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MEAN SQUARE CONVERGENT FINITE DIFFERENCE
SCHEME FOR RANDOM FIRST ORDER PARTIAL
DIFFERENTIAL EQUATIONS

M. A. EL-TAWIL, M. A. SOHALY

ABSTRACT. In this paper, the random finite difference method is used in solv-
ing random partial differential equations problems of first order. The condi-
tions of the mean square convergence of the numerical solutions are studied.
The numerical solutions are computed through numerical case studies.

1. INTRODUCTION

Random partial differential equations (RPDE) are defined as partial differen-
tial equations involving random inputs. Various numerical methods and approx-
imation schemes for RPDEs have also been developed, analyzed, and tested (see
[1112,31, 4], [5],[6],[7],[81,[9],10], [11],[12],[13],[14],[15], [16]]).

This paper is interested in studying the following random partial differential prob-
lem of the form:

wg(x,t) = Bug(z,t) ,t€[0,T],z € [0,X]
u(z,0) =up(z) , z€[0,X] (1.1)

Randomness may exist in the initial condition, in the differential equation it self
or both. The random finite difference method is used to obtain an approximate
solution for problem 1.1.

In this paper the random finite difference method is used to obtain an approxima-
tion solution for random partial differential equations problems of the first order.
This paper is organized as follows. In Section 2, some important preliminaries are
discussed. In Section 3, the Consistent of (RFDS), Stability of (RFDS) and the
Convergence of (RFDS) are discussed. Section 4, presents some results. Section 5,
presents the solution of some numerical examples of first order random partial dif-
ferential equations using random finite difference method. The general conclusions
are presented in the end section.
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2. PRELIMINARIES
2.1. Mean Square Calculus.
Definition 2.1. [15]. Let us consider the properties of a class of real r.v.’s

X11, X120, ... , Xo1, Xog, .. , Xk, ---Whose second moments, E(X%)), E(X%),
..... , B(X3), BE(X%), ..... , B(X?2,), ... are finite. In this case, they are called
”second order random variables”, (2.r.v’s).

Definition 2.2. [15]. The linear vector space of second order random variables
with inner product, norm and distance, is called an Lo -space. A s.p.{X(t),t € T}
is called a 7second order stochastic process” (2.s.p) if for ti,ta,ts,....,tpthe T.0’s
{X(t1), X(t2), ..... , X (tn)} are elements of La-space. A second order s.p.{X (t),t €
T} is characterized by :

X)) = E(X2(t) <0 ,teT

2.1.1. The convergence in mean square[15]. A sequence of r.v’s { X1, n, k > 0}converges
in mean square (m.s) to a random variable X if

lim || X, — X[ =0
n,k— oo

1.e.
Xorw =X orLimX,, =X

n,k— o0

Where L.i.m is the limit in mean square sense.

3. RANDOM FINITE DIFFERENCE SCHEME (RFDS)

In this current work, we extend one kind of the finite difference methods to ran-
dom case in order to approximate of random first order partial differential equations
of the form:

ug(x,t) = Buy(z,t) ,t€[0,T],2 €[0,X] (3.1)
u(z,0) =uo(z) , z€[0,X] (3.2)
For difference method, consider a uniform mesh with step size Az and At on x-

axis and t-axis. Notational, u}} will be approximate of u(x,t) at point (kAxz,nAt)
(Hence uf = ug(kAz)). On this mesh, we have

u(z,t + At) — u(z,t)

ug(x,t) =

At
then

n+1 _an

ug(kAx, nAt) ~ Ui A7 Y
Similarly
Az, t) — t
gty = M EATD Zulrl)

then

Uy (kAx, nAt) ~ uk-zi_uk
x
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Hence for 3.1
up ™ = Bl — )
ug = up(zk)

_ At
where r = Aa

Above scheme is a random version of 3.1. For a RPDE, say:
Lv=G

where L be a differential operator and G € L?(R) in the other hand, we represent
finite difference scheme at the point (kAxz, nAt) by Liuy = G} .

