
Journal of Fractional Calculus and Applications

Vol. 14(1) Jan. 2023, pp. 214-227.

ISSN: 2090-5858.

http://math-frac.org/Journals/JFCA/

————————————————————————————————

SOME FRACTIONAL CALCULUS PROPERTIES OF BIVARIATE

MITTAG-LEFFLER FUNCTION

MAGED G. BIN-SAAD, ABDULMALIK AL-HASHAMI, JIHAD A. YOUNIS

Abstract. We study bivariate Mittag-Leffler function which is an extension
of several known Mittag-Leffler functions. We derive the Riemann-Liouville
fractional derivatives and integrals of these function and solve a singular inte-

gral equation with the bivariate Mittag-Leffler function in the kernel. We also
introduce and investigate a fractional integral operator involving the bivariate
Mittag-Leffler function.

1. Introduction

The Mittag-Leffler function is an important function that finds widespread use
in the subject of fractional calculus. Indeed solutions of various differential and
integral equations involving fractional derivatives can be derived in form of Mittag-
Leffler functions. Also, the Mittag-Leffler function can be seen in the solution of
the same boundary value problems. For details, we refer to works by Gorenflo and
Mainard[3], Kilbas and Saigo[7], Kilbas et al. [8] and Rahman et al. [13]. For the
purposes of this paper, we will review some Mittag-Leffler function definitions of
one and more parameters (see[5],[10],[12],[20]):

Eα(z) =
∞∑

n=0

zn

Γ(αn+ 1)
, (1)

(ℜ(α) > 0, z ∈ C) ,

Eα,β(z) =

∞∑
n=0

zn

Γ(αn+ β)
, (2)

(α, β ∈ C,ℜ(α) > 0,ℜ(β) > 0) ,

where as usual notation Γ(λ) for the Gamma function and (λ)n = Γ(λ+n)
Γ(λ) ,

n ≥ 0, λ ̸= 0,−1,−2, ..., the Pochhammer symbol (see e.g. [4],[14] and [15]). The
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generalization of (1) and (2) was introduced by Prabhakar [12] in terms of the series
representation:

Eγ
α,β(z) =

∞∑
n=0

(γ)nz
n

Γ(αn+ β)n!
, (3)

(α, β, γ ∈ C,ℜ(α) > 0,ℜ(β) > 0,ℜ(γ) > 0).

Prabhakar [12] studied some properties of the integral operator

E
(γ)
ρ,µ,w:a+φ(x) =

∫ x

a

(x− t)µ−1 Eρ.µ[w(x− t)ρ]φ(t)dt, (x > a), (4)

(w ∈ C,ℜ(γ) > 0,ℜ(ρ) > 0,ℜ(µ) > 0),

containing the function (3) in the kernel and applied the results obtained to prove
the existence and uniqueness of the solution for the corresponding integral equation
of the first kind∫ x

a

(x− t)µ−1 Eρ,µ[w(x− t)ρ]φ(t)dt = f(x), (x > a). (5)

In [1], Bin-Saad et al. established some properties for the bivariate Mittag-Leffler
function

E
(1)
α,β,γ(z1, z2) =

∞∑
m=0

∞∑
n=0

(1)m+nz
m
1 z

n
2

Γ(αm+ γn+ β)m!n!
, (6)

or in an equivalent form

Eα,β,γ(z1, z2) =
∞∑

m=0

m∑
n=0

m! zm−n
1 zn2

Γ(αm+ (γ − α)n+ β)(m− n)!n!
, (7)

(α, β, γ, z1, z2 ∈ C,min{ℜ(β),ℜ(γ),ℜ(α)} > 0),

which has been introduced by Luchko and Gorenflo [9]. In our present study, we
also propose to use the Riemann-Liouville fractional derivative operator (see e.g.
[4],[11] and [15]):

(Dα
a+y) (x) =

(
d

dx

)n (
In−α
a+ y

)
(x), (8)

(α ∈ C,ℜ(α) > 0, n = [ℜ(α)] + 1),

defined for a < x ≤ b, by ([9], Section 2.3 and 2.4), in terms of Riemann-Liouville
fractional calculus

(Iαa+ φ) (x) =
1

Γ(α)

∫ x

a

φ(t)

(x− t)1−α
dt, (9),

(α ∈ C,ℜ(α) > 0, a < x ≤ b).

