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SUBCLASSES OF STARLIKE FUNCTIONS ASSOCIATED
WITH FRACTIONAL CALCULUS OPERATORS

G. MURUGUSUNDARAMOORTHY, T. JANANI

ABSTRACT. Making use of generalized fractional integral operator, we intro-
duce a new subclass of k—uniformly starlike functions based on Fox’s H- func-
tions and determine coefficient estimates, extreme points, closure theorem,
distortion bounds, radii of starlikeness and convexity. Furthermore subordina-
tion theorem, an integral transform results,neighborhood results and integral
means inequalities are also discussed.

1. INTRODUCTION

Denote by A the class of functions of the form
f2)=z2+4) ap2" (1)
n=2

that are analytic and univalent in the open disc U = {z : |z| < 1}. For functions

f € Agiven by (1) and g € A given by g(z) = z+ > b,2", we define the Hadamard
n=2

product (or convolution ) of f and g by
(f*g)(z)zz—i—ianbnz", zeU. (2)
n=2
Also denote by T, a subclass of A consisting of functions of the form
f(z):z—ianz", an >0,z€U (3)
n=2

is introduced and studied by Silverman [20]. A function f(z) € T is starlike of

order v(0 < v < 1) denoted by T*(v), if R (Z]’:(S)> > « and it is convex of order

'(2)
) > > .
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v(0 <~ < 1) denoted by C(v), if ® (1 + Zj{/
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The study of operators plays an important role in the geometric function theory
and its related fields. Many differential and integral operators can be written in
terms of convolution of certain analytic functions. It is observed that this formalism
brings an ease in further mathematical exploration and also helps to understand
the geometric properties of such operators better.

Now we briefly recall the definitions of the special functions and operators of
fractional calculus used in this paper discussed in [10, 11, 14, 16]. The generalized
hypergeometric function defined by the Mellin-Barnes type contour integral

! m
[T Db — Bus) 1 D1~ a + 54;)
pbm | (am An)i | _ L[ n =1 “ds
pa 7 (bnan)(ll B 271 g P 7 '
1 Il TQ—=by+sB,) [I T(a;—sAy)
n=I[+1 j=m+1

(4)
Here L is a suitable contour in C' and the orders (I;m;p; q) are integers 0 <1 < ¢,
0<m<p Fora; eR, A; >0(j=1,...,p), b, R, B, >0(n=1,...,q) and
the types of contours, for existence and analyticity of function (4) in disks C C, for
Ay =---=A,=1 By =---=B; =1, (4) turns into the more popular Meijer’s
G-function. The Mittag-Leffler function, and the so-called Wright’s generalized
hypergeometric functions ,¥, with irrational A;, B, > 0, give rather general and
typical examples of H—functions, (not reducible to G—functions):

U ((al,A1)7...,(ap, p > Z CL1+71A1 (ap+nA) o

PRI\ (b1, Br), ..., (bg, Bg) T(by +nBy)...T(b,+nB,) n!
_ 1,p _ (l_a’lvAl)a"'v(l_apaAP)

B Hp’q+1|: Ul (071)7(1 bl;Bl)a“'v(l*banq) (5)
when Ay =---=A, = B, =--- = B; =1, they turn into

[11(a)
a;

v (Ezf,l)) ,((l?p,ql)) U) - j? pEalars.. ap by, b 1 0)
) ) » \Yq» Ulf(b])

these functions were extensively studied in [3, 4]. All the classical Fractional Cal-
culus operators [15], and most of their generalizations by different authors, fall
in the Generalized Fractional Calculus operators as very special cases, by taking

multiplicities [ = 1,2, .... and some specific parameters.
Let [ > 1 be an integer; 6; > 0, oy € R, 8; > 0, ¢ = 1,...l. We consider
6 = (01,...,0;) as a multi-order of fractional integration; a = (ay, ..., qq) as multi-

weight; 5 = (B1,...,0:) as additional parameter. The integral operators defined as
given below:

If(z) = (;;;;}5 e

o +6+1—4,+)
= HLO {0 (e ! Bi’ B/l zo)do 6
O/l,l ot 1 B e ©)
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if 26 >0, and as Zf(z) = f(z) if 6 = 02 = --- = §; = 0, are said to be multiple

=

(m—tuple) Erdélyi-Kober fractional integration operators [11]. More generally, all
the operators of the form Zf(z) = z‘sOI((gi‘))’l( 2 f(2) with §g > 0, are briefly called as
generalized (m-tuple) fractional integrals. The corresponding generalized fractional
derivatives are denoted by Dggj))y’l(éi) and defined by means of explicit differintegral
expressions, similarly to the idea for the classical Riemann-Liouville derivative (see
11, 15)).

