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SUFFICIENT CONDITIONS FOR THE EXISTENCE AND
UNIQUENESS OF SOLUTIONS TO IMPULSIVE FRACTIONAL
INTEGRO-DIFFERENTIAL EQUATIONS WITH DEVIATING
ARGUMENTS

RAJIB HALOI, PRADEEP KUMAR AND DWIJENDRA N. PANDEY

ABSTRACT. In this article we prove the sufficient conditions for the existence
and uniqueness of piecewise continuous (PC) mild solutions to impulsive frac-
tional integro-differential equations with deviating arguments in a Banach
space. The results are obtained by using the theory of analytic semigroup
and the Banach fixed point theorem.

1. INTRODUCTION

The objective of this article is to study the existence and uniqueness of the

solutions to the following problem in a complex Banach space (X, || - ||):
“Diu(t) = Au(t )+ Lt u(t), u( (t u(t))
+ [ ot rigtrutrar, e =00 "
Auli—y, = Ii(u(ty)) = u(ty) — ulty),
u(0) = wo,

where u : Ry — X and up € X. The functions f: Ry x X xX —- X, g: Ry xX —
X and ¢ : Ry x X — R, are three non-linear functions and satisfy some appropriate
conditions, the function a : [0, T] x [0,T] — C is a continuous function on [0, T] for
a fixed T € J. Through the article we denote u(t}) — u(ty ) = .

Many processes in various fields of engineering and science such as physics, elec-
trochemistry, electro-magnetics, control theory, visco-elasticity, porous media, etc.
can be modeled as differential equation with fractional order. The fractional integro-
differential equations has played an important role in exploring various character-
istics of different branch of science and engineering. The fractional differential
equations also describe the memory and hereditary properties of various materials
and processes. The plentiful occurrence and applications of fractional differential

2000 Mathematics Subject Classification. 34G20, 34K37, 34K45, 35R12, 45J05.

Key words and phrases. Impulsive differential equation, Deviating arguments, Analytic semi-
group, Banach fixed point theorem.

Submitted Aug. 10, 2013 Accepted Sep. 29, 2013.

73



74 RAJIB HALOI, PRADEEP KUMAR AND DWIJENDRA N. PANDEY JFCA-2014/5(1)

equations motivate the rapid developments and gained much attention in the recent
years. The details on the theory and its applications can be found in Agrawal et al.
[1], Hilfer [14], Kilbas et al.[15, 23], Lakshmikantham et al. [17], Miller and Ross
[18], Oldham and Spanier [20], Podlubny [22].

Impulsive effects are common in the process where the short-term perturbations
are to be considered. The differential equations with memory effects and impulse
effects are medelled as impulsive integro-differential equations. In recent years,
there has been a growing interest in the study of fractional differential equations
as these equations approach the simulation processes in the control theory, physics,
chemistry, population dynamics, biotechnology, economics and so on. The inves-
tigation of existence and uniqueness of mild solutions for differential and integro-
differential equations with impulse effects have been discussed by many authors
[6, 12, 3, 8, 19, 24, 25, 28].

The theory of differential equations with deviating arguments is one of the im-
portant and significant branch of nonlinear analysis with numerous applications to
physics, mechanics, control theory, biology, ecology, economics, theory of nuclear
reactors, engineering, natural sciences, and many other areas of science and technol-
ogy [7]. Recently, the study of differential equations with impulsive and deviating
arguments has studied by some authors [2, 3, 5, 8,9, 11, 10, 13, 16, 19, 24, 25, 26, 28|.
In [26], Wang et al. have discussed the existence and uniqueness of the following
fractional differential equation with impulse in a Banach space X,

CDMu(t) = Au(t)+ f(t,u(t)), teJ=1[0,b,t#t,0<n<1,
Auli—y, = L(u(ty)) =ut)) —ulty), k=1,2,3,..n, (2)
u(0) = wuo,

where D} denotes the Caputo fractional derivative of order n and A : D(A) C
X — X generates a Cy— semigroup on X. The results are established by the fixed
point theorem with appropriate f.