Here the the operator Iαa+ is defined on the space L(a, b) ( see for details [4],[7]; see
also [13]):

L(a, b) =

{
f(x) :∥ f ∥l=

∫ b

a

|f(t)|dt <∞

}
. (10)

For the case φ(x) = xα, α > −1, we get the result

Dν
xx

α =
Γ(α+ 1)

Γ(α− ν + 1)
xα−ν , (11)
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where Dν
x =

(
d
dx

)ν
, x > 0, α > −1, ν ≥ 0 is not restricted to integer values.

Also, we recall the relation

Dν
a+ Iνa+ = φ, (12)

(α ∈ C,ℜ(α) > 0, φ ∈ L[a, b]),
and the Dirichlet formula [15]∫ b

a

dx

∫ x

a

f(x, y)dy =

∫ b

a

dy

∫ b

y

f(x, y)dx. (13)

The present paper sequel to the work in [1] and is tended for the derivation of
certain fractional calculus properties for a bivariate Mittag- Leffler function with

three parameters E
(1)
α,β,γ . The paper is organized as follows. Section 2 deals with the

computation of the Riemann- Liouville fractional derivatives and integrals of E
(1)
α,β,γ .

Section 3 is devoted to introducing and solving the singular integral equation with

E
(1)
α,β,γ in the kernel. In Section 4, we introduce an integral operator Eα,β,γ,w1,w2:a+

which contains E
(1)
α,β,γ in the kernel and investigate its transformation properties in

the space of Lebesque summable continuous functions. Composition of the operator
Eα,β,γ,w1,w2:a+ with Riemann- Liouville fractional integration and differentiation
are established in Section 5.

2. Relations via fractional integrals and derivatives

In this section, we derive five theorems relating to the Riemann-Liouville frac-

tional integral and derivative of the bivariate Mittag-Leffler function E
(1)
α,β,γ .

Theorem 2.1. Let α, β, γ ∈ C, {ℜ(α),ℜ(β),ℜ(γ),ℜ(w1),ℜ(w2)} > 0. Then the
following fractional integral formula holds.

xI
λ
a+

[
(x− a)β−1 E

(1)
α,β,γ(w1(x− a)α, w2(x− a)γ)

]
= (x− a)β+λ−1E

(1)
α,β+λ,γ(w1(x− a)α, w2(x− a)γ). (14)

Proof. Upon interchanging the order of summation and fractional integration, which
is permissible under the assumption started in the theorem and using definitions
(6) and (9), we find

xI
λ
a+

[
(x− a)β−1 E

(1)
α,β,γ(w1(x− a)α, w2(x− a)γ)

]
=

∫ x

a

(x− t)λ−1

Γ(λ)

∞∑
m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2

Γ(αm+ γn+ β)m!n!
(t− a)αm+γn+β−1dt, (x > a),

=
1

Γ(λ)

∞∑
m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2

Γ(αm+ γn+ β)m!n!

∫ x

a

(x− t)λ−1(t− a)αm+γn+β−1dt,

= (x− a)β+λ−1
∞∑

m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2 (x− a)αm+γn

Γ(αm+ γn+ β + λ)m!n!
, (15)

which gives us the desired result (14).
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Theorem 2.2. Let α, β, γ ∈ C, {ℜ(α),ℜ(β),ℜ(γ),ℜ(1− λ)),ℜ(w1),ℜ(w2)} > 0.
Then the following fractional integral formula holds.

xI
λ
a+

[
(x− a)(1−λ)−1 E

(1)
α,β,γ(w1(x− a), w2(x− a))

]
= Γ(1− λ)(x− a)(1−λ)−1E

(1−λ)
α,β,γ (w1(x− a), w2(x− a)). (16)

Proof. We refer to the proof of Theorem (2.1).

Corollary 2.1. As a consequence of (3) and Theorem 2.2, we have

xI
λ
a+

[
(x− a)(1−λ)−1 E

(1)
α,β(w1(x− a))

]
= Γ(1− λ)(x− a)(1−λ)−1E

(1−λ)
α,β (w1(x− a)). (17)

where α, β,C, {ℜ(α),ℜ(β),ℜ(1− λ),ℜ(w1)} > 0.
We now proceed to find the fractional derivative of the bivariate Mittag-Leffler

function E
(1)
α,β,γ

Theorem 2.3. Let α, β, γ ∈ C, {ℜ(α),ℜ(β),ℜ(γ),ℜ(w1),ℜ(w2)} > 0. Then the
following fractional derivative formula holds.

xD
λ
a+

[
(x− a)β−1 E

(1)
α,β,γ(w1(x− a)α, w2(x− a)γ)