3.1. Consistent Of (RFDS).

Definition 3.1. [[7],[10],[12]]. A random difference scheme Lj}u}} = G}} approwi-
mating RPDE Lv = G is consistent in mean square at time t = (n + 1)At, if for
any continuously differentiable function ® = ®(x,t) , we have in mean square:

E|(L® — Q) — (Lp®(kAz,nAt) — GP))* — 0
as At — 0, Az — 0, and (kAz,nAt) — (z,1)

Theorem 3.2. The random difference scheme (8.8-3.4) is consistent in mean
square sense

Proof. Assume that be a smooth function then
L(®)} = ®(kAz, (n + 1)At) — ®(kAz, nAt) — BV, (kA 5)ds
And
L}® = d(kAz, (n+1)At) — ®(kAz,nAt) —rB(®((k+ 1)Ax, nAt) — &(kAxz, nAt))

Then we have

r 2
E|(L®); - Lpo|* = E |-V, (kAx, s)ds + %5(@(@ +1)Az, nAt) — @(kAx,nAt))}
X

2
- F _ﬁ[glnAthl)Atq)I(kAx, s)ds — %(@((kz + 1)Az, nAt) — &(kAz, nAt))]}

Az

2
= BBV, (kAx, s)ds — ﬁ(@((k + 1)Az, nAt) — @(kAx,nAt))]}

_ | B 0 (kA 5)ds]? — 2820 VA @, (AT, 5)ds]|

if At -0, Az — 0, and (kAz,nAt) — (z,t), then
E|(L®)} — (Lp®(kAz,nAt)[> =0

Hence the random difference scheme (3.3-3.4) is consistent in mean square sense. [

kAt
kAzx

(®((k + 1)Az, nAt)

—®(kAz,nAt))] + B2[ERL(®((k + 1) Az, nAt) — ®(kAz, nAt))]?

|
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3.2. Stability Of (RFDS).

Definition 3.3. [[7],[10],[12]]. A random difference scheme is stable in mean square
if there exist some positive constants £, and constants k,b such that

E ’u2+1|2 < kebtsupE {uof
k
Forall 0<t=(n+1)At, 0 <Az <cand 0< At <6

Theorem 3.4. The random difference scheme (3.3-3.4) is stable in mean square
sense.

Proof. Since uptt = ul + rB(uf,, — u}}) then:
2 n n n 2
E |“Z+1| = Lk |Uk +rB(ug, — Uk)|
= E|(up)? +2rB(uilyy — up)(ui) + 7262 (ui ) — ui)?|
= B(up)* +2rB(B(uiyuf) — B(up)?) + 2 [E(uf)? — 2B(uiyuf) + E(up)’]
< sup [B(up)? + 20B(B(uf ) — B ) + B (w0 = 2B} ) + B ]
= 51]1pE(uZ)2 + 2TﬂSL;pE(uﬁ)2 - 2rﬂsng(u2)2
+r2B%supE(uj,)* — 2r? B%supE(u})? + r2 2 E(uf)?
k k
= supE(u})*
k
Hence
supFE ’uZH’z < supE [u}|* < supE |u271’2 < < supFE |up :
k k k k
Then
FE ‘uZH}Q < supF ’u()’z
k

where £ = 1 and b = 0 then the random difference scheme (3.3-3.4) is stable in
mean square sense. (Il

3.3. Convergence of (RFDS).

Definition 3.5. [[7],[10],[12]]. A random difference scheme Lyu} = G} approzimating
RPDE Lv =G s convergent in mean square at time t = (n + 1)At, if

Elu} —ul* =0
as At - 0, Az —» 0 and (kAxz,nAt) - (z,t) orasn — 0, k — 0 and
(kAz,nAt) — (z,t)

3.3.1. A Stochastic Version of Laz-Richtmyer Theorem [12]. A random difference
schemeL}u = G} approximating SPDE Lv = G is convergent in mean square at
time t = (n + 1)At, if it is consistent and stable.

