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K-NEW GENERALIZED MITTAG-LEFFLER FUNCTION

ANJALI GUPTA, C.L.PARIHAR

ABSTRACT. This paper deals with the k-new generalized Mittag-Leffler func-
tion. Some of its properties including differentiation, fractional Fourier trans-
form, Laplace transform and k-Beta transform are presented. Also k-Riemann-
Liouville fractional integral and differentiation are determined.

1. INTRODUCTION

Diaz et al.[1, 2, 3] have introduced k-generalized gamma, k-beta, k-zeta functions
and k-Pochhammer symbols. They proved a number of their properties and inequal-
ities for the above k-generalized functions. They have also studied k-hypergeometric
functions based on k-Pochhammer symbols for factorial functions. Mansour [8],
Kokologiannaki [4], Krasniqi [5] and Merovci [7] extended the study of k-gamma
and k-beta functions. Romero et al. [10, 11, 12] introduced k-functions and a
new k-Weyl fractional integral operator. Recently Romero, Luque, Dorrego and
Cerutti [14] investigated k-Riemann-Liouville fractional derivative and derive some
of its properties. Musbeen and Habibullah [9] introduced k version of the classical
Riemann-Liouville fractional integral.

The integral representation of k-gamma function is given by

z tk
T(z) = k‘rlr(%) = / t"tem dt, Re(x) > 0,k >0 (1)
0

and k-beta function defined as

1
1 @
Bk(:c,y):%/ 1 — ) Ytz > 0,y > 0 2)
0
So that
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Y, _ Tw(@)lk(y)

Bi(e.9) = 1B PandBi(z.9) = FH0E 3)

Most of the functions like k-Zeta, k-Mittag-Leffler function for two and three pa-
rameter, k-Wright and k-hypergeometric function could be defined by the following
formulae

a, _ = (Z)n
Ey, (Z)*vaavﬂ>0- (5)

n=0

B, 4(2) = ZO rk(o(jn)ili@)m(z)n’ k€ R, 8,7 € C;Re(a) > 0,Re(8) >0. (6)

oo

Wy, 5(2) = Z M(z)”,k € R,a,B,v € C; Re(a) > 0, Re(B) > 0.
” (7
Fl(B )5 (1:0952) = 3 () k€ R By € CRe(9) > 0, Relr) > 0.
n=0 R

(®)

In this paper ,we introduce a k-new generalized Mittag-Leffler function which is a
generalization of the Mittag-Leffler function given by Salim [16] and it is denoted
by E,Z:Z’%m(z).Some elementary definitions concerning to the fractional calculus
are present and derive properties of above function.Finally determine k-Riemann-
Liouville fractional integral and differentiation of investigated function.

Definition 1. Let f be a sufficiently well-behaved function with support in
Rtand let a be a real number,ae > 0 .The k-Riemann-Liouville fractional integral
of order a,I¢ fis given by
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z

Ial)e) = gy | = 0F ) )

as special case can be obtained the definition due to Mubeen and G. Habibullah [9]

1

BENE = gy | =08 ro (10)
0

when k — 1, it then reduces to the classical Riemann-Liouville fractional integral

z
1

I"NE) = Fa / (2 — )2 f(t)dt (11)
0

Definition 2. Let 8 be a real number, 0 < f < 1. The k-Riemann-Liouville
fractional derivative is given by

(DEA)E) = ()P (o) (12)
LN = =g [ =0T ro (13
0

Definition 3 Let u be a function belonging to ¢(R). The Fractional Fourier
transform (FFT) of order «, 0 < v < 1, is defined as [13]

fa(w) = Falu] (@) = / ¢ Ly (1) dt (14)

It may by observed that if « = 1, (14) reduces at the conventionally Fourier
transform given by

Flol(2) = / ¢l (t)dt (15)

when w > 0 it reduce to the FFT introduced by Luchko, Martinez and Trujillo [6].
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Definition 4 Let k € R ;c, 8,7, € C,Re(a) > 0, Re(B) > 0, Re(y) > 0, Re(d) >
0,p > 0,¢ > 0 and ¢ < Re(a) + p.The k-new generalized Mittag-Leffler function is
defined as

qn k n
)= 3 o ()