Using the theory of analytic semigroup and the Banach fixed point, Borai and
Debbouche [5] have studied the existence and uniqueness of solution to the following
equation

“Dlu(t) = Au(tt) + f(t, u(t))
—I—/ a(t —7)g(r,u(r))dr,t € J =[0,T], (3)
0
U(O) = Uuo,

where v : Ry — X and up € X. The functions f: Ry x X - X, g: Ry x X = X
and ¢ : Ry x X — R satisfy some appropriate conditions, the function a : [0, 7] —
C is a complex valued continuous function.

However, the study of solutions to impulsive fractional differential equations
with deviating arguments need to pay much of attention. The article is devoted
to establish the existence and uniqueness of (1) which are new and complement
to the existing ones that generalizes some results in [9, 26, 5, 28]. The paper is
organized as follows. In Section 2, we recall the definition of the Caputo fractional
derivative, Riemann-Liouville integral, the theory of semigroup of bounded linear
operators and some lemmas that are used in the remaining part of the article. In
Section 3, we study the existence and the uniqueness of PC mild solutions equation
(1). Finally, an example is provided to illustrate the main results in Section 4.
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2. PRELIMINARIES AND ASSUMPTIONS

In this section, we will introduce some basic definitions, notations and lemmas
which are used throughout this paper.

This section is aimed to collect assumptions, preliminaries and lemma required to
prove our main results. We briefly outline the facts concerning analytic semigroups,
fractional powers of operators, and fractional derivatives. For more details, we refer
to [21, 4, 14, 15, 16, 17, 18, 20, 22, 23].

Let (X,] - ||) be a complex Banach space. Let {4]A: D(A) C X — X} be a
family of closed linear operators on the Banach space X such that

(B1) The domain D(A) of A is dense in X.
(B2) The resolvent R(\; A) exists for all Re A < 0 and there is a constant C' > 0
such that

[R(X; A < ; Re A <0,

C
IA[+1

Assumptions (B1) and (B2) implies that —A generates an analytic semigroup
of bounded operators, denoted by S(t), t > 0. Then there exist constants M > 1
and w > 0 such that

S| < Me®t, t>0.

We may assume without loss of generality that ||.S(¢)|| is uniformly bounded by

M,ie., ||S(t)|| < M for t > 0. We also note that [21, Lemma 4.2,pp. 52]

E

dti
for some positive constant M;. It follows from the assumption (B2) that the
negative fractional powers of the operator A is well defined. For a > 0, define the
negative fractional powers A=¢ by

S(t)H < M;, t >t

1 o0
AT = 7/ 771S(7)dr.
I'(a) Jo
It can be seen that A™¢ is one-to-one and bounded linear operator on X. Define
the positive fractional powers of A by A® = [A~*]7!. Then A® is closed linear
operator with dense domain D(A%) in X, and D(A%) C D(A"Y) if @ > v > 0. For
0<a<l,let X, =D(A%) and equip this space with the graph norm

[#]la = [|A%].

Then X, is a Banach space endowed with this norm. If 0 < a < 1, the embedding
X1 — X4 — X are dense and continuous. For each a > 0, define X_,, = (X,)*,
the dual space of X, and endow with the natural norm

2]l —a = A= "2]|.

Then X_, is a Banach space endowed with this norm. The following lemma hold.
Lemma 1 [21] Suppose that —A is the infinitesimal generator of an analytic semi-
group S(t), t > 0 with ||S(¢)|| < M for ¢t > 0 and 0 € p(—A). Then we have the
following:
(i) X, is a Hilbert space for 0 < o < 1
(ii) For any 0 < § < a implies D(A®) C D(A%), the embedding X, — X; is
continuous;
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(iii) The operator A*S(t) is bounded for every ¢ > 0 and
J4S(1)] < Cat ™.

The following assumptions are necessary for proving the main results. Let f, g
and ¥ be three continuous functions. For 0 < o < 1, let V,, and V,,_1 be open sets
in X, and X,_; respectively. For each v; € V,, and vy € V,,_1, there are balls such
that By (v1,71) C Vi, and Ba—1(va,1r2) C V4oq for ri,79 > 0. We will assume the
following conditions.

