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QUASI CONVOLUTION RESULTS FOR CLASSES RELATED TO
¢—p— SALAGEAN OPERATOR

R. A. NASER, A. O. MOSTAFA, S. M. MADIAN

ABSTRACT. By using g—difference operator and p—Salagean operator, we de-
fined ¢ — p— Salagean operator. We defined a new class of close-to convex
function associated with ¢ — p— Salagean operator. Also, we obtained coeffi-
cient estimate theorem for this class. Several modified-Hadamard product for
this class are introduced.

1. INTRODUCTION

Let T'(p, j) be the class of functions
flz)=2"— > axz"(ax 2 0,p,j €N:={1,2,3,..}), (1)
k=p+j
that are analytic in U = {z € C : |z| < 1}.The g—difference operator, which was in-
troduced by Jackson ([I1]), and see also (([1I-[3]),[5],[6],[9],[L16],[17] and [10]) is defined
by

I
9qf(2) =
f/(O) if z2=0
For f(z) given by
Ogf(2) = [plg2" " = D [Klgarz""",
k=p+j
where,
1-— qk _
[k]q = 17q,and,absq—>1 = [k]q — k. (2)

Now we define ¢ — p— Saldgean operator by

Dpof(2) = f(2)
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Dhof(z) = o, (fe) =2 — S Mg

o 2 ol
,qf( ) [p]q ( qu( ))
and
D;L,qf(z) = [p]q ( pqlf( ))
= 2P- S [kly na 2", neN=NuU{0}. (3)
; ([p]q) ’
Note that:

(i) Putting ¢ — 17in we have the operator Dj which was introduced and studied
by Shenen et al [I5], Kamali and Orhan [12], Aouf and Mostafa [7] and Aouf et al [§];
(ii) Putting p=1,¢ - 17in we have the Saldgean operator D™ ([14]).

Definition 1.1. For some a (0 < a < [plq) and B (0 < 8 < 1), a function f(z) € T(p, j)
is in the class Tp q(n,j, a, B) if it satisfies
0q(D™ ()
—— Pl
: <B. (4)
1] n z
DD 4 fpl, — 20

The object of this paper is to introduce a new class Tj q(n, 7, a, 8) by using the definition
q—difference operator and g —p—Salagean operator. As well as we calculate the coefficient
estimates for functions belong to this class. Also we get modified Hadamard product for
functions in this class.

2. COEFFICIENTS ESTIMATES FOR THE FUNCTIONS BELONGS TO T} 4(n, J, &, B)

Unless otherwise mentioned, let 0 < a < [plq,p,j €N,0<¢<1,0<f<landneN
In this section, we will calculate the coefficients estimate theorem for the functions
belongs to the class Tp 4(n, j, o, B).

Theorem 2.1. Let f(z) be given by (1)), then f(z) € Tpq(n, j, e, B) if and only if

> o (1) <260, - o). 6
k=p-+j a
Proof. Assume that holds, we find from , that

0a(D}.f(2)) = [Plaz"" | = B|0a(Dy o f(2)) + [plgz"~" — 222" 7|

|3 W (Be) ozt = o2l - )=+ _iwq () et

k=p+j

=

Pl [klq na Skl
28— e + 159 S 1 () e

k=p+j

<255l —a+ 1 +8) 3 W (B2) e <o
k=p+j
Hence, by the maximum modulus theorem, we have
9q(Dy . f(2))
it — [plg

< ﬂ
aq(D7 . f(2)) ’
L2020 4 [plg — 20
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thus, f(Z) € TPv‘l(nhj,ay )
Conversely, let f(z) € Tp,q(n,, a, 8), then from , we find that
9q(Dy ,f(2))
e — [plq

zPp—1

dq(D™ _f(z
BT 1 ((pl, — 20)

n
S s o ()" @zt

q

Fa\" <1
26(1ply — )=t = B W (fif) " arsh !
Now, since Re(z) < |z| for all z, we have
S Wla (Bf2) " s
Re k=p+j ([Mq) <1 (©)

26([ply — @)zr=1 = B, M (1f2)" anzh

9q(D} 1 (2))

Now, choose values of z on the real axis so that P

through real values, we have

5 (1) o=t 5 (B

k=p+j k=p+j

is real and letting z — 1~

This gives the required condition. O

3. MODIFIED-HADAMARD PRODUCT THEOREMS FOR T} (1, j, @, B)

In this section, we will introduce new theorems for modified Hadamard product for the
functions belongs to the class Ty q(n, J, o, ). As will as, we will get the sharp function.