)pn,k

where (7)gn,kis the k-Pochhammer symbol given by

Mgnx = qqn(%)n,k(’y j]_ k)nk(W)nk, (17)
Vanis = W (18)

Most of the function based on gamma function can be redefined by applying k-
gamma function. For example the function investigated by Shukla and Prajap-
ati[15] and Salim [17] could be defined in terms of k-gamma function as

o0

-4 Jan.k n .
B 5(2) Zork (on+ 5) n'( 2)", k € Ry, 8,7 € C; Re(a) > 0, Re(8) > 0, Re(ry) > 0,q > 0.

n

(19)

E,Zi 52 Z T cm—i—ﬁ G ()", k € R,a, 8,7,0 € C; Re(a) > 0, Re(8) > 0, Re(y) > 0, Re(d) > 0.
(20)

Propositionl. Let v € C.k € R and n € N.Then the following identity holds

v B
D = 0Ky @1

as particular case
(Vien = E"F D ()i (22)

Proof: On applying results

(o = 1" [T = B2 (D) = ()
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and
Wk =N +E)(y+2k) (v + (n— Dkin=1,2,3.....

v/k+1, v/k+2

ok

v _ qn
(E)qn—q (q ( q )( 7 )
1 _ qn —nl M 7+2k
(k)qn—q k (q)( p )( 7 Yeee
(D = a™ k™ (V) gt

k
Identity(22) may be obtain by using above definition of (v), rand pochhammer
symbol

M=+ +2).(y+(n=1));n=1,2,3.......

Functional relationship between a new generalization of Mittag-Leffler function and
the k-new generalized Mittag-Lefller function can be obtained by using proposition
1 and (1)

,0, _8 1.2 _a pp
B app(2) = K TREDE (R (5)2) (23)
or equivalantely
81 .0, a q? 2.8,
KB k(D)0 = BE R (24)

2. ELEMENTARY PROPERTIES

Theorem 2.1 If the condition (16) is satisfied, then there holds

d
4, 0, 6,
Ega%p( ﬂElZ(x%—i—kp( )+a2d7Ego¢%+kp(Z)

z) =
Proof: On applying (16)we have

d n, d = (7) n,k
B0 B0 q k n a qn, n
BEL o +kp(2 )+azd Kophp(2) =B Z Fk (an + B+ k)(6)pn.k (2)"+az dz nz:: Fi(an+ B8+ k)(6)pn,k ()

an an n
_5nz:orlk O[’I’L"‘ﬁ"‘k')( )pnk +aZFk an+/6+k)( )ank(Z)

— - (W)qn,k n
= (an+B) nz;o Flon 5+ Do (2) (25)
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Now T'p(z + k) = 2T'x(2),(25) becomes

d
0, 5 5
ﬂEIZ,ajB-&-k,p( ) + azd Eza(lﬁ+k p( ) E/Zocf@,p(z)

Theorem 2.2 If the condition (16) is satisfied, then there holds

y+k,6+k,q v,6,q _ 85k prytak.spkig
k,a,B,p () Ekaﬁp() Zp7(5)p,k k,a,a+f,p (Z)

Proof: Using (16) and the relationship(y + k) gn.x — (V) gn.k = ¢n(k/7) (V) gn.k

i ('7 + k)qn,k: - ('Y)qn,k]
Ti(an+ ) (5 + k) pnk = (6)pnk

i Z" 5an(’7)qn,k

“— T(an+5) wmk(5)pn,k

_ Z Zntl 0q(V) q(n+1),k
Fk om + o+ ﬂ) (6)p(n+1) k

on applying the result

(v + @R gnk(Maik = (Va(nti).k

2" (V)gk (Y + qk)gn k
Zm om+oz+ﬂ)[( 6)p,k (6 + PE)pn,k

Z (v + k) gn i _ (g kS pka )
« T(an +a + B)(6 + pk)pn.k py(8)p ) Bmathp

Theorem 2.3 If the condition (16) is satisfied, then for me N

(5);7 k,o,a+pB,p

.. 0, (’7) m,k mk,5+pmk,
() EE(0) = (i DB ()

d o B _ a
(#d) () LB (w2 )] = kR R (w2 ®)