Theorem 3.6. The random difference scheme (3.3-3.4) is convergent in mean
square sense
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Proof.
Euf —u* = E|(LY) " (Ljup — L)’

Proof. Since the scheme is consistent then we have:
Liup ™ L,
Then we obtain
E|Lpu} — Liul> =0
as At — 0, Az — 0, and (kAz,nAt) — (z,t). And since the scheme is stable.

Then (L)~ 'is bounded, Hence E [u! —u|* =0 as At — 0, Az — 0. Then the
random difference scheme (3.3-3.4) is convergent in mean square sense. d

4. SOME RESuULTS

Theorem 4.1. Let be {X,k,n,k > 0} , {Yar,n,k > O}sequences of 2-r.v’s over
the same probability space and suppose that:

lim [|[X.,—X|] = 0,
Jk—o0
lim Yo, =Y = 0,
Jk—o00
then
(1) lim B {Xu} = B{X}
n,k— oo
2) lim E{X?}=FE{X?
(@) Jim E{XG) = E{XT
(3) lkim Var { X} =Var{X}
n,k—o0
(4) lim PDF{X,.}=PDF{X}

n,k— oo

Proof. (1) From Schwarz inequality:

E|XY| < (E{X?)):(E{Y?})}

we have:

|E{Xne} 1l < L(E{X2}) = [ Xkl
then:

E{Xo} < B X} < [Xoll < o0 (4.1.1)
In (4.1.1) put X, — X instead of X, then we have:

|E{Xnk — X} = [E(Xnx) — E(X)| < E{Xn, — X} < | Xop — X

As n,k — oo then
|E{Xni} — E{X} =0
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ie
lim E{X.}=E{X}
n,k— oo

(2) From successive applications of the triangle and Schwarz inequalities:

E(XY) — E(X Yor)| = |BE(XY) — E(Xp1Yor) £ E(XYy1) £ E(XY) + E(X,.,Y)]

= |E(Y =Y )X + BE(X — Xo)Y + E(Y — Vo) (X — X))
|E(Y = Yor) X[+ [E(X — X)) Y|+ [E((Y = Yo ) (X — Xok))|
(X Yok = Y| + Y] [ X0k — X[ + [[Yar = Y| [ Xoe — X||

IAIA

But each of the terms on the right-hand side tends to zero by hypothesis
as n,k — oo
then:

lim E{Y,:Xnt} = E{XY}

n,k— o0

As X,,. = X then we obtain
lim E{X} }=E{X*}

n,k— o0
(3) Since
lim E{X.} =F{X},
n,k— oo
and
Var{X} = E{X2.} — (BE(X.1))?
lim Var{X,,} = lim (E{X2.}— (E(Xu))?
n,k— o0 n,k— o0

= lim B{X%)}— lim (BE(Xu)?)

= E{X’}—(E{X})*=Var(X)

Then we obtain

lim Var{X,;}=Var{X}
n,k— o0

Definition 4.2. [15]. ”The convergence in probability”
A sequence of r.v's{ X,,; }converges in probability to a random variable X as n,k —
oo if:

lim p{|Xp—X|>e}=0Ve>0

n,k—o00

Definition 4.3. [15]. "The convergence in distribution”
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A sequence of r.v's{X,}converges in distribution to a random variable X as

n,k — oo if:
lim F,  (z)=F,(z)
n,k— o0
Lemma 4.4. [15]
The convergence in m.s implies convergence in probability
Lemma 4.5. [15]
The convergence in probability implies convergence in distribution
Theorem 4.6. if X, =% X then PDF{X,.} ™ PDF{X}
lim fs,,(z) = fo(z)
n,k— o0

m.s

Proof. Since we have shown that If X, — X then X, 4 X e Xk

then lim F,  (z)= Fy(x), Then

n,k— oo
d
lim —F,

hence

5. NUMERICAL EXAMPLES

Example 5.1. Solve the random first order partial differential equation:

Ut:ﬂuxaﬂNN(Ovl) s ,tG[O,T],QﬁE[O,X}
1
u(z,0) = ie_h,x € [0, X]

The exact solution
1 ,
’LL(SU, t) — 56_26t_2£

The numerical solution

me X

For the difference method, consider a uniform mesh with step size Ax and At on
x-axis and t-axis. Where Az = &. At = % and M,N > 0. Notational u} , will

M

be approximate of u(z,t) at point (kAz,nAt), ul = uo(kAz). On this mesh, the

difference scheme for this problem is given by

up ™ = By — uy)

1

0 __ —2rK
W= =
k™ 9

(5.3)

(5.4)
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where r = 2—;, xzr = kAxz. First from the initial condition we have:
1
U(0,0) = Ugog = 5
1
u(l, 0) = U0 = 5672Az
1
u(2,0) = ugg = 5674AI
1
u(k,0) = upo = iefzkm” (5.5)
From 5.3
w(1,0) = wo1 = ugo + rB(uio — uoo)
(1 — rB)ugo + rPuig
_ 1 1 —2Ax
— =g s [e]
u(1,1) = w1 = w10+ rB(ug — uio)
= (1 =7rB)uig + rBugo
1 (1
= (A g | Lot
2 2
w(2,1) = wug1 = ugo + rB(ugp — u2)
= (1 —=7B)uzo + rBuso
1 (1
= (1—rpf)ze 422 413 €6Aw.:|
2 2
Finally

W) = = (e g | e

= [3e 0 - rB) + rBe 7] (56)
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u(0,2)

u(1,2)

u(2,2)

finally

u(0, 3)

u(1,3)

Ug2 = Ug1 + T,B(un — up1)
(1-rpB) {(1 — rﬁ) +78 [ —QMH +7p [(1 — rﬁ)[%e_zAx] + rﬁ[;e_4m”}]

(1= rB)[3) + 20— rB)rBlze 7] + (r)ge "

1

151 [(1=78) + (rBe220)]°

w1z = uiy + 7B (u21 — u11)
(1= r8) (1= 78) [5e72] + ralget24] 408 (0= r0)Ge 8] 4 rplge®)

(1—rp)? [ QA””} +2(1 - rﬁ)rﬂ[%e_‘lmj] + (7"5)2%6_6A“’]

Bemm} [(1—rB)+ ('rﬂe’m‘”‘”)]2
Uy = Uy + 7B (uz1 — u21)

(1—rB) {(1 —B) {16_4&”] + rﬁ[;e_fjAz]] +rB {(1 i R oy
(102 [ 3e712] 4+ 201 = rByralgeo2 + (7L ye

[;e_w} [(1—7B) + (rfe227)]”

Uz = Be%m} (1= rB) + (rpe~227)] (5.7)

Upg = Uo2 + 7B (U12 — Uo2)
(1= r8) | (1= P15 + 201~ rB)rBle 7]+ (et +
8 [(1—rﬁ> 507 20 yrslge S 4 (Pl
(1= r8)°[5] + 30— rB)rBlye 2] +3(8) (1 — Bl e 5% + (1) e *2
151 [(1 = r8) + (rpe 2]

u1g = w1z + 78 (u22 — u12)

(1= r8) [(1= 78 [5e727] 200 = rB)rslge o]+ ()P o) +

2
e e B R e RN |
(1= r0)* [ 36722 4300 = raBlge 124 4 38R (1 = r)5em 7]+ (9 Lo

Bemfm} [(1—rB) + (rBe~257))°
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finally
1 _ _ 3
Ups = |:26 %Ax} (1 —7B) + (rBe227)] (5.8)
Finally the general numerical form is
1 n
Upor, = [26—21@91 [(1—7B) + (rBe™227)] (5.9)