]
= (x− a)β+λ−1E

(1)
α,β−λ,γ(w1(x− a)α, w2(x− a)γ). (18)

Proof. Upon using (8), interchanging the order of summation and fractional in-
tegration, which is permissible under the assumption started in the theorem and
using definitions (6) and (9), we find

xD
λ
a+

[
(x− a)β−1 E

(1)
α,β,γ(w1(x− a)α, w2(x− a)γ)

]
= xD

k
a+x I

k−λ
a+

[
(x− a)β−1 E

(1)
α,β,γ(w1(x− a)α, w2(x− a)γ)

]
=

1

Γ(k − λ)

∞∑
m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2

Γ(αm+ γn+ β)m!n!
xD

k
a+

∫ x

a

(x−t)k−λ−1(t−a)αm+γn+β−1dt,

= (x− a)β−λ−1
∞∑

m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2 (x− a)αm+γn

Γ(αm+ γn+ β − λ)m!n!
,

which gives us the desired result (18).

Theorem 2.4. Let α, β, γ ∈ C, {ℜ(α),ℜ(β),ℜ(γ),ℜ(λ),ℜ(w1),ℜ(w2)} > 0,. Then
the following fractional derivative formula holds.

xD
λ
a+

[
(x− a)(1+λ)−1 E

(1)
α,β,γ(w1(x− a), w2(x− a))

]
= Γ(1 + λ)(x− a)(1+λ)−1E

(1+λ)
α,β,γ (w1(x− a), w2(x− a)). (19)

Proof. We refer to the proof of Theorem 2.3.

Corollary 2.2. As a consequence of (3) and Theorem (2.4), we have

xD
λ
a+

[
(x− a)(1+λ)−1 E

(1)
α,β(w1(x− a))

]
= Γ(1 + λ)E

(1+λ)
α,β+λ,(w1(x− a)), (20)
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where α, β ∈ C, {ℜ(α),ℜ(β),ℜ(γ),ℜ(λ),ℜ(w1),ℜ(w2)} > 0,.

Theorem 2.5. Let α, β, γ, λ, w1, w2 ∈ C, {ℜ(α),ℜ(β),ℜ(γ),ℜ(λ)} > 0. Then the
following formulas hold.

Dλ
x

[
xβ−1 E

(1)
α,β,γ(w1x

α, w2x
γ)
]
= xβ−λ−1 E

(1)
α,β−λ,γ(w1x

α, w2x
γ). (21)

In particular

Dk
x

[
xβ−1 E

(1)
α,β,γ(w1x

α, w2x
γ)
]
= xβ−λ−1 E

(1)
α,β−k,γ(w1x

α, w2x
γ). (22)

Proof. We have

Dλ
x

[
xβ−1 E

(1)
α,β,γ(w1x

α, w2x
γ)
]

=
∞∑

m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2

Γ(αm+ γn+ β)m!n!

(
Dλ

x x
β+αm+γn−1

)
,

=
∞∑

m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2

Γ(αm+ γn+ β − λ)m!n!
xβ+αm+γn−λ−1,

= xβ−λ−1 E
(1)
α,β−λ,γ(w1x

α, w2x
γ).

which proves (21). The relations (22) follow from (21) when λ = k, (k ∈ N).

3. Singular integral equation with E
(1)
α,β,γ in kernel

In this section, we solve a singular integral equation with the bivariate Mittag-

Leffler function E
(1)
α,β,γ in the kernel. We denote the Laplace transform of a function

f (see [15] and [17]) by

L [f(t)] (p) = f̆(p) =

∫ ∞

0

e−ptf(t)dt, (ℜ(p) > 0). (23)

Theorem 3.1. Let α, β, γ, w1, w2 ∈ C, {ℜ(α),ℜ(β),ℜ(γ)} > 0. Then

L
[
xβ−1 E

(1)
α,β,γ ((wx)

α, (wx)γ)
]
(p) = p−β

[
1−

(
w

p

)α

−
(
w

p

)γ]−1

. (24)

Proof. We have

L
[
xβ−1 E

(1)
α,β,γ ((wx)

α, (wx)γ)
]
(p)

=

∞∑
m=0

∞∑
n=0

(1)m+n(wx)
αm+γn

m!n!Γ(αm+ γn+ β)

∫ ∞

0

e−pxxαm+γn+β−1dx

=
∞∑

m=0

∞∑
n=0

(1)m+n

m!n!
pαm+γn+βwαm+γn

= p−β

[
1−

(
w

p

)α

−
(
w

p

)γ]−1

, (25)
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which is the desired result.