Let fu(v=1,2,...,s) be defined by

i akwz”  (apn >0). (7)

k=p+j
The modified Hadamard product of fi; and fs is defined by

(f1 * f2 Z ak,10k, 22 . (8)
k=p+j

Theorem 3.2. Let fu(2) € Tp,q(n,j, v, B)(v =1,2,...,s) defined by @, then (f1 * fa x
-k fs)(z) € Tp1Q(n7j7w7/6)7 Where

oyl =)
[+ B+l ()]

The result is sharp for the functions

(9)

w = [plq —

26([plq — aw) +j
fo(z) =2 — 2P (10)
(1+B)lp+ dla (e )"

Proof. To prove the Theorem we will use the mathematical induction. For s = 1. we see
that v = [p]q — aa. For s = 2, Theorem 1 gives

o [Ka(1+8) ()"
2 Al o)

ary <1 (v=1,2). (11)
k=p+j
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This gives that

o K+ 5) ()"
vt T, 28(0pl — o)

To prove the case where s = 2, we have to find the largest w such that

&= []<1+5>(mq)”

VO0k,10k,2 S 1. (12)

ag,10k,2 <1, (13)
Dy
such that

Ok, 10k 2 < 1 . (14)

3 — =
bl =) = T2, 28(1plq — o)
Then, using , we need to find the largest w such that

L Wa+s ()

26([pls —w) = T, 28([plg — o)’ 1)
that is )

w < . [1o—: 28([plq _kav)n (16)

26[K],(1 + 5) (L

Defining the function ¥(k) by

ﬂ(k) _ [p]q _ Hv:l Zﬂ([p]q Tk]O‘U)’,“ (17)

280k, (1 + 8) ()
we see that ¥'(k) > 0 for k > p + j. This implies that
w0 <D+ ) = [ply — L= 2P 2 0) (18)

28[p + sla(1 + B) ([”““)

Therefore, the result is true for s = 2.
Suppose that the result is true for any positive integer s. Then we have (f1 * fa * ... %
fS * f5+1)(z) € TP,Q(nzjv V75)7 Where
—w)2p — Qs
o — (=28l o) 9)
p+7la(1+8) (55e)"

v:

After simple calculations, we have
[1;75 28([pla — o)
28 [Ip+ 711+ 8) (%522)"]

Thus the result is true for s + 1, the results is true for any positive integer s.
Putting oy = a (v =1,2,...,s) in Theorem 2, we have :

Corollary 3.0. If f,(2) € Tpq(n,j,a,B)(v = 1,2,....s), then (f1 * fo * ... x f)(2) €
TPy‘I(”?j?wlvB): where

v = [pls - (20)

261l — )" (21)
[ip+ 311+ 8) () "]

‘1

wi = [plg —

The result is sharp for the functions

P 28(plg — @) pti
fol) = 2" - AT (22)
(1+B)lp+lq (2

Putting B =1 in Theorem 2, we have:
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Corollary 3.0. If f,(2z) € Tp,q(n, j, 00, 1) = Tp q(n, j,an)(v = 1,2,...,8), then (f1 * fa *
-k fS)(Z) € TP»‘Z(n’ja ’y)a where
ITo-:([plg — aw)

Y= [p]q - ) n1s—1° (23)
o+l ("522) ]
The result is sharp for the functions
folz) = 2% — ([p]—_[‘j”])zp“ (w=1,2,..,5). (24)
[P+ jlq ( p[ ]Jqq)
O
Theorem 3.3. If f,(2) € Tp,q(n,J, o, B)(v=1,2,...,5), then
h(z) = 2F — Z (Z ai’v)zk (25)
k=p+j v=1
belongs to Tp,q(n, 7, w2, B) where
_ 2
w2 = [plqg — s25([pla = )] (a0 = min{a1, az, ..., s }). (26)

261+ B)(Ip + s ([Pﬁjq)
The result is sharp for the functions f,(z) given by (@

Proof. Since Theorem 2 gives

i {(1+6)[k} ([p]q) } ai,vé{ i (1+ B)[klq (f,})) } <1, (27)

25([?]@{_0‘11) kepti 25([17}11_0%

then, for (v=1,2,...,s) we have:

= [(1+B)K, (”“])
Z s{ 28([plg — aw) Zakv <1 (28)

k=p+j

k=p+j

So, we may find the largest w2 such that

= [+ Bk, ()
2 { 26([pla = w2) } Zam = (29)

k=p+j
Inequalities and leads to
s[28([plq — aw)]?

w2 S [p - n
261+ B)[kl, ([2)
e 28([ply — o)
26(|plqg — aw 2
wa < [plg — ) . (30)
261+ A)lp + il (22 )"
This completes the proof O

Putting oy = a (v =1,2,...,s) in Theorem 3, we have:

Corollary 3.0. If fu(2) € Tpq(n,j, a0, B8)(v = 1,2,...;8), and h(z) is defined by @,
then h(z) € Tpq(n, j,ws, B), where

(P
26(1+ A)([p+ gl (2
The result is sharp for the functions defined by (@)

w3 = [p] (31)
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Putting 8 = 1 in Theorem 3, we have:

Corollary 3.0. If f,(2) € Tpq(n,j, a0)(v = 1,2,...,s), and h(z) is defined by (25), then
h(z) € Tp,q(n, j,ws), where

__sl(fplg — @0))?
a (Ip+ilg \"

(p+ 4o (22
The result is sharp for the functions defined by .

wa = (a0 = min{a1, az, ..., as}) (32)

Remark 1. Putting n = 0,q — 1 in the above results we get the result of ([4]).

4. Conclusions

Throughout the paper, we used the definition of g—difference operator and p—Salagean
operator to introduce the operator ¢ — p—Salagean operator. Also, we use this operator
to introduce the class Tj 4(n, j, a, 8). After that, we calculate the coefficient estimates for
functions belong to this class. As will as, we get modified Hadamard product for functions
in this class. Finally, we obtained the sharpness function for our results.
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