we can prove that
m.s

up = u
Proof. Since
limuy = lim up=wu
n,k— o0 Az, At—0

kEAxz,nAt—x,t

if and only if

lim Eluf —ul> = 0or
n,k— oo
lim E|ugfu\2 =0
Az, At—0
kAz,nAt—x,t
1 _ x —2Az\1"™ L g z
upf —u = [26 k& } (1 —7B) + (rBe227)] -3¢ 2pt-2
n 2 1 —2kAx —2Az\1" 1 —2Bt—2x 2
up —u = 56 [(1 —rpB) + (rfe )] — 56
1 kA A n ? 1 kA
= [zl s eaeey] - g

2
[(1 _ 7,,5) + (rﬁe—QAx)]n e—2,6’t—23: + |:;e—2[3t—2:c:|

n_ 12 _ [fe= 2] [(1—rp) + (rﬁe‘QM)]Q" — [fe2haa—28t-22]
E ‘uk u = F { 4 [(1 . TB) + (Tﬁe—QAw)]n + [%63451&74”}
_ gl et [(1— FALB) 4 (JRLge2A7)|*" — [Le2han-2pt-2e]
[(1— £2L3) + (4L Be2A0))" 4 [fe~ 1612

At time t = (n + 1)At, then

_ T _ x 2n
Eluy — U|2 =F 1,—2kAz—2 1[%; 42kA ] [(1 _kA%TAiﬁ) +k(A€TA;ﬁ€2A2A 2] 1,-4 1)At—4
_ [56— z—2B(n+1)At— x] [(1 — kAt )+ (mﬂe— x)] + [16_ B(n+1)At— ac]

as At -0, Az — 0, and (kAx,nAt) — (x,t) and E(S) =0 then we obtain
Elup — ul> =0,

then
up, 8w

Example 5.2. Solve the random first order partial differential equation:
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ur =uy , B~exp(l) , ,t€[0,T],z€[0,X] (5.10)

1
u(z,0) = 53*51@ € [0, X] (5.11)
The exact solution
1
u(z,t) = 56_‘3(”“)

The numerical solution

For the difference method, consider a uniform mesh with step size Az and At on
x-axis and t-axis. Where Az = %, At = % and M, N > 0. Notational up , will
be approximate of u(z,t) at point (kAx,nAt), u) = uo(kAz). On this mesh, the
difference scheme for this problem is

uptt =l Fr(up,, —up) (5.12)
1
up = 56_6“‘ (5.13)

where r = %, x, = kAx and t,, = nAt.
First from the initial condition we have

1
u(0,0) = wpo = )
1
U(].,O) = Ui = §€7BAI
1
u(2,0) = wugp = ieizﬁAz
From 5.3
1
u(k,0) = ugo = iefﬁ’m (5.14)
u(1,0) = wo1 = ugo + 7(u10 — uoo)
(1 — T)UOO + TU10
1 1
= (1- T)i +r |:26_BAZ:|
u(1,1) = w11 = w10+ r(u2 — u1o)
(1 —7)u1g + rugo
1 1
= (- n)5e 4 [Qe—wm]
w(2,1) = w9y = ugo + 7(uso — u20)
(1 = r)ugo + rusg
1 1
= (1- r)[iefﬂm‘r] +r [2636A$:|
Finally
1 1
W) = = (= n)Ge ] 4 gk
1

= [iefﬁkmﬂ][(l — 1) 4 re” P27 (5.15)
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u(0,2)

u(1,2)

u(2,2)

Finally

u(0, 3)

u(1,3)
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Up2 = Uo1 + (U1 — Up1)

(1-7) [(1 — 7“)% +r Ee—/mf” +r [(1 — r)[%e_ﬁmc] + r[;e_QﬂAZ]]

(1= P[]+ 21— r)r[e %] 4 (2 [5e227]
1

(3 [ =)+ (re=?2)]"
ure = u11 + (U2 — u11)

