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PROPERTIES FOR A CLASS RELATED TO A NEW FRACTIONAL
DIFFERENTIAL OPERATOR

M. A. MOWAFY!, A. O. MOSTAFA2 AND S. M. MADIANS

ABSTRACT. The object of this paper is to introduce and study some properties
such as coefficient estimate, distortion theorems, radii of starlikness, convexity
and close-to convexity of a class defined by Al-Oboudi - Al-Amoudi operator.

1. INTRODUCTION

Let A denote the class of functions:
f(2) :Z+Zakzk, (L.1)
k=2
which are analytic in U={z € C: |z] < 1} and & C A for which

fe)=z- Y ax* (a4 >0). (1.2)
k=2

The fractional derivative of order « for analytic function f defined in a simply
connected domain that contains zero is defined by [16]:

DS (2) = r(11— a)/(zf_(tt))adt 0<a<l, (1.3)
0

Q°f(z) =T (2 ) 2" D[ (2)

B Tk+1DI2-a)
= +;§5 Tht1—a) axz", 14

where multiplicity of (z —t)”™ is removed by requiring log (z — t), to be real when
z —1 >0 (see also [16],[17]). Define the new operator
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(2) = f2),
(2) = (1=-NQf(2)+Az(Qf(2)) =D5f(2), 220, 0<a <],
DY*f(z) = DS (D3f(2),
() = D§(Dy""f(2)), meNo=NU{0},

If f is given by (1.1) then

DYf(z) =2+ Y Wrn(o, Nagz" (1.5)
k=2

where

Nk+1)T'2 -
I'k+1-a)
Observe that this operator modified the operator of [2, 3], and we note that:
(i) DY* = D2 (see [16],[17)),

(i) D° = D" [19],
(iii) DY = Dy [1].

Upn(a,\) = 1+ AE—1)]". (1.6)

Definition 1. For A, u>0,v>1,0<a,8<1,0<6§ <1, n € Ny, a function f
€ A is in the class S\ (8,7, , B8), if it satisfy.

72G’(2) 72G'(2)
Re{ G0) —(7—1)} S reTr + 8, (1.7)
where
G(2) = (1 - 6)DYf(2) + 82 (DY f(2)) . (1.8)
Let
TSy (8,7, 1, B) == SV (0,7, 1, 8) N S. (1.9)
Note that:

S;\%a((h 17#7&) = SP(;L,/\ (lu‘aﬂ) ) S;\L’a(]-a 13 ,u'aﬂ) = UCVOZL,)\ (Nﬂﬂ)?
(2,3, with ¥y, (a, ) of the form (1.6)]. For different values of n,«, A, 8,7, u,
and §, we get the classes defined by [3 — 15], [18] and [20].

2. COEFFICIENT ESTIMATE

In the rest of the paper, let 0 < a,6 <1, A, u>0,v>1,0<4d <1, n € Ny,
Uy n(a, A) as (1.6) and f given by (1.2).

Theorem 1. For fe S, fe TSV(0,v,u1 ), if and only if
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o0

D=8y k—1) 0+ ][+ (k—1)8] U nla, Nag <1 - 8. (2.1)
k=2
Proof . Assume that (2.1) hold. And using the fact that for real 5 and complex
number w,

Re(w) =28 & jw+ (1) - jw—-(1+p)] 20, (2.2)

it is sufficient to show that

=Gz o 112G (r) B
G0) (r—1) e |t (1 ﬁ)‘- (2.3)
For the right-hand side of (2.3)
L S
= T [ @)+ @ =) 6 — e |26 () =G|
> (2= Z 2 B4 (k= 1) (1 ][+ (k = 1) 0] B, 1) ]}
Similarly, for the left—hand side of (2.3) we have
126G (2) 712G (2)
L = a0 —(y=1)—n G0) —7’—(1+B)’
= % ‘sz' (2) = (v = DG(2) — pe |y2G (2) — vG(Z)‘ — (1+8)G(z)
< ) (L +p) = BI[L+ (k= 1) 6] Wgp(er, A) Jax]}.
Since
R—L>
a2 22 1Bty (b= 1) (L )] (14 (k — 1) 8] Wi ) ]} > 0,

then the required condition (2.3) is satisfied, so f € T'S\"*(d,~, 1, 3).