(B3) There exist constants Cy = Cf(t, v1,v2,71,72) > 0 such that the nonlinear
map f:[0,T] x Vo, X Vo1 — X satisfies

[ f(t1,ur,w1) — f(t2,uz, wa)|| < Cp(flur — uzlla + w1 — walla—1) (4)
for all uy,us € By, wi,ws € By_1 and tq1,ts € [O,T]
(B4) There exist constants Cy, = Cy(v1,t,71) > 0 such that (0,-) = 0, ¢ :
[0,T] x Vo, — [0,T] satisfies
[(tr,ur) — P(ta, u2)| < Cy([lur — uzlla) (5)
for all uy,us € B, and t1,t2 € [0, 7).
(B5) There exists a positive constant Cy = Cy(v1,t, 1) such that the continuous
map g : [0,7] x V,, = X satisfies
lg(t,x) — g(t,2")]| < Cyllz — 2||a (6)

for all z,2' € B, and ¢ € [0,T].

(B6) The functions I : X, — X, are continuous and there exist constants Cj
such that

1k (w)]la < Cy

for k=1,2,3,....n

(B7) There exist positive constants Dy, such that

1k (u) = I (v) o < Diflu = vlla (7)

for k=1,2,3,....,n

We recall the definition of fractional integral and derivative of a function.

Definition 1 The fractional integral of order 7 of a real valued absolutely continous
function h on [0, 00) with the lower limit zero is defined as

N /t h(s)
Ih(t) = T Jo = 3)1—nd5’ t>0,n7>0
provided that the right hand side is defined pointwise on [0, 00) , where I'(+) is the
Gamma function.

Definition 2 The Riemann-Liouville derivative of order n of a real valued abso-
lutely continuous function A on [0, 00) with the lower limit zero is

1 am h(s)
Ly —
D/h(t) = =——— ————ds, t>0, m—1<np<m.
¢ h(t) T(m — 1) dtm /0 (t —s)nti-m § m nsm
Definition 3 The Caputo derivative of order 7 of a real valued absolutely continous
function h on [0, 00) is defined as

CDZh(t)zLD;?( Z h(k) ),t>0,m—1§n§m.
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We consider the following fractional Cauchy problem:
Dlu(t) = Au(t)+ f(t)teJ, (8)
u(0) = wup.

Definition 4 [27] A continuous function w : J — X is said to be a mild solution of
problem (8) if u satisfies the following integral equation

u(t) = T (t)uo + / (t — 8)"71S(t — ) f(s)ds,
0
where - -
T(t) = /0 ¢, (0)S(t"0)df and S(t) =n /0 0¢,(6)S(t"0)ds,

1-% 1

GO) = 071y (07)
pn(0) = — Z(—l)”—le—”n—lw sin(nmn), 6 € (0,0),

n=1

¢y is a probability density function defined on (0, c0), that is

¢y (0) >0, /OOO ¢, (0)do = 1.

The following Lemma is useful which is due to Zhou and Jiao [27].
Lemma 2
(i) For any t > 0, the operators 7 and S are bounded and statisfy
nM
T ()| < Mljv| and |S(t)v]] < =———
[T @)v] < Mljv]| and [[S(#)v]| < il Jrn)l\vll

for any v € X, respectively.
(ii) The families {7(¢) : t > 0} and {S(¢) : t > 0} are strongly continuous.
(iii) For every t > 0, T (t) and S(t) are compact operators if S(t) is compact.

Using Lemma 2 and Lemma 2, the following lemma can be proved.
Definition 5 If ug € X, and f is a piecewise continuous function on J to X, then
Pu € X, where the map P is defiend as

Pult) = T(t)uo + /O (t— )7 1S(t — 8)f(s)ds.

3. EXISTENCE OF SOLUTIONS

In this section we prove the main result for the existence of the solution to the
equation (1). We define the following space

Y=PC(X,)={u:J = Xo:ue€C((ts, tk+1], Xa),k=0,1,--- ,n,
u(ty ), u(ty) exist},

where J = [0, Tp] for some 0 < Ty < 7. We put b = Ty. Then Y is a Banach space
endowed with the supremum norm

[ullpe,a = max{sup [[u(t + 0)la; sup [[u(t = 0)[|a}-
teJ ted

For 0 < a < 1, we define
Yi={ueY:|ult)—u(s)az1 < Lt —s|,V t,s € (tg, tg+1],k=0,1,-+- ;n},
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where L is a suitable positive constant to be specified later.
Definition 6 By a PC-mild solution to problem (1), we mean that a function
u € Y N'Y; which satisfies the following integral equation