We recall the following lemma to represent the generalized fractional calculus
operator for functions in f € A and of the form (6) which are analytic in the unit
disk U = {2z : |z| < 1} based on the H—function theory.

Lemma 1. [12, 13] For 6; > 0, oy € R, 8; > 0 (4 = 1,...,1), and each p >
max[—p;(a; + 1)],

T =Y = e, (7)
where
:H [(a; +1+p/Bi) 0
i1 Do +6; +1+4p/Bs)
Then the conditions §; > 0, «; > —1, 3; >0, i=1,...,l, it has been ensured
that (7) holds for each p > 0. Further, the (normalized) GFC operators is given by
Qg )y 6'i — )y 6'i
j}ﬁqﬂ,)),l( )f(z) —Q 11((6,',)),l( )f(z) ®)
where

L T(as+6; +1+1/8))
I T +1+1/8)

Theorem 1. [11] Under the parameters conditions §; >0, a; > —1, 8; >0 (i =

1,...,1) the generalized fractional integral f((;;))’l(‘;i) maps the class A into itself,

, (p=1)

and the image of a power series (1) has the form

If(z)= f((gi"))”l(é"') {z + Z anz”} =z+ Z O(n)a,z" € A, (9)
n=2

n=2
with multipliers’ sequence (n=2, 3, ...):

l
@(n) _ H F((Xi+ 1+n/ﬁl)I‘(az +6; +1+ l/ﬁz)

Pla; + 0 +14+n/8i) (i +1+1/8;)

> 0. (10)

i=1
Remark 1. In the class A the generalized fractional integral (6) can be represented
by the Hadamard product I(O“) )f(z) = h(z) x f(z) where h(z) € A is expressed

(Bi)l
by the Wright’s hypergeometric function (5) studied in [3, 4].

It is of interest to note that if we specialize that o; = —1 and d; = 1 with [ =1,
Bi; =1, in (9) gives the Biernacki operator
Ii1" = Bf(z) = —log(1 — 2) * f(2). (11)

Further by taking a; = 0 and §; = 1 with { = 1, §; = 1, in (9) gives the Libera
operator
Lf(z)=2I1 f(2) = 22F1(1,2;3; 2) * f(2) (12)
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and generalized Libera operator
Bof(z) = (c+ DI{ 7 f(2) = 2T Fi(Le + 1+ 25 2) * f(2). (13)
By taking a; =a—2and §; =c—a withl =1, 8; =1, in (9)we get

F c a—44,C—a
La.0f(2) = R(lacs) s f(2) = (T fe) 04
called Carlson-Shaffer operator [2].
For I =1 and §8; =1, by (9) we have

D"f(z) = zoF1(L,n+1;1;2) % f(2) =z + i ( n+n-—1 )akzk (15)

called Ruscheweyh Derivative operator [18].

Motivated by the earlier works of Goodman [7] and (also see [1, 17, 20, 23] and
using the techniques employed in [5], in this paper we introduce a new subclass of
k—uniformly starlike functions of order v based on generalized fractional integral
operator operator .

For0 < A<1,0<+vy<1andk >0, welet TG(\,v,k) be the subclass of T
consisting of functions of the form (3) and satisfying the analytic criterion

" <ZC§,\((22)) - 7) 7k ‘ Z%/\/,\((z?«’)) - 1‘ 16)

where

Ga(2) _ (L=NI[(2) + \(Zf(2)) an
dGA(e) 2(T()) + AT ()"

z € U, and Zf(z) is given by (9).