E

()L mpss, o) = (Vs g ok sha )

(e %)

Proof (i): From (16) and applying the relationship, we have

Mam+i)e = (Vaik (Y + @E) gn .k

d s d i n,k
—E% sq - q "
dz kB, pl dz Z:: (an + B)(6)pn.k (2)



JFCA-2014/5(1) K-NEW GENERALIZED MITTAG-LEFFLER FUNCTION

— qn k n—1
. oo ¥ B

n=1

Q(n+1) n
Z Ti(a n+1 By T E

(V) g.k - (v + qk) g,k "
@ "V 2 T D 5 A6+ s

d
Ly, () = Dok qypyiakaiia)

dz FeBp (5)11,/6
(i)
d. ™ v.5,q . d.m - (7)‘17%"? n
(@) Easp(?) = (ﬁ) Z L (an + B)(0)pn.k )

o~ (Ngnan(n—1)(n—2)....(n —m+1) L (n—m)
,;1 Li(an + B)(6)pn,k

= (M g(nam) n+m)(n+m—1)(n+m—2) (n+1)zn
nz_;) ( (n + m) + B)( )p(n+m),k
(V) gm.k - (v + qmk)gn n
O " 2 ) 4 810 Pl

d." s (V) gm.k mk,5+pmk,
(@) Bl = (G (o D By @)
pm,

(iii)In view of definition (16), we have

a.™ -1 d ¥ "N k -
el E"/ sq k qn " k !
(dz) [ km,ﬁ’p(w dz nzjork (an + B)( )pn,k (@)"(2)
Using the formula
dm T(n+1
on (n+1) 2™ n > m, wehave

dzm P(n—m+1)
an+
_ Z Vank oy LERE 141 () L~ (m41)
Fk Of”"’ﬂ()pn,k F(%:ﬂ—l—m—i—l)

Finally using the formula (1),the above expression becomes

d.™ F) a m_ B _—m— ) &
(%) [ lElZa’,%p(wzk)} =k7"zF 1El;{o¢,% mk,p(wzk)
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v,0,9
3. INTEGRAL TRANSFORM OF EJ'0% (2)

Theorem 3.1(Laplace Transform) Let k € R ;a, 5,7,6 € C,Re(ar) > 0, Re(8) >
0, Re(vy) > 0, Re(6) > 0, Re(s) > 0,5# 0,p > 0,¢ > 0 and g < R(a) 4+ p.Then

5, (L PR
LIE] 5] = B (s D)

Proof: From (16) and definition of Laplace transform

L(f)(s) = / et iyt

Lo -~ Dok g
[ k a,B,p / Z Fk an + ﬁ (6 )pn,kz ?
'] & S
qn e~ %% 2" dz 26
; OzTL —|— 5)( )pn,k A ( )
we know that
oo L(n+1) n!
—S8z nd — = 27
/0 e~ (2)"dz e, gt (27)

From (26) and (27), we have

L[5 Jar ls~" 28
[ kaﬁ,p ZFk cm-i-ﬁ()zm,kns )
5, nl s -
LIEL G ()] = B Qb7

Theorem 3.2 ( k Beta Transform) Let k € R ;a, 8,7,0 € C,Re(a) > 0, Re(8) >
0, Re(y) > 0, Re(d) > 0,p > 0,9 > 0 and ¢ < Re(a) 4+ p. Then

1
=5/ -
0

Proof: From (2)and (16)

=@

s_ , o )6,
11— 2)f 1B g‘;( ©)do = KE]YY 5 (2)
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1

k (Man.k / anth g $-1
= : 20| xTE 1—2)r “de
40 2 Fulan-+ 5 S S

. k . (7) n,k n
o Z I'k(an +qﬁ)(6)pn,k "Bilan +8,9)