T (t)uo

+ Jy (1= s)1718 (8 = ) [ (s, uls), u(@ (s, u(5))))
+f0 a(s,T)g(T,u(T))dT] ds, teo,ty],

’T(t)uo —+ T(t — tl)l'l

+ Jy(t = )18 (t = )[f(s,uls), u(® (s, u(s))))
u(t) = + [y als,7)g(r,u(r))dr]ds, t € (t1,t2], (9)

T(uo+ S, T(t - t)a

+ Jy(t = )18 (= )[f (s, uls), u(W(s, u(s)))
+ [y a(s, 7)g(r,u(r))dr|ds, t € (tx,b].

For a fixed R > 0, we define

W={ue¥YnNY;:u0)=muy, |u—uolpeca<R}

Then W is a closed and bounded subset of ¥; and is a Banach space. We choose
To, 0 < Ty < T sufficiently small such that

I(5(70) ~ DAl < 5 for te[0,T5),  (10)
" n(l—a) n R
Co(N + Nag,) i_a +Mk§_:lck§5, (11)
Tn(l—a) ;
[Cf(2+LCw)+aTOCg}Ca$_7a+MI;Dk <1, (12)

To
where az, = sup,cpo,r,) Jo * la(s, 7)|dT.
Assumptions (B3)-(B4) and v € W imply that f(¢, u(t), u(¢p(t, u(t)))) is con-
tinuous on [0, Tp]. Hence, there exist positive constants

N =CyR(1+ LCy)+ Ny and Ny = || £(0,ug, uo)||
such that
[F (8 u(t), u(p(t, w@))| < N, for te0,Tol. (13)
Also assumption (B5) implies that there exists a constant N such that
lg(t, u(®)ll < N,

where N = Gy R + [|g(0, uo)||
Theorem Let the assumptions (B1)-(B7) hold. Then Problem (1) has a unique
mild solution on [0, Tp].
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Proof. For fixed ug € X, we define a map P on W as

T (t)uo

+ fot(ts— s)11S(t — ) [£(s,u(s), u(t(s,u(s))))
-|-f0 a(s,T)g(T,u(T))dT] ds, te0,ty],
T(t )uo +7T(t— t1)
+f0 t_s = 18 [f ’u(w(svu(s))))
(Pu)(t) +Jy o (T)> ] te(tb],  (14)

T(t)UQ + Zle T(t — ti)a:i
+ ot = )78 (8 = 9)[£ (5, uls), ultb(s, u(s)))

+f08 a(s,T)g(T,u(T))dT] ds, te€ (tg, To)

for u € W. We will show that P : W — W. From Lemma 2, it is clear that Pu € Y.
That is P maps Y into Y itself. We begin with by showing that P : Y7 — Y;7. If
u €Y7 and ¢, € [0,1] with ¢3 > ¢; > 0, then for 0 < a < 1, we have

[(Pu)(s2) = (Pu)(s1)lla—1
< | T(s2)uo — T(s1)uolla—1

+n/ G — 5"

S(s2 = 8)[f(s,uls), u(y(s, u(s)))) + /0 a(s, 7)g(r, u(r))dr|ds

—A(@—W’S@—ﬁU@M$wW@MmD+A%@ﬂ%mMWHwUA
< | T (s2)uo — T (s1)uo||a—1 + 11 + Io,

where

hHAQ%25W1&@®&@"w@lsﬂﬁﬁﬂﬁwW@M@m
—l—/o a(S,’T)g(T,u(T))dT]dSHa,h

IQ—H/ G—s)"
<S1

S(e2—s) [f(87U(8)7U(¢(8,U(S))))Jr/osa(s,T)g(T,U(T))dT} dslla-1

Using the definition of T, we get

wn@wa@mﬂ%rw/“@0 J0)updd — / (o (0)S(20) o6

—II/ (0 / —Sc"a)uodgdonal

< Mi||uol|a—1(s2 — s1)-
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Again using the definition of S, we obtain