For different choices of A we state some special cases of subclasses of starlike and
convex functions involving the generalized integral operators. As illustrations, we
present few following examples:

Example 1. If A =0, then

If(z) Zf(z)
TGp(7, k) = TR ———— - k|l———— -1, z€U 18
) {f - <z<zf<z>>' 7) ) © } (18)
Example 2. If A =1, then
() ()
TG(v, k) := T:R = = — k| — -
) {f : <(If(Z))’+Z(If(Z))” ”) "M E Q) T @R

(19)

In this paper we determine the coefficient estimate, extreme points, closure the-
orem, distortion bounds, radii of starlikeness and convexity results for functions
in TG(\, v, k). Further more we discuss subordination theorem, an integral trans-
form results, neighborhood results and integral means inequalities for functions in
TGN v, k) .

ZGU}
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2. LEMMAS AND THEIR PROOFS
We recall the following lemmas, to prove our main results.
Lemma 2. If v is a real number and w is a complex number , then
Rw) =2y e lw+(1-7)|—|w-(1+7)]=0.
Lemma 3. If w is a complex number and +, k are real numbers, then
R(w) > klw — 1] + v & R{w(1 + ke®) — ke®} >, —7 <0< 7.
Lemma 4. Let 0 < A < 1,0 < v < 1, £k > 0 and suppose that the pa-

rameters aq,...,qa; and fBi,..., S, are positive real numbers. Then a function
fe€TG(\~,k) if and only if
D (A= N[(L+E) = n(y +k)[O(n) |ax| <1 -7, (20)
n=2

where O(n)is given by (10) .

Proof. Let a function f of the form (3) in T satisfy the condition (20). We will
show that (16) is satisfied and so f € TG(\, v, k). Using Lemma 3, it is enough to
show that

! (z%h&((zz)) (1+ke') — kew) >7, —mso=<m @)

That is, suppose f € TG(A,7,k) then by Lemma 3, and by choosing the values of
z on the positive real axis inequality (21) reduces to

(1—79)— [(1 + ke®) — n(y + keie)] (1+Xn—N)O(n)|a,|z"*
R n=2 — > 0.
1= > n(l4+nA—=AN)O(n)a,z"1
n=2
Since R (—e?) > —e® = —1, the above inequality reduces to
1= = > X+nA=N[(k+1)—n(y+k)]O(n)a,r"*
R n=2 > 0.
1—= > n(l+nA=XN)O(n)a,r"1
n=2

Letting » — 1~ and by the mean value theorem we get desired inequality (20).

Conversely, let (20) hold we will show that (16) is satisfied and so f € TG(A,~, k).
In view of Lemma 2, R(w) > v < |w — (1 +7)|] < |Jw+ (1 — )|, it is enough to
show that

- ool )l -l

B(z) B(z) B(z) B(z) ’
where
Az) = [(1=NTf(2) + A2(Zf(2)]= 2= (14 In = N)O(n)|an|z";
n=2

B(z) = [2(Zf(2)) + A\22(Zf(2))"] = 2= Y _n(l+An—A)O(n)|an|=".

n=2
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Hence,

L

I
o
—
S
~

B(x) (”k’gii ‘1’”)’

= > AL n n)apz"
< |B(z)\7+nz::2(1+n/\ N [n—1—5+n(y+k)]O(n)a, ‘
< |B|?z) (2_7)_Z(l+n/\_)‘)[n+1+7—”(7+k)]@(n)anz"
n=2
_ |AR) RO
- R_‘B(Z)+(1 k’B(z) 1‘ W>7

and it is easy to show that R — L > 0, by the given condition (20) and the proof is
complete.
For the sake of brevity we let

(@) Yy, kn)=0+nA=XN)|1+k)—n(y+k)|O(n), (22)
(@) TNk 2) = 1+ 21—k —-27)6(2), (23)
and

(i) ©2) =[]

i=1

>0 (24)

unless otherwise stated.

