —n+a)
for R(7) > 251, R(y+a) > 1. Substituting (3.4) in (3.3) we have for R(y) > 252,

« -y —(v+a) FP(’Y + OL)
D3 y[det(U)]™7 = [det(U)] o)
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Note 3.2. It is not difficult to see that the semigroup property holds here. Note
that, for n > R(a) + p%l and n > R(B) + p%l’

»(7+ )

D A D5 yldet(U)] 7} = D;U{F [det(U)]~ ()}

FP(W)
- Fpg (:)O‘)Dg;]{rp (ml_ B /V >U[det(V— U™ A= [det(V)]~ OV}
_ FP(’Y+O‘) m e —(y+a+B—m) Fp(7+a+5 7m)
o) e ildertU] Lot
_ Lo +F°“ ;)ﬁ =) Dy (et (1)) Ot
= W[detw)]—waw) = D51/ [det(U)] . (3.5)

Thus, semigroup property is proved for the Riemann-Liouville type derivative of
order v and of the second kind.

Case 3.2b:  f(V) = [det(V)]7 7, R(y) > 0, right-sided fractional derivative of order
« in the Caputo sense

Here
1

F,(n o) /V>U[det(V‘U””_a_

pt

—(n—a n 1 n _
D2a,Uf:D2,I(] )[D2U ] = 7 Dy [det(V)]"7dV

for n > R(a) + 25+, But

Dy [det(V)] ™7 = W[det(V)]—(w—s-n).
Therefore,
Diyf = 1“p(nl_a) /V>U[det(v SO W[det(‘/)}‘m")dv
= M e —(v+a)
I'p(7) [det(U)] o)

for R(vy) > %, Ry +a) > p2;1. This is the same result in the Riemann-Liouville

case also. Hence for both cases here we have the same expression for the fractional
derivative of order o and also the semigroup property holds good in both the cases.

Note 3.3: If f(V) = [det(U)]”, R(vy) > 0 then it is easy to see that the conditions
in the above procedure are violated. In fact the right-sided or second kind fractional
integral diverges for this situation whereas the left-sided integrals will be available
in this case.

4. FIRST KIND FRACTIONAL DERIVATIVE FOR SOME SPECIAL CASES

Here we consider two special cases of the arbitrary function.

Case 4.1a: f(V) = e"(V) | fractional integral of order « in the Riemann-Liouville
sense
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D¢y f =DiyDr g~ 1)

1 p+1
_Dni tU_vna—i trV)dV
e [, e V)
r(U
’fUt()/ [det(W)]" "2 e " WAW, U -V = W
Lp(n—a) Jwso

— D;LUetr(U) Fp(n — Oé)

tr(U)
[p(n —a) .

= ¢

It is trivial to see that the semigroup property holds. Since D7y et"(V) = et(U) the
derivative in the Caputo sense also gives the same result.

Note 4.1. If f(V) = e~ (V) then the above procedure does not hold. But we can
take out U from [det(U — V)]"*O‘*pTH, make a transformation W = U~ 2VU =,

Then expand e~ *(UW) for O < W < I and integrate out to obtain a confluent
hypergeometric series of matrix argument, see [4] for details.

RS
Case 4.2a: f(V) = %, left-sided fractional derivative in the Riemann-
P

Liouville sense
In this case, for n > R(a) + L;l’

D$yf = Dy Dy f]

n 1 e _ nfo‘*T—’y*
e e V) NV
[det(U)r+n-e="

1 1
= n T: T2 T2
S Y o U 2VU 2
 [det(U)po
Ip(y —a)

by Lemma 2.2, for R(y — a) > 251, n > R(a) + 25+, Let us see whether it satisfies
the semigroup property.

Df,U[D?,Uf] DIBU{ [det(p()ﬁi”_‘;‘)} Ry —a) > pg 1
= Dify[det(U)]7 o= Lp(m — B)Tp(y — a)

Tp(m = BTy — )Ty — o = f+m)
p [det()PTemPm T [det(U) e

v Lp(y—a—B+m) B Lp(vy—a—p5)

= D?,Zﬂf = D?,U[Df,Uf]

for R(y —a— ) > %. Hence the semigroup property is satisfied.

S
Case 4.2b: f(V) = %,%(7) > pTl, left-sided fractional derivative in

the Caputo sense
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In this case we have the following, for n > R(a) + 2% ,:

- (e [det ()]
o f = Dy Dy, f] = Dy
LU o DTyl LU Lp(y—n) ;
i r=n-2ft
__ 1 / [det(U — V)" "5 [det(V) v
Ip(n—a) Jyu Tply =)
y—a—Et - — ) 3
_ [det(U)] Lp(n—a)lp(y ”)7T =U"2VU" 2
Lp(n—a)lp(y—n)  Tp(y—a)
[det(U)] 2% p—1

= Ty —a) SRy —a) > ——.