IL = II/ { G —8)T1S(s2—8) — (51— 8)" 1 S(q1 — 3)}
[f(s,u(s), u(i(s, U(S))))+/S a(s, 7)g(7, u(r))dr]ds||a—1

—||/ [Q-Snl/ 0¢,(60)S((s2 — 5)"0)do

— (51 fs)nfln/o 0, (0)S((s1 s)ﬂe)de}
x [f(s,u(s), u(y(s,uls)))) +/Os a(s,7)g(r,u(r))dr]ds||a—1

—II/ / 1 [ §—8)”9)] —[25(«—3)’79)} do

=62 S=¢1

s, u(w(esu()) + [ als gt utryar] s
=1 [ [ e [ St = syeasan sis,uts) v )

4 / a(5,7)g(r, u(r))dr] dsl|a—s
< To(N + Nag,) Mal| 452 (62 — 51).

Finally,
b= [ = oS — (s, ), uls,u(s)
+ [ atsnlgtrutryar) sl

—||/ / (0 c—s"f))w

x [f(s,u(s), u((s, u(s)))) + /O a(s, 7)g(7, u(7))dr] dfds|| a2

< (N + Naz,) M A°2l(s2 — <1).

If u € Y7 and <1, € (t1,t2] with ¢ > ¢; > 0, then for 0 < o < 1, we have

[(Pu)(s2) — (Pu)(s1)lla—1
< |T (s2)up — T (s1)uolla—1 + |7 (s2 — t1)xy — T(s1 — t1)l‘1||a 1
+ |l /0 2(<2 —8)17 1S (s2 = 8)[f (s, u(s), u(t(s, u(s)))) + a(s,T)g(T,u(T))dT,}ds

0
s

- / (= ) S (= ) [F(s,uls), ul(s u(s)) + / a(s,7)g(r u(r))dr, 1 dsllor
< | T (s2)up — T(s1)uolla—1 + |7 (s2 — t1)xr — T(s1 — t1)x1||a-1 + 1 + 2,
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where
L= / [2—8 s<<2—s>—<<1—s>"—1s<<1—s>][f<s,u<s>,u<w(s,u<s>>>>
+ / a(s, 7)g(r u(r))dr] ds| oz,

L=| / o) S (ca—8) [f (s uls), u(eh (s, u(s)))) + /05a(s,7>g<7,u<7>>dﬂds||a1.

We have the following estimate
1T = a1 = Tt = te0)llacs = | [ 60 L0~ t0)ardsaslnos

< M1||331||a—1(<2 —61).

We note that the estimates for I; and I are same as in the previous case. In a
similar way, we have the similar estimates for ¢ € (t9, 3], t € (¢3,t4],..., t € (tx, To]-
Thus we have Pu € Y7 for a suitable positive constant

L = max{Mi [[uo|la—1, Mi[|#1[la—1, To(N+Naz,) My | A*7 |, (N+Nag, ) M | A2 }.
Next we will show that P : W — W. For ¢ € (0,¢1] and v € W, we have

[Put) — wolla
< / Co(O)]|(S(E70) — T) A%up||db + 1 / /Oooecnths>"1||5(<ts>"0>Aa||
[F(s.u(s), u(®(s, u(s)))) + / " a(s,7)g(r, u(r))dr] ds| | dods

t o)
<=+ Co(N + NaTO)n/ / 01, (0)(t — s) "1t 1dgds
0 Jo
- Tn(lfa)
< g + Co(N + Nag,) i’i
<R.
For t € (t1,t2] and u € W, we use then we have
[Pu(t) = uolla
/ G(O)(S(E"0) = ) A%uql|df + || T (¢ — t1)1 ]

o / / 0C,(0)(t — )" Y|S((t — 5)70) A
[ (s, u(s), u(®(s, u(s))) + / a(s,7)g(r,u(r))dr ) ds| | d6ds

% MCy + Co(N + Nag,)n / / 01=¢,(0)(t — 5) "1 dhds
R - n(l—a)

< — M01+CQ(N+NG,T) 0
2 “1-a

<R.