Theorem 3.2. Let α, β, γ, λ, w ∈ C such that { ℜ(α),ℜ(β),ℜ(γ),ℜ(λ)} > 0. Then∫ x

0

(x− t)β−1E
(1)
α,β,γ [(w(x− t))α, (w(x− t))γ ]× tλ−1E

(1)
α,λ,γ [(wt))

α, (wt)γ ] dt

= tβ+λ−1 E
(2)
α,β+λ,γ [(wt)

α, (wt)γ ] . (26)

Proof. With the help of the convolution theorem for the Laplace transform (see
[19]):

L
[∫ x

0

f(x− t)g(t)dt

]
(p) = L [f(x)] (p) L [g(x)] (p),

we have

L
[∫ x

0

(x− t)β−1 E
(1)
α,β,γ ((w(x− t))α, (w(x− t))γ)× tλ−1 E

(1)
α,λ,γ ((wt)

α, (wt)γ)

]
(p).

= L
[
(tβ−1 E

(1)
α,β,γ ((wt)

α, (wt)γ)
]
(p)× ·L

[
tλ−1E

(1)
α,λ,γ ((wt)

α, (wt)γ)
]
(p).

Now, from Theorem 3.1

L
[∫ x

0

(x− t)β−1 E
(1)
α,β,γ ((w(x− t))α, (w(x− t))γ)× tλ−1 E

(1)
α,λ,γ ((wt)

α, (wt)γ)

]
(p)

= p−(β+λ)

[
1−

(
w

p

)α

−
(
w

p

)γ]−(2)

.

Hence

L
[∫ x

0

(x− t)β−1 E
(1)
α,β,γ ((w(x− t))α, (w(x− t))γ)× tλ−1 E

(1)
α,λ,γ ((wt)

α, (wt)γ)

]
(p)

= L
[
tβ+λ−1 E

(2)
α,β+λ,γ ((wt))

α, (wt)γ)
]
(p). (27)

Finally, taking the inverse Laplace transform of (27), the result follows.

Now, let us consider the following convolution equation involving the bivariate

Mittag-Leffler function E
(1)
α,β,γ in the kernel.∫ x

0

(x− t)β−1E
(1)
α,β,γ [(w(x− t))α, (w(x− t))γ ] · ϕ(t)dt = ψ(x), (ℜ(β) > −1). (28)

Theorem 3.3. The singular integral equation (28) admits a locally integrable so-
lution

ϕ(x) =

∫ x

0

(x− t)ν−β−1E
(1)
α,ν−β,γ [(w(x− t))α, (w(x− t))γ ] · tI−ν

0+ ψ(t)dt, (29)

provided that tI
−ν
0+ φ(t) exists for ℜ(ν) > ℜ(β + 1) and locally integrable for

0 < t < µ <∞.
Proof. Applying the Laplace transform on both sides of (28), using the convolution
theorem as well as Theorem 3.1, we get

p−β
∞∑

m=0

∞∑
n=0

(1)m+n

m!n!

(
w

p

)αm+γn

L [ϕ(t)] (p) = L [ψ(t)] (p), (30)
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which under the assumptions that
∣∣∣(w

p

)α

+
(

w
p

)γ∣∣∣ < 1, can be written in the form

p−β

[
1−

(
w

p

)α

−
(
w

p

)γ]−1

L [ϕ(t)] (p) = L [ψ(t)] (p), (31)

Therefore, we have

L [ϕ(t)] (p) =

{[
1−

(
w

p

)α

−
(
w

p

)γ]1
pβ−ν

}
{pνL [ψ(t)] (p)} . (32)

Taking the inverse Laplace transform of both sides of (32) and with the aid of the
following property ([19],p.217, Eq. (3.8))

pµL [f(t)] (p) = L
[
tI

−µ
0+ f(t)

]
(p),

(µ, p ∈ C;ℜ(p) > 0),

which holds true for suitable f , we thus find

ϕ(x) =

∫ x

0

(x− t)ν−β−1E
(1)
α,ν−β,γ [(w(x− t))α, (w(x− t))γ ] · tI−ν

0+ ψ(t)dt.