Corollary 1. If f € TG(\,~,k), then

|
n| <, 0<A<1,0< 1,k>0.
|al|_T(A,’Y,k7n) ,-y<
Equality holds for the function
_ (1_7) n
AR PN TR

3. Distortion Bounds, Extreme Points and Closure theorem

By a routine procedure one can prove the distortion property and extreme points
for function f in the class TG(\, v, k) so we state the results without proof.

Theorem 2. Let the function f(z) defined by (3) belong to TG(\, v, k), then

1—7 9 — )

o U AU Yo v U it (25)
e (1-7) (1-7)
21—y , 2(1 — v

- r < <1 _ =r. 2

YOk OIS ga gy F = 20

2 where T(\, v, k,2) is

Equalities are sharp for the function f(z) = z — ﬁz ,

obtained from (23)

Theorem 3. The extreme points of TG(\,v, k) are

1—
fi(z) = z and fn(z):z—mz”, for n=2,3,4,.... (27)
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where Y (A, v, k,n) is defined in (22). Then f € TG(\, v, k) if and only if it can be
expressed in the form

o0 o0
z) = anfn(z), wp, >0, an =1 (28)
k=1 k=1
Theorem 4. Let the functions f;(z) (j = 1,2,...m) defined by
[i(z) =z — Zamj 2" for an ; >0, z€ U. (29)
n=2

be in the classes TG(X,7;j,k) (7 = 1,2,...m) respectively. Then the function

[ee] m
1 n
z):z——g E anj | =
m ;
n=2 \ j=1

is in the class TG(\,v, k), where v = imn {v;} where —1 <~; < 1.
<<

Proof. Since f;(z) € TG\, ~v;, k) (j = 1,2,3,...m) by applying Lemma 4, to
(29) we observe that

m

ST k) [ TP
n=2
Z(ZT 'y,knanj>

n=2
1 m
—Z 1—7v)<1-—v
m
j=1

where T (A, 7, k,n) is defined in in (22) and which in view of Lemma 4, again implies
that h(z) € TQ( v, k) and so the proof is complete.

IN

4. INTEGRAL TRANSFORM OF THE CLASS T'G(\,7, k)

In this section we prove that the class TG(A,~, k) is closed under integral trans-
form.
For f € A we define the integral transform

v = [rint
0
where v is a real valued, non-negative weight function normalized so that fo t)dt =

1. Since special cases of v(t) are particularly interesting such as v(t) = (1 + c)tc,
¢ > —1, for which V), is known as the Bernardi operator, and

(c+1)° c 1\
— - — >
v(t) () t logt , c>—1§>0,

which gives the Komatu operator. For more details see [§].
First we show that the class TG(\, v, k) is closed under V,,(f)(2).

Theorem 5. Let f(z) € TG(\, v, k). Then V,(f)(2) € TG(\, v, k).
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Proof. By definition, we have

c 5 |
e = L [ teon (z_zazntn ) B

0
1
_ (_1)6_1(C+ 1)6 : SN 1
— T Tg%l+ (logt z— Z a2t
By simple computation, we get
= (c+1
Vi ( = "
3 () -

We need to prove that

oo 4

)\ k, 1
> LN <C+ ) an < 1. (30)
— c+n

On the other hand by Lemma 4, f € Tg( v, k) if and only if

o0

Z (A77akan)an < 1,
n=2 177

where Y (A, v, k,n) is defined in (22). Hence EI}L < 1, therefore (30) holds and the
proof is complete.
The above theorem yields the following results.

Theorem 6. (i) If f(z) is starlike of order « then V, (f)(z) is also starlike of order

v.
(ii) If f(z) is convex of order « then V,(f)(z) is also convex of order .

Theorem 7. Let f € TG(\,v,k). Then V,(f)(2) is starlike of order 0 < ¢ < 1 in
|z| < Ry where

(c+n>6 (1= Y\, 7, k,n)

(-1 -1) ] (=2,

where T(\, v, k,n) is defined in (22).

Proof. It is sufficient to prove

(Vo (f)(2))
Vo (£)(z)

For the left hand side of (31) we have,

1‘<15. (31)

AGE 1= 5 () o
B0 0 (a) e
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The last expression is less than 1 — ¢ since,

n—1 ctn ’ (1_§)T()‘777kan)
|z]" 7" < :
c+1 (n—=¢&1—7)
Therefore, the proof is complete.
Using the fact that f(z) is convex if and only if zf/(z) is starlike, we obtain the
following.

