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ON FRACTIONAL ¢ - DERIVATIVE INTEGRAL FORMULAE OF
PRASAD’S I-FUNCTION 1

LAXMI RATHOUR, VISHNU NARAYAN MISHRA, NIDHI SAHNI, F Y AYANT, VIJAY
YADAV

ABSTRACT. In the present research work, we have derived two theorems which
involves integral operators of Erdélyi-Kober type and a g- analogue of modi-
fied multivariable I-function. The related averment for the Riemann-Liouville
and Weyl fractional basic integral transforms are also deduced. A number of
corollaries concerning the basic analogue of modified multivariable H-function,
q - analogue of multivariable H-function and remarks are given at the end of
this paper.

1. INTRODUCTION

The idea of fractional calculus is considered to have emerged from a question
asked by L'Hospital to Leibniz in 1695 [19]. This has obtained more attention dur-
ing last century because of its vatious specific applications in numerous diverse fields
( [15], [16], [17], [31]). The g-calculus was also came in to existence in twentieth
century. A detailed theory are given in the books by Slater [35], Exton [8], Gasper
[11] and a thesis [7]. The g-extension of the ordinary fractional calculus is known
as the fractional g-calculus . In recent times the theory of g-calculus operators
have been uesd in several areas. The idea of fractional g-calculus was introduced
by Al-Salam. From the basic analogue of Cauchy’s formula ([4], [5], [6]), Agarwal
[3] studied some fractional basic integral operators and g-derivatives. Later that,
Isogawa et al. [13] studied some basic properties of fractional g-derivatives. The
notion of the left fractional g-integral operators and fractional g-derivatives was
generalized by Rajkovic et al. [21] by introducing variable lower limit and proved
the semigroup properties. Garg et al. [10] introduced basic analogues of hyper-
Bessel type Kober fractional derivatives. Saxena et al. [33], Yadav et al. ([38]-[43])
have found values of different basic special functions by using fractional g- opera-
tors. Inspired by this apporach of applicability, some researchers have applied these
integral operators to find value of q - fractional calculus formulae for various special
functions. One can see the recent publications [9]-[11] and [33], [22]-[25], [26]-][28],
[38]-[43] in this subject.
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In the present research work, we have derived two theorems including the frac-
tional basic integral operator of Erdelyi-Kober type. These theorems generalizes
the Riemann-Liouville and Weyl fractional basic integral operators.

For real or complex a and |g| < 1, the g-shifted factorial is defined as :

n—1

(a;q)n = H(l —ag') = ((G;Q)OO (n eN). (1.1)

palet aq";q)oo’
so that (a;q)o = 1, or equivalently

Lyla+n)(1—g)"
Fq(a)

The basic analogue of Riemann-Liouville operator of a function f(x) by Agarwal
[3], is given by

(a,q)n = (a#0,—1,-2,---). (1.2)

12 f(2)} = r@) / *(0 — t@)ar f(B)dt (Re(a) > 0,]g| <1). (1.3)

The basic analogue of the Kober operator, see Al-Salam [7, 34] is defined by

—n—a pz
I {f(x)} = L/ (x —tq)a—1t"f(t)dgt (Re(a) > 0,,n € R, |q| < 1).
Lq(a) Jo
(1.4)
A g-analogue of the Weyl integral operator due to Al-Salam [7] is given by
gle-D/2 oo .
Kplf@) = Ty [ = 0amafta ™0t (Rele) > 0,Jal < 1). (19
q T

Al-Salam [4] defined the following basic analogue:

K@)} = s [ = @)t @)t (Refe) > 0n € Rl < ).
(1.6)
The q - integral, see Gasper and Rahman [11] are given by

| 10 =20-0 Y a) (L7)

k=0
[ s0dt=s1- 03 a s (18)

z k=1
|t =ai=a) 3 o ste). (19)

k=—oc0

2. BASE FORMULA

In this section, we will derive two fractional g-integral formulae for the q - ana-
logue of multivariable I-function defined by Prasad [18]. We note

G(g") = [Hu - W)} - ﬁ (2.1)

n=0
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‘We have
1
o ") () “ (a2]7a2]7a2])1 p2s "
I(zl ey .q) — IO,nz;Oms;---;Omr:m e mlm : .q
’ A P2,42,03,43;" Prsqr:p »q 3+ ;p(7) ,q(") . ’ , 1
Zr (b2j;62j762j)17lI2;"' )
’
. ( .
(arj; 0ty ,Ozrg))l,pr : (aJ,a Vi ,(ay),ay))l’pm
! ’ ’
<bm~;/3m-,--~ B gt 05 B 5 0, BT g
T
Err s [[oilsstidsy - dse,  (22)
Ly i=1
where

[1}2, Glq' o E e/ [[r2 | G(gtmamtEiaed)e) .

