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CONVOLUTION PROPERTIES FOR SUBCLASSES OF
UNIVALENT FUNCTIONS USING SALAGEAN INTEGRAL
OPERATOR

R. M. EL-ASHWAH

ABSTRACT. Making use of the Salagean integral operator I"™, we defined sub-
classes of univalent functions and investigated some convolution properties for
these subclasses.

1. INTRODUCTION

Let A denote the class of analytic functions of the form:
f2) =2+ ", (1.1)
k=2

which are analytic in the open unit disc U = {z € C: |z| < 1}, and S is the subclass
of A which are univalent.

Let € be the class of functions w analytic in U, satisfying w(0) = 0 and |w(z)| <
1 for all z € U.

If f(2) and g(z) are analytic in U, we say that f(z) is subordinate to g (2),
written f(z) < g(z) if there exists a Schwarz function w € €, such that f(z) =
g(w(z)), z € U. Furthermore, if the function g (z) is univalent in U, then we have
the following equivalence, (cf., e.g., [8]):

f(2) < g(z) & f(0) = g(0) and f(U) C g(U).
For functions f(z) given by (1.1) and g(z) given by

(oo}
o) =2+ D b, (12)
k=2
the Hadamard product or convolution of f(z) and g(z) is defined by

(fx9)(2) zz—&—Zakbkzk =(g=*f)(2). (1.3)
k=2
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For f(z) € A, Salagean [11] introduced the following differential operator:
DOf(2) = [(2), D f(2) = 2f'(2),.., D"f(2) = DD f(2)) (n €N ={1,2,..}).
We note that

D'f(z) =2+ Y K'apz® = (ha*f)(2) (f€AneNo=NU{0}), (1.4)
k=2

where

ho(2) =2+ Y _k"2* (neNyzel). (1.5)
k=2
Also, Salagean [11] introduced the following integral operator:
0 _ 1 _ M n _ n—1
Lf(z) = f(2), I'f(z) = [ ==dt ..., I"f(z) = I(I" f(2)) (n € N).
0

‘We note that

I"f(z) =2+ k"az" = f)(2)  (n €N, (1.6)
k=2
where
An(2) =2+ k"2 (neNyzel). (1.7)
k=2

We note that
(i) I7"f(2) = D" f(z) (n € No) (see [11]) and 17" f(z) = Df(2);
(i) ((hn + M) (2)) % £(2) = £(2) (n € No);
(if) 2(I" 1 £(2)) = I"f(2) (n € No).
With the help of the Salagean integral operator I, we say that a function
f € Aisin the class S"(4, B) (-1 < B < A < 1) if it satisfying the subordination
condition:
I"f(z) 1+ Az
" if(z) 17 Bz

Let C™(A, B) denote the class of the functions f € A satisfying zf/(z) €
S™(A,B). We note that S1(A, B) = S*(A,B) and C~(4,B) = C(A,B) (see
[4), [6], [7) and [12)).

Denote by SYT(A, B) the class of functions f € A satisfying the subordination
condition:

(n € No). (1.8)

cos)\{e It f(z) isinA -<1—|—Bz

and let CY¥(A, B) be the class of functions f € A satistying zf' € S¥(A, B). We
note that Sy '(A, B) = S*(A, B) (see Nikitin [9] and Aouf [1] with a = 0) and
Cy (A, B) = C*(A, B) (see Bhoosnurmath and Devadas [2]).

Further, let M™(A, B) be the class of functions f € A satisfying the subordina-
tion condition:

(M < FineNo),  (19)

I"f(2) ~ 1+ Az
z 1+ Bz

(n € No), (1.10)
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and M (A, B) (0 > 0) be the class of functions f € A satisfying the subordination
condition: )
I"f(z) UI" f(z) - 1+ Az
z z 14 Bz
Evidently, MJ(A, B) = M(A, B) (see Goel and Mehrok [5]).
Also, we note that
(i) M2(1—28,-1) = M*(8)(0 < B < 1) the class of functions f € A satisfying
the condition:

(1-o0) +

(n € No). (1.11)

> 3

(ii) M2(1 —28,—-1) = M,(B)(0 < B < 1) the class of functions f € A satisfying
the condition:

z

Re{(l _ e +JI”1Zf(Z)}

)

Re{(l s —I—Jf’(z)} > B.

Convolution properties for various subclasses of analytic functions have been ob-
tained by several researchers (see [2], [3], [10], [12], [13]). In this paper, we investi-
gate convolution properties of the classes S"(A, B), C™(A4, B), SY(4, B), CY (A4, B),

M"™(A, B) and M (A, B), respectively, associated with the Salagean integral op-
erator.