4. An integral operator with E
(1)
α,β,γ in kernel

In this section, we consider the integral operator E
(1)
α,β,γ,w1,w2:a+ defined by(

E
(1)
α,β,γ,w1,w2:a+φ

)
(x)

=

∫ x

a

(x− t)β−1E
(1)
α,β,γ (w1(x− t)α, w2(x− t)γ)φ(t)dt, (x > a), (33)

with α, β, γ, w1, w2 ∈ C, {ℜ(β),ℜ(α),ℜ(γ)} > 0.

In particular, for w2 = 0, (33) gives the integral operator by Prabhakar [12](
E

(1)
α,β,w:a+φ

)
(x) =

∫ x

a

(x− t)β−1E
(1)
α,β (w(x− t)α)φ(t)dt, (x > a), (34)

with the generalized Mittag-Leffler function defined by (3) in the kernel.

We now show that the integral operator E
(1)
α,β,γ,w1,w2:a+ is bounded on the space

L(a, b).

Theorem 4.1. Let α, β, γ, w1, w2 ∈ C , {ℜ(α),ℜ(β),ℜ(γ)} > 0, then the op-

erator E
(1)
α,β,γ,w1,w2:a+ is bounded on L(a, b) and

∥ E
(1)
α,β,γ,w1,w2:a+φ ∥l ≤ A ∥ φ ∥l, (35)

where

A = (b− a)ℜ(β)
∞∑

m=0

∞∑
n=0

|(1)m+n|
|Γ(αm+ γn+ β)|[ℜ(α)m+ ℜ(γ)n+ ℜ(β)]

|w1(b− a)ℜ(α)|m

m!

|w2(b− a)ℜ(γ)|n

n!
. (36)
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Proof. Using (9) and (6) and interchanging the order of integration and applying
the Dirichlet formula (13), we find that

∥ E
(1)
α,β,γ,w1,w2:a+φ ∥l

=

∫ b

a

∣∣∣∣∫ x

a

(x− t)β−1E
(1)
α,β,γ (w1(x− t)α, w2(x− t)γ)φ(t)dt

∣∣∣∣ dx,
≤

∫ b

a

{∫ b

t

(x− t)ℜ(β)−1
∣∣∣E(1)

α,β,γ (w1(x− t)α, w2(x− t)γ)
∣∣∣ dx} |φ(t)| dt

=

∫ b

a

{∫ b−t

0

uℜ(β)−1
∣∣∣E(1)

α,β,γ (w1u
α, w2u

γ)
∣∣∣ du} |φ(t)| dt

≤
∫ b

a

{∫ b−a

0

uℜ(β)−1
∣∣∣E(1)

α,β,γ (w1u
α, w2u

γ)
∣∣∣ du} |φ(t)| dt. (37)

Using (6), carrying out term-by-term integration, and taking into account (36), we
obtain∫ b−a

0

uℜ(β)−1
∣∣∣E(1)

α,β,γ (w1u
α, w2u

γ)
∣∣∣ du ≤

∞∑
m=0

∞∑
n=0

|(1)m+n| |w1|m |w2|n

|Γ(αm+ γn+ β)| m!n!∫ b−a

0

uℜ(β)+ℜ(α)m+ℜ(γ)n−1du = A, (38)

and (37) yields (36), which completes the proof of the theorem.

The following corollary easily follows from Theorem 4.1.

Corollary 4.1. Let α, β, γ, w1, w2 ∈ C , {ℜ(α),ℜ(β),ℜ(γ)} > 0 and b > a,
then the integral operator Eα,β,γ,w1,w2:a+ is bounded on L(a, b) and

∥ Eα,β,γ,w1,w2:a+φ ∥l ≤ B ∥ φ ∥l, (39)

where

B = (b− a)ℜ(β)
∞∑

m=0

∞∑
n=0

|w1(b− a)ℜ(α)|m|w2(b− a)ℜ(γ)|n

|Γ(αm+ γn+ β)|[ℜ(α)m+ ℜ(γ)n+ ℜ(β)]m!n!
. (40)

Note that for w2 = 0, (36) gives the known result equation (4.10) in [16]

∥ E
(γ)
α,β,w:a+φ ∥l ≤ D ∥ φ ∥l, (41)

where

D = (b− a)ℜ(β)
∞∑

m=0

|(δ)m| |w1(b− a)ℜ(α)|m

|Γ(αm+ β)|[ℜ(α)m+ ℜ(β)]m!
. (42)

Next, we show that the integral operator E
(1)
α,β,γ,w1,w2:a+ is bounded in the space