Conversely, let f € T'S\"*(d,7, 1, ), choosing the values of z, on the positive
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real axis, the inequality (1.7) reduces to:

1=, [+ (k= 1)y [1+ (k— 1) 8] Wy (v, Nag 2"
L= 02y [T+ (k= 1) 0] ¥y (@, Nag2h—1

_5>

Soneg (L4 (k= 1)y [1+ (k= 1) 0] W (e, Nagz"!
K 1= 5 [+ (k= 1)0] Uy (cr, Aag2F—1 :

Letting z— 17, we obtain the desired inequality.

Corollary 2. If fe TSUY(8,v,u,0),then

ar < 1_6
PR By (k) (L ][+ (k—1)0] Upp(a A)

Equality holds for

(k>2). (24)

=z— 1-5 2k
I&) = G DA W+ G- Do Ty P22 (25)

3. GROWTH AND DISTORTION THEOREM

Theorem 3. Let f e TSV(0,v,u,3). Then, for |z| =r <1

1-5 2 1-8 2
— < < 1
" Bmanenmp) OISt g s B
and
2(1—-p) , 2(1-p)
1— < <1 2
BQ (n’a’)\7§777ﬂ’6)7a o |f (Z)| o + BQ (n7a7)\’5777l’[/7/6)7‘7 (3 )
where

By (nya, N\, 0,7, 1, 8) =1—=B+v(k -1 1+ w1+ k—-1)0]T¥sn(a,A) (k>2).
(3.3)
The function gives the sharpness is

1-p 2

O NN W P

(3.4)

Proof. Since f € TS\ (0,7, 1, 3), then from Theorem 2.1 it follows that

ZBk (n’a7A76777uaﬁ)a’k‘ < 1_6

k=2
We have



186 M. A. MOWAFY?! A. O. MOSTAFA? AND S. M. MADIAN?® JFCA-2023/14(1)

BQ(TL,O[,)\,(S,’)/,/.L,B)ZG,]C = ZBQ(n’aaAa67’Y7Maﬂ)ak

k=2 k=2
< > Be(n,a, A6,y 8)ar <1- 3
k=2
and therefore
ar < . 3.5
kZ::Q * = Ba(n, 0,008,711, B) (35)

From (1.2) and (3.5) we have

1-p 2
B2 (7%047)\757%/%5)

[e ] o]
1F )< 2l + 127 an ol <r 40 ap <r+
k=2

k=2
and

o0
1-p
> |z z ga z >r—7‘22 ar > 1 — r2.
| ( | | | ‘ | k| ‘ o =2 b= B2(n7a7>‘7577a;u'7ﬁ)

In virtue of Theorem 2.1, we also have

By (na)\(;’y/h By (n,a, A, 0,79, 1, B) >0
Zk kZz 5 kakSI;Bk(ma,A,a,Wmaks1—ﬂ,

which yields

- 2(1-p)
kay, < .
,;2 = By (0, X 8,7, 1, B)

Thus,
")) <1+ ka zk_1§1+7" kap <1+ r
7S 1+ kol A A T
and
S - S 2(1 - 6)
() >1- kag 2| P> 11— kap >1-— T
7@l 2 ,;2 elel 2 ,; P By (n,au N 8,7, . )

4. EXTREME POINTS
Next, we examine the extreme points for TS} (8, v, 1, 3).
Theorem 4. Let,
1-p

_ . k
filz)=z and fir(z)=2z2 Br (o Ao /3)2 (k>2). (4.1)

Then f e TSY(d,7,p,0) if and only if
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= Z)\kfk (2), (4.2)
k=1

where A\, >0 (k> 1), Y77, Ay = 1 and By, (n, a, A, 6,7, p, 3) is given by (3.3).
Proof. Assume that f asin (4.2), then

) = Nzt on [ Bk<n,a,A,a,v,u,ﬁ>Z
B - B -
= kz noz)\5%ﬂ )"
Since
[e'e] 1_ s
ZBk(ma,A,g,w,ﬁ)AkBk(naAfwﬁ)=(1—ﬁ)ZAk=(1—ﬁ)(1_A1)§1—67
P s Coy Ay Uy 7y [y k=2

it follows that f € TSY*(4,7, i, 8). Conversely, suppose f € TSY*(d,7, 1, 3) and

consider

By, A0, >
A = (nal_ﬂ%/‘ﬁ) ag, k>2 and Alzzl—z)\k.