(1-7) [(1 —r) [;e_ﬂm”} + T[;e_wm”}] +r [(1 — r)[%e—w“} + T[;e_wA”]]

(1- r)2 Ee_’[mw} +2(1 - r)r[%e_wm;] + (r)2[%e_35Aw]

[;e/mw} [(1—r)+ (7"67*3&1“’)]2
Uy = Uy + 7(uz1 — u21)

(1-r) {(1 ) Be—mm] + r[;e_w&”]} +r [(1 —r)le ] 4 rlge

(1 _ 7,)2 |:;e—2,3Ax:| + 2(1 _ r)r[%e—i’uﬁAx] + (T)Z[%e—&BA;c]

[;6_%“] [(1=7) + (re=PAo)] .

wa = 55| [(1= 1) 4 reo0)? (5.10

Uoz = U2 + 7(U12 — Up2)

(1= [ (1= rPlg]+ 200 = e 4 (e 297

r {(1 e Beﬁm} 21— r)rlge e 4 (r)Q[;eSﬁAﬂ]

(1= r[3] + 801~ )rlge ] 4+ 3(r)2(1 — r)[ge 227 4 (r) e %27]

5[0 =)+ (e a0

wis = iz + (g — wrz)

(1-7) {(1 ) [;e—ﬂm] 21— ryrge A 4 (T)Q[;e—?’ﬁm]}

r {(1 )2 Be—mx] 21— ryr[ge A 4 (r)Q[;e—‘*ﬁM]}

(1-r)? BMM} 30— rr[ge A 4 3(r) (1 - )5 ()P e

Beﬁm} [(1— ) + (re#57)]°.



JFCA-2012/3(S) ON THE FRACTIONAL-ORDER GAMES 13

Hence
= |54 (1= 1)+ e P2 (5.17)

Finally the general numerical form is
1
g, = [e_ﬁkAm] [(1—7) + (re”2m)]" (5.18)

We can prove that

m.Ss
up —u

Proof. Since l.imul = lim up =wu (if and only if) lim E|u} — ul
n,k— oo Az, At—0 n,k—o0
kAx, 7LAt~)J_ t

or  lim Eluf—ul>=0

Az, At—0
kAz,nAt—x,t

1 n 1
up —u = {eﬁkAz] [(1-r)+ (T@fﬁA‘r)] - iefﬁ(”t)

2

1 n 1
uff — u)® = ‘ {eﬂ’mw} [(1—7) + (re P27)]" — ge’ﬁt’ﬁw

1

— H;e—ﬁmx] [(1—r)+ (re—ﬁm)]"r _ |:26—ﬁkA;c:|

[(1—7) + (re=PAm)]" e=Bt=ba 4 Bemﬁm} ’

o [1 —2BkAz] [(1 _ T) + (TG_BA‘T)]2TL . [%e_chgc—,@t—ﬁw]
E| k | E{ a¢ [(1 _ 7") + (ref,BAm)]" + [i€72ﬁt7251}

1 e—2B8kA kAL kAt ,—BAx 1,—BkA
Elug — ul { 1° ’ z [(1_m)+(mz ’ ] _[ kATt BI]}

— BRE)+ (RLeA)" ¢ [he ]

At time t = (n+ 1)At, then

[ie_QBkAI] [(1 . kAt) 4 (kAL —BAI) o ;e—ﬁmx—ﬂ(nﬂ)At—@w]

n_ 12 _ kAz kAz € 2
Eup — ul E{ [(1— KA (KAL=BAR)™ T} [1—23(nt1)At-260]

as At - 0,Az =0, and (kAz,nAt)— (z,t) and E(8) =1 then we obtain
Elu} —ul* =0,
then

m.Ss
up —u

6. CONCLUSIONS AND FUTURE WORKS

The first order random partial differential equations can be solved numerically
using the random difference method in mean square sense. Through some cases,
the convergence of the solution scheme to the exact one is proved. The general
theory is still absent and the applications to more complex differential equations
are still waiting for development.

}
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