C[a, b] of continuous function h on [a, b] with a finite norm

∥ h ∥C= max
a≤x≤b

|h(x)|. (43)
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Theorem 4.2. Let α, β, γ, w1, w2 ∈ C , {ℜ(α),ℜ(β),ℜ(γ)} > 0 and b > a, then

the operator E
(1)
α,β,γ,w1,w2:a+ is bounded on C[a, b] and

∥ E
(1)
α,β,γ,w1,w2:a+φ ∥C ≤ A ∥ φ ∥C , (44)

where A is given by (36).
Proof. Using (33) and (43), we have for any x ∈ [a, b] and φ ∈ C[a, b]∣∣∣(E(1)

α,β,γ,w1,w2:a+φ
)
(x)

∣∣∣
=

∣∣∣∣∫ x

a

(x− t)β−1E
(1)
α,β,γ (w1(x− t)α, w2(x− t)γ)φ(t)dt

∣∣∣∣
≤

∫ x

a

∣∣∣(x− t)β−1E
(1)
α,β,γ (w1(x− t)α, w2(x− t)γ)

∣∣∣ |φ(t)| dt
≤∥ φ ∥C

∫ x

a

(x− t)ℜ(β)−1
∣∣∣E(1)

α,β,γ (w1(x− t)α, w2(x− t)γ)
∣∣∣ dt

=∥ φ ∥C
∫ x−a

0

uℜ(β)−1
∣∣∣E(1)

α,β,γ (w1u
α, w2u

γ)
∣∣∣ du

≤∥ φ ∥C
∫ b−a

0

uℜ(β)−1
∣∣∣E(1)

α,β,γ (w1u
α, w2u

γ)
∣∣∣ du

= A ∥ φ ∥C ,
where A is the same as in (36).
As a consequence of Theorem 4.2, we can easily establish the following result.

Corollary 4.2. Let α, β, γ, w1, w2 ∈ C, {ℜ(α),ℜ(β),ℜ(γ)} > 0 and b > a, then
the operator Eα,β,γ,w1,w2:a+ in (34) is bounded on C[a, b] and

∥ Eα,β,γ,w1,w2:a+φ ∥C ≤ B ∥ φ ∥C , (45)

where B is given by (40).
The following Lemma is an application of the previous results.

Lemma 4.1. Let α, β, γ, w1, w2 ∈ C , {ℜ(α),ℜ(β),ℜ(γ)} > 0 and b > a, then(
E

(1)
α,β,γ,w1,w2:a+(t− a)λ−1

)
(x)

= Γ(λ)(x− a)β+λ−1E
(1)
α,β+λ,γ [w1(x− a)α, w2(x− a)γ ] . (46)

Proof. Making use of (6) and the operator (33), term-by-term integrating and ap-
plying the formula [2] for the Beta and Gamma functions, it gives(

E
(1)
α,β,γ,w1,w2:a+(t− a)λ−1

)
(x)

=

∫ x

a

(x− t)β−1E
(1)
α,β,γ (w1(x− t)α, w2(x− t)γ) (t− a)λ−1dt,

=

∞∑
m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2

Γ(αm+ γn+ β)m!n!

∫ x

a

(x− a)β+αm+γn−1(t− a)λ−1,

=
∞∑

m=0

∞∑
n=0

(1)m+n w
m
1 w

n
2

Γ(αm+ γn+ β)m!n!
B(β + αm+ γn, λ)(x− a)β+λ+αm+γn−1,
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which yields (46) according to the definition (6).

5. Composition properties for the integral operator E
(1)
α,β,γ,w1,w2:a+

First, in this section, we establish compositions of the integral operatorE
(1)
α,β,γ,w1,w2:a+

with different indices.

Theorem 5.1. Let α, β, γ, λ ∈ C, {ℜ(α),ℜ(β),ℜ(γ),ℜ(λ)} > 0. Then the relation

E
(1)
α,β,γ,w1,w2:a+ E

(1)
α,λ,γ,w1,w2:a+φ = E

(2)
α,β+λ,γ,w1,w2:a+φ, (47)

holds for any summable function for φ ∈ L[a, b].
In particular

E
(1)
α,β,γ,w1,w2:a+ E

(−1)
α,λ,γ,w1,w2:a+φ = I

(β+λ)
a+ φ. (48)

Proof.Using (6) and (33) and applying the Dirichlet integral formula (13), we find
that (

E
(1)
α,β,γ,w1,w2:a+ E

(1)
α,λ,γ,w1,w2:a+ φ

)
(x)