It is the same result as in the Riemann-Liouville case also. It is evident that this
Caputo derivative also satisfies the semigroup property.

Note 4.2: If f(V) = [det(V)]77,R(y) > 0 then it is easy to see that the above
conditions on the parameters are violated. Hence the left-sided fractional deriva-
tives are not available for this situation.

5. FRACTIONAL DERIVATIVES OF KOBER OPERATORS

The Kober integral operator of the second kind and of order «, in the real
matrix-variate case is given by the following:

[det(U)]”
Lp(a)

for R(a) > p%l. Then, the Kober fractional derivative of order o and of the second
kind in the Riemann-Liouville sense is given by the following, see [8]:

Ky if = /V>U[det(V)]_p_“[det(V —U)* " f(V)AV (5.1)

K3yf= D;LUKQ_,l(]n_a)f

= Dn M e —pta—niqe _ n_a_PT“
=TT i~ ) /V>U[d t(V)] 7 det(V = U)] FV)AV  (5.2)

for n > R(a) + %. The Kober fractional derivative of order a and of the second
kind, in the Caputo sense is given by the following:

KSy =Ky D3y f)

det(U)]|? —p—(n—a n—o—2FrL n
— )" / [det (V)] 2~ " det(V — U)]" "= D3y F(V)]AV  (5.3)
p(n—a) Jysy
for n > R(a) + %. Now, we will evaluate (5.2) and (5.3) for various cases for
fV).

Case 5.1a: f(V) = [det(V)]~7,R(7y) > 0, evaluation of (5.2)
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K$yf =Dyl 5 f

= D [ et (v e den(v v ay)
= Dy M /W>O[det(I/V)]"—@—‘”31 [det(I + W)]~PTe"=7dw}
LA T o SN Dl e

_ Lp(p+17) Ip(y +n) [det(U)]~ O™, (5.4)

Cplp+v+n—a) Iy

This is the ath order Kober fractional derivative of the second kind in the Riemann-
Liouville sense.

Case 5.1b: The Caputo derivative in Case 5.1a

Consider
K§uf =Ky D3y f]
_ [det(U)]p e _ n—oz—pT+1 e —p—n+a
= oo [ e = ) den(v)

{ D3y [det(V)]77}dV
_ [det(@))? Tp(y + 1)
Lpn—a) Ty(v)

Ip(y+n) Tplp+n+9)

— e —(y+n)
00 Tyl +p o+ 2n—ay o)

X

/ [det(V — U)]"~ "= [det(V)] P~ 2= vHeqy
V>U

for R(v) > 1’2;1, n > R(a) + %. Note that the Caputo derivative is different from
the Riemann-Liouville derivative in this case.

Case 5.2a: f(V)=e t(")

This will go to a Whittaker function of matrix argument, both in the Riemann-
Liouvile and in the Caputo senses. For the final integrals, see [4]. Final integrals
will be of the form

/ [det(S)]*1~# [det (I + §)]~ (18 (9) 45

5>0

for some R(ay) > pz;l, R(B1) > p%l. Hence this case will not be discussed here.
6. KOBER FRACTIONAL DERIVATIVES OF THE FIRST KIND, OF ORDER «

We will consider fractional derivative of order « in the Riemann-Liouville and in
the Caputo senses for some special cases of f(V). The Kober integral operator of
the first kind is given by the following, see [8]:
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det(U)]~P~ P
Kips = OIS [ ey plaenu - vy

’ Lp(a) V<U
The ath order fractional derivative of the first kind in the Riemann-Liouville sense
is then given by the following:

F(V)av. (6.1)

K{yf =Dy AK, 5~ 1}

[det ()]~ =

= Dj /V _[eV)P et = VP f(1V)av (62

for n > R(a) + p—;l, and that in the Caputo sense is given by the following:

[det(U)]—p—+o

Kol =77 )

/ [det(V)]?[det(U — V)"~ "% {Dfy, f(V)}aV.
V<U

(6.3)
Let us examine these two types of derivatives for some special cases of f(V).