Thus we can also prove that ||Pu(t) —uglla < R for any ¢ € [0, Tp]. Hence, P : W —
W.
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Finally, we will claim that P is a contraction map. For ¢t € [0, Tp], we have
[Pu(t) — Pu(t)|la

< M];Dkﬂu — | +n/0 /0 0C,(0)(t — s)" | S((t — 5)"0) A ||
ILf (s, uls), u(d(uls), 5))) = f(s,v(s), v((v(s), )

+/ la(s, D)llg (T, u(r)) = g(7,v(7))||dTdbds

0

<MY Dillu—vlla +1[Cs(2+ LCy) + az,Cy)Callu — v]a
k=1

% / / 6C,(6)(t — 5"V |S((t — 5)70) A°|ds

n n(1—a)
< Y0 Det s+ 260) + an Gyl T = ol

k=1
From (12), it follows that P is a contraction on W. By the Banach contraction

mapping principle, the map P has fixed point in W.
O

4. APPLICATION

In this section, we consider the following fractional differential equation with a
deviating argument to illustrate the theory. For 0 < T' < oo and (z,t) € (0,1) x
(0,7), 19, 11]

0Py 0%u ~
5 = a5z T H@ (1) + Gtz u(,t)
+ [ alt,7)g(r,u(r))dr,
sz} (15)
Aulpmy = 2+u(2{
u(O,t) = u(l,t) =0,
u(z,0) = wuo(z), z€(0,1),

where 8 € (0,1),

(e, (. 1)) = / " K (@, y)uly, g0 (®)luly, )] dy,

and the function G : Ry x [0,1] x R — R is measurable in z, locally Hoélder
continuous in ¢, locally Lipschitz continuous in wu, uniformly in z. Assume that
go : Ry — R, is locally Holder continuous in ¢ with go(0) = 0 and K € C*([0,1] x
d2
[0,1];R). We take X = L%((0,1);R), Au = d—z, D(A) = H%(0,1) N H}(0,1) and
x

X1/ = D((—A)"/?) = H{(0,1) and X_;,o = (H}(0,1))* = H-1(0,1) = H'(0,1).
For z € (0,1), we define F': Ry x H}(0,1) x H*(0,1) — L?(0,1) by

F(t,¢,9) = H(z,¥) + G(t, 2, 9),

where

HG (o) = [ " K e, y)b(y, Hdy.
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Then the semigroup is given by
S(t)u = Z exp(fn27T2t) (U Uy YUy,
neN

for u € D(A), where u,(z) = sin(nmz). Also the assumptions (B3) and (B4) are
satisfied [11]. If u,v € D((—A)'/?), then

2fu—wvl; 1

||Ik(u) —Ik(U)H% < ||(2+u)(2+U)H% - 5

Ju— ol

That is the assumption (B7) is satisfied. Thus Problem (15) has a unique solution if
we choose some appropriate function g that satisfies (B5) and a continues function
a.

ACKNOWLEDGEMENTS

The authors would like to thank the referees for their valuable remarks that have
helped us to improve the original manuscript.

REFERENCES

[1] R. P. Agarwal, M. Benchohra and S. Hamani, A survey on existence results for boundary
value problems of nonlinear fractional differential equations and inclusions, Acta Appl. Math.
109 (2010) 973-1033.

[2] M. Benchohra and B. A. Slimani, Existence and uniqueness of solutions to impulsive frac-
tional differential equations, Electron. J. Differential Equations 10 (2009) 1-11.

[3] K. Balachandran, S. Kiruthika and J. J. Trujillo, Remark on the existence results for fractional
impulsive integrodifferential equations in Banach spaces, Commun. Nonlinear Sci. Numer.
Simul. 17 (2012), no. 6, 2244-2247.

[4] M. M. El-Borai, Some probability densities and fundamental solutions of fractional evolution
equations, Chaos Solitons Fractals 149 (2004) 823-831.

[5] Mahmoud M. El-Borai and A. Debbouche, On Some Fractional Integro-Differential Equations
with Analytic Semigroups, Int. J. Contemp. Math. Sciences, Vol. 4, 2009, no. 28, 1361 - 1371.

[6] M. G. Crandall, S. O. Londen, and J. A. Nohel, An abstract nonlinear Volterra integro-
differential equation, J. Math. Anal. Appl., 64 (1978), pp. 701-735.

[7] L. E. El’sgol’ts and S. B. Norkin, : Introduction to the Theory of Differential Equations with
Deviating Arguments, Academic Press (1973).