=

(∫ x

a

(x− u)β−1E
(1)
α,β,γ (w1(x− u)α, w2(x− u)γ) du

×
∫ u

a

(u− t)λ−1E
(1)
α,λ,γ (w1(u− t)α, w2(u− t)γ)

)
φ(t)dt

=

∫ x

a

[∫ x

t

(x− u)β−1E
(1)
α,β,γ (w1(x− u)α, w2(x− u)γ)

×(u− t)λ−1E
(1)
α,λ,γ (w1(u− t)α, w2(u− t)γ)

]
φ(t)dt

=

∫ x

a

[∫ x−t

0

(x− t− τ)β−1E
(1)
α,β,γ (w1(x− t− τ)α, w2(x− t− τ)γ)

×τλ−1E
(1)
α,λ,γ (w1τ

α, w2τ
γ)
]
φ(t)dt.

Now, by using Theorem 4.2, we obtain(
E

(1)
α,β,γ,w1,w2:a+ E

(1)
α,λ,γ,w1,w2:a+ φ

)
(x)

=

∫ x

a

(x− t)β−1E
(2)
α,β+λ,γ (w1(x− t)α, w2(x− t)γ) φ(t)dt.

=
(
E

(2)
α,β+λ,γ,w1,w2:a+φ

)
(x), (49)

which is the desired result.

The following corollary easily follows from Theorem 5.1.

Corollary 5.1. Let α, β, λ ∈ C, {ℜ(α),ℜ(β),ℜ(λ)} > 0, then we obtain

E
(1)
α,β,w:a+ E

(1)
α,λw:a+φ = E

(2)
α,β+λw:a+φ, (50)

holds for any summable function for φ ∈ L[a, b].
In particular

E
(1)
α,β,w:a+ E

(−1)
α,λw:a+φ = I

(β+λ)
a+ φ. (51)
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where (5.4) and (5.5) are special cases of known results due to Kiblas et al. [6].

Corollary 5.2. Let α, β, γ, λ ∈ C, {ℜ(α),ℜ(β),ℜ(λ)} > 0, then

E
(1)
α,β,γ,w1,w2:a+ E

(1)
α,λ,γ,w1,w2:a+φ = E

(2)
α,β+λ,γ,w1,w2:a+φ, (52)

holds for any summable function φ ∈ L[a, b].
Now, we consider the composition of the fractional integral operator Iαa+ with the
operator Eα,β,γ,w1,w2:a+

Theorem 5.2. Let α, β, γ, λ ∈ C, {ℜ(α),ℜ(β),ℜ(γ),ℜ(λ)} > 0, then(
Iλa+

[
E

(1)
α,β,γ,w1,w2:a+φ

])
(x) =

(
E

(1)
α,β+λ,γ,w1,w2:a+φ

)
(x) =

(
E

(1)
α,β,γ,w1,w2:a+

[
Iλa+φ

])
(x),

(53)
holds for any summable function φ ∈ L[a, b].
Proof. Using (47) and (9), we have

(
Iλa+

[
E

(1)
α,β,γ,w1,w2:a+φ

])
(x) =

1

Γ(λ)

∫ x

a

(
E

(1)
α,β,γ,w1,w2:a+φ

)
(τ)

(x− τ)1−λ
dτ

=
1

Γ(λ)

∫ x

a

(x− τ)λ−1

[∫ τ

a

(τ − u)β−1E
(1)
α,β,γ(w1(τ − u)α, w2(τ − u)γ)φ(u)du

]
dτ.

Next, applying the Dirichlet formula (13), we obtain(
Iαa+

[
E

(1)
α,β,γ,w1,w2:a+φ

])
(x)

=

∫ x

a

[
1

Γ(λ)

∫ x

u

(x− τ)λ−1(τ − u)β−1E
(1)
α,β,γ(w1(τ − u)α, w2(τ − u)γ)dτ

]
φ(u)du.

Let τ − u = σ in the above equation, we have(
Iαa+

[
E

(1)
α,β,γ,w1,w2:a+φ

])
(x)

=

∫ x

a

[
1

Γ(λ)

∫ x−u

0

(x− u− σ)λ−1σβ−1E
(1)
α,β,γ(w1σ

α, w2σ
γ)dσ

]
φ(u)du.

=

∫ x

a

(
Iλa+

[
σβ−1E

(1)
α,β,γ(w1σ

α, w2σ
γ)
])

(x− u)φ(u)du.