E(s1,++ 5 8r39) = )
Tt G(go~Ei09)

G(qa3j_25 1 0‘3])5)

J 713+1

T, Ggt ol si)

Qri—> " a(i.)si —by;—52 (i) S - —brj—> 1 (i.)si ’
Z:-&-l G(q T 21 rj ) 32:1 G(ql baj =37, sz ) .. ;1,:1 G(ql b 2o Br] )
(2.3)
m® b s NOIINON
H] IG( ﬂ )H] lG(l J+J )
¢($1‘7Q) = o) b()Jrﬁ() () HOENOM o )
HJ 14+m @) (q )HJ n() 41 G(q% i ")G(1 - g%)sinms;
(2.4)
otV ﬁj(l),a,(jj),ﬂ(l)(i =1,---,7r),(k=1,---,r) are positive numbers. |
gz),bgl) (t=1,---,7),ar;, Brj(k = 2,--- ,r) are complex numbers and here m®,
n®, pd ¢ (z =1,---,7), Nk, P, qu(k = 2, --- ,r) are non-negative integers

where 0 <m!” < ¢@;0 <n@ <pW(i=1,---,7),0 < ¢™ and 0 < ny < py.
Here (i) denotes the numbers of dashes. The contour Ly, is in the sg(k =1,--- ,7)-
plane and varies from o —i00 to c+i00 where o if is a real number, if necessary to en-
l—ag;+32_ al sy, . 1—agzj+3>5_ ol s,
sure that the poles of G(q~ %% &k=1 %3 k) (j =1 .-+ ng), G(q ~*¥ T &k=1 Y5 k)
. l—ar+350_, oy, . 1-— c< )+'v( Vs c_
(j = 1,---,n3),G(q ! Rt Gt (jo= 1,0 my), Glg ()k)(J ®,
1, ,n® ) (k=1,---,r) to the left of the contour Ly, and the poles of G(¢% ~%
(j=1,---,m®) (k=1,---,7) lie to the right of the contourL. For further de-
tails and asymptotic expansion of the I-function one can refer by Prasad [18]. For
large values of |s;| Re(s;log(z;) —logsinms;) < 0,i=1,---,r. It is assumed that
integrand function has simple poles.

‘We note
A= (a2j; O/2ja agj)l,pz; g (a/(rfl)j; azrfl)JW e 704’{;_11)]‘)1,17,,.,1 . (25)
B = (b2]752]a52])1 q2) """ ;(b(r—l)j;ﬁgrfnjv"' 7ﬁ(r 1)j )1 Qr—1- (26)
A= (aridhy, ol A= () a) @l e (27)
B = (brji Bl B ) 1g =B = (0, B s (0, 87) g (2.8)
U=p2,q2:03,G3; i Pr—1,4r—1; V = 0,n2;0,n3;- -+ ;0,n5_1. (2.9)
W=(,¢) - (",q")X =m' n) ;s (m",n"). (2.10)

"),
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3. RESULTS

We shall derive two fractional basic integral formulae for the g- analogue of
multivariable I-function.

Theorem 3.1. Let Re(u) > 0,[q| < 1,n € R,p; > 0(i =1,---,r) and I]*{.} be
the Kober fractional g-integral operator (1.4), then the following result holds :

zz A A9
Ity | 1q = (1— gt
erpr B,B : %
lepl A7(1_)\_n7p137p7“)7AQ[
Vi0,n,+1:X . .
Usprtl,grt LW | 4 . (3.1)
e BiB(1—=A—p—n;p1,---,pr) B

where Re(s;log(z;) —logsinms;) < 0,(i=1,---,r).