Now on using (3) we have

1
/ e ) BB (s )de = KBS (2)
0

173

Theorem 3.3( Fractional Fourier Transform) The FFT of order of the new

k-Mittag-LefHler function for ¢ < 0, we have

& )7712'777,71&}77("+1>
JT B d,q qn k <
B2 = 3
Proof:From (14) and definition (16)
FalBLah ()] = / SR DI U
WP % 70 Ty (O(Tl + /B) (6)pn,k
k 0 @
_ (I” 6iw «ZY N ]
Z Fk an + 6 )pn,k [oo( )
on changing variables
Wy = —t,iwédz = —dt
e —ne—n— —(n+1)
B g 1 P / % etingy
ne0 Li(an + B)(6)pn,k 0
o] ni—m— —(n+1)
B L M VY
=5 Li(an + B)(0)pn.k
S n—n—1, —(nt1)
757q n' an ) T wT
FalE k,a,B, p Z

2 Than 1 A@)n
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4. K-FRACTIONAL INTEGRATION AND K-FRACTIONAL DIFFERENTIATION OF

»6,
B ab.p(?)

Theorem 4.1 ( k-Fractional Integration) Let k,v € R ;«, 3,7,0 € C,Re(a) >
0, Re(8) > 0, Re(y) > 0, Re(d) > 0,p > 0,q > Othen

R BV 1y, 2
Iy oy =2 BN (2F)

Proof: From (10) and deﬁnltlon (16)

HEES AR ELNE

1 r 771 qn k antf_q
z— tF dt
V)o/( Zrk (an + B)(6)pn,k

an v _ 1 an+B
-1
kfk Z Fk om—i—/a’ ) () pn i /(Z )*
0

Set t = zx, dt = zdx and replacing in (30)we have

~Lat (30)

o 1

1 (V) gn,k antBtv g / v_q ants 4
W) 2 P + 5) O e (31

the integral in (31) result

1
1 antd g v_q 1 _v an+8
- (1- dw = ~B(Y
k/ B)fde =g Bl =)
0

o0

Z V)an.k 27‘*7L+kf3+“—13(5 O‘”"‘ﬁ)
kI‘k Fk OéTL -l— ﬂ )pn,k k’ k

where B(x,y) is the Beta function. Then

v antf
Z Van.k ontfiv Ul
kfk T om—i—ﬁ (6)pn.k Lanthtv
Now applying (1)
antpty T (v)Th(an + B)

_ an+5+u 1 Z qn k k

Fk anJFﬂ)( Jpn.k k%ﬁﬂlf2Fk(an+ﬂ+I/)

,0, a 7_ s, a
IF LS ()] = 2 B, ()
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Theorem 4.2 (k-Fractional Differentiation)Let k,v € R ;a, 8,7,0 € C,Re(a) >
0, Re(B) > 0, Re(vy) > 0, Re(6) > 0,p > 0,q > Othen

B-v+l g
B _ )6, a z Kk 5. a
Dk[ k 1E;a%p(zk)]: k Ezaqﬁ v— k-{-l,p( k)

Proof: From (12),(13) and definition (16)

«a 1 d 1/ an+f

v B 1prdg (L2 -1 Van.k -1

DylzF TEYY (2F)] = Ty dz /zt Zrk Gt B)6 )pn,kt R
0

(32)

Set t = zx,dt = zdx and replacing in (32)we have

- 1
qn k i antpovtl_y / 1_ 1y an- ~14
ka 1—1/ E:OFk (an+ 5(6 )pn,k(dz)z (I —=2) v v
n 0

Now applying definition of Beta function

1 - (Vgn,k d, antp—vir_; _1—v an+ 3
= 2 —)z k B ,
kT (1 —v) ; Ti(an + B)(0)pnk dz ( k k )
Z qn k (om +B8—-v+1 _ ) antpovtl o F(l—TV)F an]:rﬁ
k;Fk (I—v) =TI an—i—ﬁ 0)pn.k k F(W—l—kl)
using (1)and the result I'(n + 1) = nI'n
- : i ()gn.k i 1>Zw72 FEEEEE (1 - v)De(oan + B)
T(l = v) g Tilan + B)(0)pnx (nH=E0 — 1) EEEE T an - v 4 1 k)
B— 1/+1 0o
_? —2 Z (W)qn,k Z%
k «Tr(on+ B —v—k+1)(6)pnk
Zﬁ :+1 2
Dk[zﬁ_lElz”a,%p(Z?)] = TEIZ,Q7(JB v—k+1, p(Z?)
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