Now, on using (23), we get(
Iλa+

[
E

(1)
α,β,γ,w1,w2:a+φ

])
(x)

=

∫ x

a

(x−u)β+λ−1E
(1)
α,β+λ,γ(w1(x−u)α, w2(x−u)γ)φ(u)du =

(
E

(1)
α,β+λ,γ,w1,w2:a+φ

)
(x),

which establishes the first equality in (53). Similarly, we can prove the second for-
mula in (53).

Remark 5.1. The above theorem generalized the results obtained by Kilbas et al.
[6] and Srivastava and Tomovski [18].
Finally, we discuss the case of the fractional calculus operator Dλ

a+
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Theorem 5.3. Let Let α, β, γ, w1, w2 ∈ C , {ℜ(α),ℜ(β),ℜ(γ)} > 0 and b > a,
then the relation for φ ∈ L[a, b]

Dλ
a+

(
E

(1)
α,β,γ,w1,w2:a+φ

)
=

(
E

(1)
α,β−λ,γ,w1,w2:a+φ

)
, (54)

holds for any function φ ∈ C[a, b].
In particular for k ∈ N and ℜ(β) > k,(

d

dx

)k (
E

(1)
α,β,γ,w1,w2:a+φ

)
(x) = E

(1)
α,β−k,γ,w1,w2:a+φ. (55)

Proof. Let n = [ℜ(λ)] + 1. Using (8) and (33) and applying (53) with λ being
replaced by n− λ, we have for x > a ≥ 0:

Dλ
a+

(
E

(1)
α,β,γ,w1,w2:a+φ

)

=

(
d

dx

)n (
In−λ
a+ E

(1)
α,β,γ,w1,w2:a+φ

)
(x) =

(
d

dx

)n (
E

(1)
α,β+n−λ,γ,w1,w2:a+φ

)
(x),

=

(
d

dx

)n ∫ x

a

(x− t)β+n−λ−1E
(1)
α,β+n−λ,γ (w1(x− t)α, w2(x− t)γ)φ(t)dt, (56)

Since the integrand in (56) is a continuous function in C[a, b], we can apply the
formula

d

dx

∫ x

a

f(x, t)dt =

∫ x

a

∂

∂x
f(x, t) + f(x, x), (57)

to obtain

Dλ
a+

(
E

(1)
α,β,γ,w1,w2:a+φ

)
=

(
d

dx

)n−1 ∫ x

a

∂

∂x
(x− t)β+n−λ−1E

(1)
α,β+n−λ,γ (w1(x− t)α, w2(x− t)γ)φ(t)dt

+ lim
t→x−

(x− t)β+n−λ−1E
(1)
α,β+n−λ,γ (w1(x− t)α, w2(x− t)γ)φ(t)

=

(
d

dx

)n−1 ∫ x

a

∂

∂x
(x− t)β+n−λ−2E

(1)
α,β+n−λ−1,γ (w1(x− t)α, w2(x− t)γ)φ(t)dt

in accordance with the result(31). Now applying (57) further n− 1 times, we get

Dλ
a+

(
E

(1)
α,β,γ,w1,w2:a+φ

)
=

∫ x

a

∂

∂x
(x−t)β−λ−1E

(1)
α,β−λ,γ (w1(x− t)α, w2(x− t)γ)φ(t)dt,

which gives (54). Equation (55) follows from (54), if we take into account the
formula (

Dk
a+ E

(1)
α,β,γ,w1,w2:a+y

)
(x) = y(k)(x), (k ∈ N), (58)

and this completes the proof of the theorem.
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6. Conclusions

We used the Riemann-Liouville fractional integral and derivative operators to

investigate several properties of the Mittag-Leffler function E
(1)
α,β,γ . We established

the fractional integration and derivation of the function E
(1)
α,β,γ . Based on careful

analysis of function E
(1)
α,β,γ , we succeed in dominating the solution of the singular in-

tegral equation involving the function E
(1)
α,β,γ in the kernel. Further, we introduced

an integral operator E
(1)
α,β,γ,w1,w2:a+ with E

(1)
α,β,γ in the kernel and derived its trans-

formation properties in the space of Lebesgue summable continuous function spaces.

Future work using these Mittag-Leffler function E
(1)
α,β,γ is expected to include, for

example, numerical approximation of the functions by solving fractional differen-
tial equations; numerical approximation of the operators by Bernstein-polynomial
techniques; asymptotic analysis of the functions; and many more properties waiting
to be proved mathematically and then applied in practice.
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