Proof. To prove this theorem, we use equation (3.1) (say I) and using the defini-
tions (1.4) and (2.2), we get

A
I = 7/ (= Y@ a-1y" {yAl -
Ly(a) Jo Ly
. s T
quk(sz};q)(ziypl) qusl "'dqsr 27rw TF /L1 / m 5 15700, 83 )

i=1
T x
[ ox(si0)2" {/ (@ = yg)a—1y"y == pisildqy} dgs1 -+~ dgs,
i=1 0

ﬂ-rg(sh S q)

1 . 5 v
= W/L /L (51,0 ,ST;Q)Hek(sz';Q)Zf—rg’ﬂ{f/\—‘_z:i:lp’ hdysy - dgsy
1 r

i=1
Applying the formula by Yadav and Purohit ([39], p. 440, eq. (19))

Ig”“{x’\*l} = Fqlgi(i:;i)m AT (Re(\ + p) > 0). (3.2)

Substituting (3.2) in the above equation, we obtain

1 / / T
s | mE (s, 805 O (si;9)7;
(27w)" /1, L, (51 )21;[1 kl )

Ly(A+n+3 iy pisi) S pisi—1 g
T q°1
Fq()‘ T4 p+ Zizl pisi)
Now, deducing the g- Mellin- Barnes double contour integrals in terms of the q -

analogue of Aleph- function of several variables, the required result (3.1) can be
obtained. O

- dgSp. (3.3)

For Re(p) > 0,]q| <1, p;(i =1,---,r) positive integers, the Riemann Liouville
fractional g-integral of the product of two basic functions exists.
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Theorem 3.2. Let Re(u) > 0,|q| < 1,m € R, p; > 0(i = 1,---,r) then the
generalized Weyl g-integral operator for the basic analogue multivariable I-function
is given by

A A A2
K" T B 4 — M1 — q)lg
2px P B;B: B
Vi0,n,41:X alwg) AL+ X=n3p1, ,pr), A 2L
Uit Lot 1w | .q |
ar(wg™) 0 BB+ A—p—m;p1,,p) B

(3.4)
where Re(&;log(z;) — logsinmg&;) < 0,(i=1,---,7).

Proof. To prove this result we apply equation (1.6) in equation (3.4). Then we
write in integral form using equation (2.2). After that using equation (3.2) we can
obtain the required theorem. ([

4. SPECIAL CASES:

Corollary 4.1. Let Re(p) > 0,]q| < 1,n € R and I}'{.} be the Riemann-Liouville
fractional g-integral operator (1.3), then the following result holds :

na A A2
I e i iq =(1- q)ux/\+u—1
2 2Pr B;B: ‘B
a2 A (L= Xpr,e o), A2
Vi0,n,.+1:X . .
Uspr+1,gr+1:W | 14 , (4.1)
2pxPT BiB(1—=A—p;p1,---,pr): B

where Re(s;log(z;) — logsinms;) <0,(i=1,---,r).

Corollary 4.2. Let Re(n) > 0,[q| < 1,7 € R and KF{.} be the Weyl fractional q
- integral operator (1.5) then the following result holds:

#nzx 2 A A
A-1 : . A —pA—p(p+1)/2
Ky a7 | e q = ghA(1 — g)Hg At/
2P B;B:B
Zl(xq_#)_pl A,(1+)\+H,p1, apT‘)7A:Q(
Vi0m,+1:X . .
Uspr+1,¢-+1:W . 4 ’
ZT(.’I]Q—H)_pT B7B(1+>\7p17 7p7’) :%

where Re(s;log(z;) — logsinms;) <0,(i=1,---,r).
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5. BASIC OF MULTIVARIABLE H- FUNCTION

Setting A = B =0=U =V, q - analogue I of several variables converts in ¢-

analogue of H-function of several variables defined by Prasad and Singh [19]. We
obtain

Corollary 5.1.

z13! A
]qﬂvlt $>‘_1H 1 q — (1 _ q)“x’\_l
erpp B : %
0,np+1:X .lepl I=X=np1,-- o) A
et lgt W | i q . (5.1)
Z»,‘LL'pT B;(l_)‘_ﬂ_n;plv"'apT):%

where Re(s;log(z;) —logsinms;) <0,(i=1,---,7).

Corollary 5.2.

zx A
K;%u Ji)‘_lH iq _ a)‘)\(l _ q)uq—u)\
2P B: ‘B
Zl(xq_u)_pl (1+>\_77?p17 7p7")aA:91
0,n,+1:X .
Hy' | 1q . (5.2)
2p(zg™H)"Pr B;(1+A—p—mp1,--,pr): B
where Re(&log(z;) — logsinng;) < 0,(i=1,---,7).
Corollary 5.3.
zzh A:at
A—1 . ) _ Ap—1
Iiy = H| 4 =(1—g)Ha™*+
22" B:B
lepl (1—)\;p1""ap’r)7A:Q[
0,n,+1:X . .
prtla+1w | iq ; (5.3)
2 zPr By (1= A—=psp1,--,pr) 1B
where Re(s;log(z;) —logsinms;) <0,(i=1,---,r).
Corollary 5.4.
A A:at
K(’; A lH .q _ x““‘(l _ q)uq—u/\—u(u+1)/2
22 Pr B: B
Zl(wq_u)_pl (1+/\+va1, 7P7‘)7A:Ql
0O,n,+1:X . .
pr41,qr+1:W : 7 q s (5.4)
2 (zq™) P By (1+ X p1,---,pr) 0 B

where Re(s;log(z;) —logsinms;) < 0,(i=1,---,7).
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Taking r = 2, then the q - analogue of H - function of several variables reduces
to q - analogue of H - function of two variables [12] given by Saxena et al.[33],
Let