Case 6.1: f(V) = e*t(V)

In this case the integrals to be evaluated, corresponding to (6.2) and (6.3) will
be of the form

/ [det(I/V)]Vl*pTJrl [det(I — W)]wf%“eitr(UW)dW
o<w<I

for R(v;) > p—;l,i = 1,2 and the integral will go to confluent hypergeometric

function of matrix argument, see [4], and hence it will not be discussed here.
[det(v)]"~ 55 1
Case 6.2: f(V) = W,?R(’Y) > pT

In this case (6.2) will reduce to the following for n > R(a) + 251, R(v) > 3+
Kipf = Dip{K; =" 1)
[det(U)]~P7"

= Dy [ eV lden(u - Vet
[det(V)]7 =52
. Fp(’Y) dV}
_ o det@P 1 ot (1|28
= Dl T 0] g oY)
x [det(I — W)"~*= "= dW}
[det(@)]P "~ Ty(p+7)

= 6.4
Lo —n)  Tyn—atpt) (64)
for R(v) >n+ p—;l, R(p+7) > %, n > R(a) — R(v). This is the Kober fractional
derivative of order « of the first kind in the Riemann-Liouville sense. Now, consider
(6.3).
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[det(V)P =" [det(V)] "5 p—1
DY, f(V) =D} = 7%(7 >n4+ —.
IV =Pl T ) PR
Then
N R 12 e gt s
Ko f=0000 7 det(U — V)|"—e— 2y
A Y e P R
[det (U)]" ="~ Ty(p+ v — )
= (6.5)
Fp(W—n) Ipp+y—a)
for n > R(a) + 22,0 < R(y) — 55, R(p + ) > R(a) + 2. Note that the
expressions in (6. 4) ( 5) are different.

7. FRACTIONAL DERIVATIVES OF MATRIX-VARIATE STATISTICAL DENSITIES

In [8] it is shown that matrix-variate statistical densities are directly connected
to Kober fractional integral operators. Let X; and X5 be p x p statlstlcally 1nde—

pendently distributed real matrix-variate random variables. Let Uy = X2 X1 X 3
1 1
and U; = X3 X1_1X22 . Then U, and U; are called product and ratio of matrices X,

1
and Xy where X5 denotes the real positive definite square root of the real positive
definite matrix Xy. If the densities of Us and U; are denoted by g2(Us) and g1 (Uy)
respectively then it is shown in [8] that

Tp(a+y+22) Iyp(a+7)
Ky and g1(Ur) = —2o———=
Lp(y+252) 27 Ip(7)

where K o is the Kober fractional integral operator of order v and of the second

92(U2) = Kig (7.1)

kind, given in (5.1), and Ky ¢ is the Kober fractional integral operator of order
o and of the first kind, given in (6.1). Hence, fractional derivatives of order o
of the second kind, in the Riemann-Liouville and in the Caputo senses, of the

density g2(Us), are available from (5.2) and (5.3) by multiplying with the constant

Fp(aJr'erpT'H) . . . .
T e For the density g1 (Uy) the fractional derivative of order o and of the
P 2

first kind, in the Riemann-Liouville and in the Caputo senses, are available from
(6.2) and (6.3) by multiplying with the constant (OZ;F)V) In both these cases f(V)
is assumed to be a statistical density of the real positive definite p x p matrix V.
For f(V) we have considered two special cases in Section 6. One was [det(V)] 7.
Note that the results will go through for the function [det(I + V)]~ also. This can

be made into a statistical density by multiplying with a constant. Note that

Iy (p) -
f(v)= P [det(I+V)]~*
Lo (P55 )Tp(p — B37)
Ly (p) pil_pfl
= [det(V)] 2 [det(I+ V)7, V>0 (7.2)
Lp(B55)p(p — 57)
which is a type-2 matrix-variate beta density with parameters (2= ‘51 ,P— p—“) Hence

the fractional derivative of g2(Usz) is available from those of the Kober fractional
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integral operator of order «, namely K, - Thus, we can define the fractional
derivative of the density, D3 ; g2(Uz), by using the density in (7.2).

The second function that we have considered for f(V) was of the form

[det(V)]P— 55+ 1 ey pil_pi
fv)y= = [det(V)]P~ 2 [det(I —U)] = ~"= . (7.3)
Iy (p) p(p)
Hence F’JF p(t, - ) f(V) is a statistical density, which is a type-1 matrix-variate beta

p“). Hence the fractional derivative of order a for

the density g1(U1) in (7.1) is available from the corresponding derivative of K

density with parameters (p,

with f(V) in (7.3) multiplied by the constant % Thus, we can define the

fractional derivative of the density gi(U1), that is, Df';; g1(U1), with the help of
Ky of (7.1) and the density in (7.3).
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