[8] M. Feckan, Y. Zhou and J. R. Wang, On the concept and existence of solution for impulsive
fractional differential equations, Commun. Nonlinear Sci. Numer. Simul. 17 (2012) 3050-3060.

[9] C. G. Gal, Nonlinear abstract differential equations with deviated argument, J. Math. Anal.
Appl., 333(2)(2007), pp. 971-983.

[10] R. Haloi, D. Bahuguna and D. N. Pandey, Existence and uniqueness of solutions for quasi-
linear differential equations with deviating arguments, Electron. J. Differential Equations,
2012 (13) (2012), , pp. 1-10.

[11] R. Haloi, D. N. Pandey, and D. Bahuguna, Existence and Uniqueness of a Solution for a
Non-Autonomous Semilinear Integro-Differential Equation with Deviated Argument, Differ.
Equ. Dyn. Syst, 20(1), 2012, 1-16.

[12] M. L. Heard, S. M. Rankin, A semilinear parabolic Volterra intgro-differential equation,
Journal of Differential Equations, 71(1988), pp. 201-233.

[13] H. Jiang, Existence results for fractional order functional differential equations with impulse.
Comput. Math. Appl. 64 (2012), no. 10, 3477-3483.

[14] H. Hilfer, Applications of Fractional Calculus in Physics, World Scientific Publ. Co., Singa-
pore, 2000.

[15] A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differ-
ential Equations, in: North-Holland Mathematics Studies, vol. 204, Amsterdam, 2006.

[16] V. Lakshmikantham, D. D. Bainov and P. S. Simeonov, Theory of Impulsive Differential
Equations, Worlds Scientific, Singapore, 1989.



84

RAJIB HALOI, PRADEEP KUMAR AND DWIJENDRA N. PANDEY JFCA-2014/5(1)

[17] V. Lakshmikantham, S. Leela, J. Vasundhara Devi, Theory of Fractional Dynamic Systems,

Cambridge Academic, Cambridge, UK, (2009).

(18] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Differential Equa-

tions Wiley, New York, 1993.

[19] G. M. Mophou, Existence and uniqueness of mild solutions to impulsive fractional differential

equations. Nonlinear Anal. 72 (2010), no. 3-4, 1604-1615.

[20] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, 1974.
[21] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,

Springer-Verlag, 1983.

[22] I. Podlubny, Fractional Differential Equations, Math Science and Eng., 198. Academic Press,

San Diego 1999.

[23] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives, Theory

and Applications, Gordon and Breach, Yverdon, 1993.

[24] X. B. Shu, Y. Lai and Y. Chen, The existence of mild solutions for impulsive fractional partial

differential equations, Nonlinear Anal. 74, 20032011 (2011).

[25] G. T. Wang, B. Ahmad and L. H. Zhang, Some existence results for impulsive nonlinear

fractional differential equations with mixed boundary conditions, Comput. Math. Appl. 62
(2011) 1389-1397.

[26] J. Wang, M. Fec¢kan and Y. Zhou, On the new concept of solutions and existence results for

impulsive fractional evolution equations. Dyn. Partial Differ. Equ. 8 (2011), no. 4, 345-361.

[27) Y. Zho and F. Jiao, Existence of mild solutions for fractional neutral evoultion equations,

Comp. Math. Appl., 59 (2010), 1063-1077.

(28] X. Zhang, C. Zhu, Z. Wu, The Cauchy problem for a class of fractional impulsive differential

equations with delay. Electron. J. Qual. Theory Differ. Equ. 2012, No. 37, 1-13.

RaAJIB HALOI

DEPARTMENT OF MATHEMATICAL SCIENCES, TEZPUR UNIVERSITY, INDIA, PIN- 784028.

E-mail address: rajib.haloi@gmail.com

PRADEEP KUMAR, DEPARTMENT OF MATHEMATICS AND STATISTICS, INDIAN INSTITUTE OF

TECHNOLOGY KANPUR, INDIA, PiN- 208016.

E-mail address: prdipk@gmail.com

DWIJENDRA N. PANDEY, DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY

ROORKEE, INDIA, PIN- 247667.

E-mail address: dwij.iitk@gmail.com