Then -
= Z A fr (2)
k=1

Corollary 5. The extreme points of the class TSy (6,7, i, B) are given by (4.1) .

5. CLOSURE THEOREM

Let the functions f; € § (j =1,2,...,p) defined by,

z)=2z— Z ar;2" (ag; >0). (5.1)
k=2

Theorem 6. Let f; € TSV(0,v,1,8) (j=1,2,...,p) and let ¢; > 0 such that
Z?:ICJ = 1. Then the function h € TS\"* (3,7, 1, B),

P

h(z)=> ¢ifi(2).
j=1
Proof. In virtue of the definition of h,

P o0 o [ p
z) = E ¢ |z — g ap 27| =2 — g E cjag; | 2~
j=1 k=2

k=2 \j=1
Since f; € TSY*(d,,p, 3), for every j =1,2,...,p, then
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ZBk (Tl,O@)\,(S,’Y,,U,ﬂ) ak:,j S 1-—- 6
k=2
Hence, we get

p
=1

J

p o0
ch (Z Bk (naa,)‘a5>7vﬂa6) ak»i) S
j=1

k=2

therefore
h(z) € TSY(9,7, 1, B).

Corollary 7. The class TS\ (8,7, i, 8) is closed under convex linear combina-
tion.

Proof. Assume that f; € TS\ (8,7, 1, 8), (j = 1,2) given by (5.1).
It is sufficient to show that the function h € T'S\"*(d,~, i, 3),

h(z)=cfi(z)+ (1 —c)f2(2) (0<c<1).
By taking p =2,¢; = c and ¢co = 1 — ¢ in Theorem 5.1 we obtain the corollary.

6. RADII OF STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

Theorem 8. Let f € TS\ (8,7, p, ). Then f is starlike of order p (0 < p < 1) in
|z| <71 (n,a, X, 0,7, 1, B), where

(1—p)Bk; (n7a7)\767/YJy’7ﬁ) F=T

T1 (n,m)\,éﬁ,,u,ﬁ) = inf |:

k>2 (k—=p)(1-5)
Proof. To prove the theorem we must show that
2f'(2) ‘
—-1|<1—-p (0Kp<]).
e ( :

For z € U with |z| < r1 (n,a, A, 0,7, 1, §) . We have

”“@_4:‘2ﬁxk1kal<2ﬁxk1muﬁ*
7 @) 1= 30, ap2ht 1= a2
Thus

FEN e
if

= (k- _

) ('0) ar |2[*7 < 1, (6.1)
I—p

k=2

in virtue of Theorem 2.1 we have

oo

Z Bk (n,OL,A,(;,’}/,,U,,ﬁ) ag <1
k=2 1-8
hence, the inequality (6.1) will be true if
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k—p k1 _ Br(n,a, N8y, 1, 08)
(1P> 12 = 1-3 (k>2),
or if
(1—p) B (n,a,)\75,’y,u,ﬂ):|kl i
|Z|S[ (k—p)(1-5) (k>2).

Corollary 9. Let f e TSy (8,7, u,B), then f is convex of order p (0 < p < 1)
in |z| <r2(n,a, A, 8,7, p,B), where

T2 ('17/,0[7 >\; 5777,“‘75) = lnf

(1 —p)Bk; (TL7OZ7)\767’Y;N75) =T
k>2

k(k—p)(1-p5)
Corollary 10.  Let f € TSY"(d,v,1,3), then f is close-to- convex of order p
(0 < p< 1) in |Z| <r3 (n7a7>\»57%%5)7 where

7“3(’/1,047)\;577’:“76):,&22{ k(l—ﬁ)
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