2. MAIN RESULTS
Unless otherwise mentioned, we assume throughout this section that 0 < 6 <
2m,m € Ng,0 > 0,—1 < B < A <1 and \,(z) given by (1.7).
Theorem 1. The function f(z) defined by (1.1) is in the class S™ (A, B) if and
only if

1 24+ C22
S EENBIOR
e A

forall C =Cyp = Boa) 6 € ]0,27), and also for C' = —1.
Proof. First suppose f (z) defined by (1.1) is in the class S™ (4, B), we have
I"f(2) - 1+ Az
Imtif(z) 1+ Bz’
since the function from the left-hand side of the subordination is analytic in U, it
follows I"*1f (2) #£ 0,2z € U* = U\{0}, i.eé]"“f (2) #0, z € U, this is equivalent
to the fact that (2.1) holds for C' = —1.

From (2.2) according to the subordination of two functions we say that there exists
a function w(z) € Q, such that

I"f(z) 1+ Aw(z)
In*t1f(z) 14 Bw(z)

£0 (2 €D) (2.1)

(2.2)

(z€l),

which is equivalent to
I"f(2) 1+ Ae'
Im+1f(z) 7 1+ Be?

(z€U;0 <0 < 2m),
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or
%{I”f(z)(l + Be?) — 1" f(2)(1 + Ae)} £ 0. (2.3)
Since
1”Hf@>*5555:1”“fu> (2.4)
and
I"FLE(2) % {(1—22)2} = I"f(z) . (2.5)

Now from (2.3),(2.4) and (2.5), we obtain

1 2+ C22
= > (f * Ang1) (2) * m

which leads to (2.1), which proves the necessary part of Theorem 1.

(ii) Reversely, because the assumption (2.1) holds for C = —1, it follows that
1 I'IL
;I"‘*‘lf(z) # 0 for all z € U, hence the function p(z) = I’“F{J(‘?)z') is analytic in U

]#O(ZEU;O§0<27T),

(i.e. it is regular at zp = 0, with ¢(0) = 1).
Since it was shown in the first part of the proof that the assumption (2.1) is
equivalent to (2.3), we obtain that

I"f(z) 1+ Aet

- ; 2 2.
() 7 14 Bel (z € U;0 € [0,2m)), (2.6)
if we denote 1A
+ Az

the relation (2.6) shows that o(U)N(OU) = (). Thus, the simply-connected domain
©(U) is included in a connected component of C\ ¢(0U). From here, using the fact
that ¢(0) = 1(0) together with the univalence of the function 1, it follows that
©(z) < 9(z), which represents in fact the subordination (2.2), i.e. f € S™ (A, B).
Theorem 2. The function f (z) defined by (1.1) is in the class C™(A, B) if and
only if

1 z+ (14 20)2*

e dnn) ()5 ZEUE292 ) L (e ) (2.7)

z (1-2)

e+ A
for all C = Cy = BoA) 0 € 10,27), and also for C = —1.
Proof. Set
(2) = z+C22
T

and we note that )
z4+ (1+20)z

o (7) = U200

(1-=2)

From the identity zf' (2) x g (2) = f (2) x 29’ (2) (f,g € A) and the fact that
f(z)e C™"(A,B) & zf' () € S"(4, B).

The result follows from Theorem 1.
Remark 1. (i) Putting n = —1 and ¢ = (0 <0 < 27) in Theorem 1 , we
obtain the result obtained by Padmanabhan and Ganesan [10, Theorem 2];

(2.8)
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(ii) Puttingn = —1,A=1-2a (0<a<1),B=—lande ™ = —5 (0 < 0 < 27)
in Theorem 1, we obtain the result obtained by Silverman et al. [13, Theorem 2];

(ili) Putting n = —1 and e = (0 < # < 27) in Theorem 2, we obtain the
result obtained by Padmanabhan and Ganesan [10, Theorem 1;

(iv) Puttingn = —1,A=1-2a (0 < a<1),B=—lande ¥ = —5 (0 < 0 < 27)
in Theorem 2, we obtain the result obtained by Silverman et al. [13, Theorem 1].
Theorem 3. The function f(z) defined by (1.1) is in the class S} (A4, B) if and
only if

1

z+ Ez?
) ()

e 4 e (Acos A+ iBsin \)
forall E = Ey = 4 0 2 d also for £ = —1.
ora T (B—e *(AcosA+iBsin\) ’ € [0,2r), and also for
Proof. First suppose f (z) defined by (1.1) is in the class S} (4, B), we have
1 o I f(2) .. 14+ Az
! - A
cos)\{e It f(z) B i 1+ Bz
since the function from the left-hand side of the subordination is analytic in U, it
1
follows I"*1f (2) #£ 0,2 € U* = U\{0}, i.e.—I""1f (2) # 0,2 € U, this is equivalent
z

to the fact that (2.9) holds for F = —1.
From (2.10) according to the subordination of two functions we say that there exists
a function w(z) € Q, such that