Theorem 8. Let f € TG(A,~,k). Then V,(f)(z) is convex of order 0 < £ < 1 in
|z| < Ry where

(c+n>6 (1 =&Y\, v, k,n)
c+1l) nn—-¢&01-9)

where T (A, 7, k,n) is defined in (22).

R2 = inf

n

| o

5. NEIGHBOURHOOD RESULTS

In this section we discuss neighbourhood results of the class TG (A, , k). Follow-
ing [6, 19], we define the d— neighbourhood of function f(z) € T by

Ns(f) := {heT h(z —Z—Zdnz and Zn\an dn<6} (32)

Particulary for the identity function e(z) = z, we have

Nj(e) := {heTg _Z_Zdz and Zn|d|<6} (33)

Theorem 9. If

21—
0= T\, &, 2) (34)

then TG(\,v,k) C Ns(e), where T(A, 7, k,2) is defined in (23).
Proof. For f € TG(\,~v, k), Lemma 4 immediately yields

T(Av’y7ka2)zan S ]- -7,

n=2
so that

Zan - T(A ’y,k 2) (35)

On the other hand, from (20) and (35) that

—(k+y)(1+N0 Znan < (1=9)-1+N1+k06 Zan

(1) — 1+ M1 +k)O(2 )(1 *7)
1+ N1 —k—27)0(2)

—2(1 —7)(k+7)

- (1—k—2y) ~

IN
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that is

- 2(1—7) 21—
7;2"“” SATNA—F-290®) - Tk °

(36)

which, in view of the definition (33) proves Theorem 9.

Now we determine the neighborhood for the class TG (p, A, 7, k) which we define
as follows. A function f € T is said to be in the class TG(p, A, 7, k) if there exists
a function h € TG(p, A, v, k) such that

f(z)
-1 1-— < 1).
Theorem 10. If h € TG(p, A, 7, k) and
Y (N, v, k,2
p= 1— ( y Vs Ry ) (38)

2[(C(A 7, k,2) = (1= 7))
then
Ns(h) C TG(p, A\, v, k) (39)
where YT (A, v, k,2) is defined in (23).
Proof. Suppose that f € Ns(h) we then find from (32) that

oo

Zn|an —d,| <9

n=2

which implies that the coefficient inequality

n=2

| >

Next, since h € TG(\, v, k), we have

i d = 1=y
" T(A7 PY? k’ 2)
so that
Z |an - dnl
n=2
=3 dy
n=2
é y T\ v, k,2)
2 T()\a%]%?)*(l*’)’)
6T(A7 ’Y’ k’ 2)

2[(T<)‘7 s kv 2) - (1 - 7)]
= l-p

A

provided that p is given precisely by (39). Thus by definition, f € TG(p, A,~, k) for
p given by (39), which completes the proof.
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6. INTEGRAL MEANS

In [20], Silverman found that the function fo(z) = z — § is often extremal over
the family 7. He applied this function to resolve his integral means inequality,

conjectured in [21] and settled in [22], that
27 2m
/;f(rei9)|”d9§/|f2(rei9)|”de,
0 0

forall f € T, n > 0and 0 < r < 1. In [22], he also proved his conjecture for
the subclasses 7*(7y) the class of starlike functions and C(y) the class of convex
functions with negative coeflicients.

We recall the following definition and the lemma to prove our result on Integral
means inequality.

Definition 1. (Subordination Principle)[9]: For analytic functions g and h with
g(0) = h(0), g is said to be subordinate to h, denoted by g < h, if there exists
an analytic function w such that w(0) = 0, |w(z)| < 1 and g(z) = h(w(z)), for all
zeU.

Lemma 5. [9] If the functions f and g are analytic in U with g < f, then for
n>0,and 0 <r <1,

2m 2m
/ ’g(rew)’n df < / ’f(rew)’n de. (40)
0 0

Applying Lemma 5, Lemma 4 and Theorem 3, we prove the Silverman’s conjec-
ture for the functions in the family TG(\, v, k).