1 a IMf(2) . 1+ Aw(z)
p— {e /\]n-irlf(z) - zsm/\} =13 Bul) (z €U,

#0 (z€U), (2.9)

(1N < g;neNo), (2.10)

which is equivalent to

1 o IMf(z) 1+ Ae®?
cos)\{e I+l f(z) isinA #1+Bei9

(z€U;0 <6< 2m),
or
%{ei’\lnf(z)(l +Be?) — 1" f(2)[(14 Ae) cos A\ +isin \(1+ Be')]} # 0. (2.11)

By simplifying (2.11), we obtain (2.9). This completes the proof of Theorem3.

Theorem 4. The function f(z) defined by (1.1) is in the class C} (A, B) if and

only if

z+ (1 +2E)z2?
(1-2)°

e + e ™ (Acos A\ +iBsin \)

(f * Apy1) (2) * #0 (z€U) (2.12)

fi 1 £ =FEy= - 0el0,2 d also for £ = —1.
ora o (B—e""*(Acos A +iBsin\) ’ € [0,27), and also for
Proof. Set
(2) = 2+ E2?
g (1_2)25

and we note that )
z+(1+2F)z
Zg/ (Z) = ( 3 ) .
(1-=2)
From the identity zf/(2) * g (2) = f (2) * z¢' (2) (f,g € A) and the fact that

f(2) €QX(A,B) & zf'(2) € SY(A, B) .
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The result follows from Theorem 3.
Remark 2. (i) Putting n = —1 and €% = 5 (0 < # < 27) in Theorem 3, we obtain
the result obtained by Padmanabhan and Ganesan [10, Theorem 4];

(ii) Puttingn = -1, A =1-2a (0<a<1),B=—lande ¥ = —5 (0 < 0 < 27)
in Theorem 3, we obtain the result obtained by Silverman et al. [13, Theorem 4];

(iii) Putting n = —1 and e = 3 (0 < 0 < 27) in Theorem 4, we obtain the
result obtained by Padmanabhan and Ganesan [10, Theorem 3];

(iv) Puttingn = —1,A=1-2a (0 < a<1),B=—lande ¥ = —5 (0 < 0 < 27)
in Theorem 4, we obtain the result obtained by Silverman et al. [13, Theorem 3.
Theorem 5. The function f (z) defined by (1.1) is in the class M™ (A, B) if and
only if

1 22 — 23
e rmin 0+ 2288 22D g (p ey, (2.13)
z (1-2)
—i6
forall C =Cyp = 6(33317 6 € ]0,27), and also for C' = —1.

Proof. First suppose f (z) defined by (1.1) is in the class M™ (A, B), we have

I"f(2) - 1+ Az
z 1+ Bz’

(2.14)
From (2.14) according to the subordination of two functions we say that there exists
a function w(z) € Q, such that

I"f(z) 14 Aw(z)
z 1+ Buw(z)

(z€),

which is equivalent to

I"f(2) £ 1+ Ae'

(z€U;0 <0< 2m),

z 1+ Be®
or
é{f"f(Z)(l + Be") — 2(1 + Ae')} £ 0.

Since

1 ‘ oy

;In+1f(z) * {(1 + Be’e)ﬁ _ Z(]_ + Aeza) El — z;Q} 7& 0
then

C(22%2 — 23
:% {Inﬂf(z)*w(l(_zz)zz) #0 (2 €U;0 <0 <2m),

which proves Theorem 5

Theorem 6. The function f (z) defined by (1.1) is in the class M2 (A, B) if and

only if

2[1 — (1 —20)2](1 + Be®) — 2(1 — 2)3(1 + Ae??)
(1-2)°

#0 (z€U).

(2.15)
Proof. First suppose f (z) defined by (1.1) is in the class M (A, B), we have

I -1 1+ A
f) M) LA
z z 1+ Bz

: l(f ) (2)

(1-o0) (¢ > 0;n € Np). (2.16)
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From (2.16) according to the subordination of two functions we say that there exists
a function w(z) € €2, such that

(1 _J)I”J;(z) +JI”*1f(z) 1+ Aw(z)

z 1+ Bw(z)
which is equivalent to
I"f(2) I f(z) 1+ Ae'?
o

(z€)

(1-o0) ST . ?él—&—Bei‘g (z€U;0<0 < 2m),
é{[(l — )" f(2) + o I" f(2) f(2)](1 + Be™) — z(1+ Ae™)} # 0.
Since
—0)z oz z ; —2)3
% (I”+1f(z) * {(1 + Be'?) [((11 — 252 + (1(i_:)3) —z(1+ Aele)g — 2;3 }) #£0

which proves Theorem 6.
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