Theorem 11. Suppose f € TG(A, 7, k), n>0,0<A<1,0<~vy<1,k>0and
fa(z) is defined by
_ 11—~ 2
SR (eI

where Y (), 7, k, 2) is defined in (23). Then for z = 7e?, 0 < r < 1, we have

/ F)do < / fa(=)]" de. (41)
0 0

Proof. For f(z) € T, (41) is equivalent to proving that

2m 2

/1—§:Ia Iznlnd9</ T ks RS L
" - YAk 2)"|

0 n= 0

By Lemma 5, it suffices to show that

o) B 1_7
1-— nlz™ 1 l1— —2.
2 lanl" <1y

n=2

Setting

_ 1—7
— n—1 — -
1 nE=2|an|z 1 T(/\’%k72)u;(,z), (42)
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and using (20), we obtain

YNy, kyn n—
fw(z)] = Z(Wﬁauz 1

n=2 1-

)\'y,k:n
<|\Z |an|

< IZ\-

This completes the proof .

7. SUBORDINATION RESULTS

Now we recall the following results due to Wilf [24], which are very much needed
for our study.

Definition 2. (Subordinating Factor Sequence) A sequence {b,,}22, of complex
o0

numbers is said to be a subordinating sequence if, whenever f(z) = > a,2", a1 =1
n=1

is regular, univalent and convex in U, we have
Z bpanz" < f(z), zeU. (43)

Lemma 6. The sequence {b,}52, is a subordinating factor sequence if and only if

m<1+22bnzn> >0, zeU. (44)
n=1
Theorem 12. Let f € TG(\,7,k) and g(z) be any function in the usual class of

convex functions C, then
T\, k,2)
2[1 =+ YT\ v, k,2)]
where 0 <y < 1; k>0and 0 < A <1, and
1—9+T\,k,2
R((2) > - TR,
T(A7,k,2)

2[1—y+T(A\7,k,2)]

(f+9)(2) < 9(2) (45)

zeU. (46)

The constant factor in (45) cannot be replaced by a larger number.

Proof. Let f € TG()\, v, k) and suppose that g(z) = z+ > b,2" € C. Then
n=2
T(A 7,k 2)
B TN\, k,2)
_2[1—7+T(/\fy,k2 <z+Zb anZ ) (47)

Thus, by Definition 2, the subordination result holds true if

{ T\ 7.k, 2) }°°
2[1—’7+T()‘a7?k’2)] n=1
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is a subordinating factor sequence, with a7 = 1. In view of Lemma 6, this is
equivalent to the following inequality

7k, 2)
1 n2" | >0, U. 48
( *Z 1—7+T(>\7%k72)]az>> ° 1)
By noting the fact that Lf;") is increasing function for n > 2 and in particular
T\, k,2) < T()\,*y,k,n), N>
1—7v - 1—7v -

therefore, for |z| = r < 1, we have

T\, k,2) =
%<1+[1—V+T A7, k,2)] Z )

Z TN, k,2)a,z"

T\, k, 2) 3
T A X k2] [y T K D)
o0 T .
>1 T()"77k,2) n2=:2| ()‘7%k,n)an|r

T T+ YN k2)] T+ TNk 2)]
T\, k,2) 1—7
Tt YOk 2] Lyt TN K, 2)]
>0, |z|]=r<]1,

r

where we have also made use of the assertion (20) of Lemma 4. This evidently
proves the inequality (48) and hence also the subordination result (45) asserted by
Lemma 4.

The inequality (46) follows from (45) by taking

z = .
g(z)—l_z—z—i—;z eC.

Next we consider the function
1=y »
T()Vr}/? k’ 2)
where 0 < v < 1, kK > 0,0 < A < 1 and T(\,k,2) is given by (23). Clearly
F € TG(\, v, k). For this function (45)becomes
TN, k2
Ak oy 2

21—y + T\, v, k,2)] 1-=2

It is easily verified that

min{ % (g Szt @) | = #<v

This shows that the constant % cannot be replaced by any larger one.
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