Co = {(ai; iy Ai) b1,p, D2 = {(€53 Ei) 1 opas {(935 Gi) 1 ps - (5.5)
By = {(bi; Bi, Bi) }1,0. F2 = {(fi3 Fi) } 1,400 { (his Hi) } 1,5 (5.6)
We get:
Corollary 5.5.
lep 02 : DQ
5 — mi,n1;ma,n2,M3,M, . . _ _ A—1
1" a 1Hp1,1q1;1172,q22;p23,q33 o 4 =(1-qlx
ZQCEU EQ . FQ
lep (1_)\_77;[)70);02 :D2
mi,n1+1;ma,n2,ms3,n .
le 3r1,1q1+1;1022,qzz;fo;:qe,a . 1 q ) (5~7)
2027 Ey,(1-X—pu—mn;p,0): Fy

under the conditions verified by the corollary 5.1 and r = 2, see Yadav et al. [42].
Corollary 5.6.

le_p Cg : D2
KM A~ 1 gma,niimae,nz,ms,ns : g — 3'})\(1 _ q)liq—ﬂ)\
q P1,91;P2,42:P3,43 : )
ZQ.’L'_U EQ : F2
a1(zg™)" (1+X=n;p,0),Ca : Dy
Hm1+1,7l1;m27n2,m37n3 .
p1+1,q1+1;p2,92;p3,93 : 4 ’
ZQ(l'q_N)_U E27(1+>\7M77]7p70’) :FQ
(5.8)
under the conditions verified by the corollary 5.2 and r = 2, see Yadav et al. [42].
‘We suppose
(@j)1pr = (A)1p0 = (Ej)1p. = (Gilips = Biras = (Bi)rgs = (Fj)1,q. = (Hj)1,g5 = 1.

(5.9)
The q - analogue of Meijer’s G - function of two variables given by Agarwal [2], can
also be obtained by setting the following parameters:

Ay = (a7) 1, 0 By = (€) 1,02+ (9))1,p5- (5.10)

Cy = (0j)1,q: * D2 = (fi)1,05 (M)1,45- (5.11)
and we obtain the formulas as follows:

Corollary 5.7.

22’ Ay i Cy
R .q = (1—g)ta*!
202" B, : D,
Az’ (1=A=n;p,0),Cy: D,
AR B al , . (5.12)
zox? Eyy(1=A—p—m;p,0): Fy
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with the conditions verified by the corollary 5.7 and (cj)1,p, = (Aj)1,p1 = (Ej)1,p, =
(Girps = (Bi)ras = (Bj)rgr = (Fj)ige = (Hj)1,4s = 1.
Corollary 5.8.

21z~ P Y
NEP 1 Ayt By . .
Jl - yM13M2,N2,m3,n3 . . _ L NB L —
Ky A Er P R : i (p,q) , ) =2"(1-9)"q
z2ox 7 Cy: Dy
AR —H)TP . r ’
1( 4 ) (1+)\—77,P7U),A2~Bg
G07n1+1;m2,n2,m3,n3 . .
p1+1,q1+1:p2,92:p3,q3 : g , / ,
20(wq™H)™° Co,(1+X—p—m;p,0): Dy

(5.13)
with the conditions verified by the corollary 5.6 and (cj)1,p, = (Aj)1,p1 = (Ej)1,p, =

(G )1 \P3 (By)l Q= (Bj)lm = (Fj)l,q2 = (Hj)1,q3 =1L

If r = 1, the q - analogue of multivariable I - function converts in q - analogue
of I - function defined by Rathie [29].
Let A1 = (aj,a; : Aj)1,p; B1 = (bj, B : Bj)1,4, we obtain the following result

Corollary 5.9.

T T 1[m g . .
q P zxP 4
B,

(I=A=m;p;1), Ay

Ay

ot ( iq (5.14)
p+1,d' +1 \ zzf ’
B, (1= A= p—mn;p;1)
where Re(slog(z1) — logsinms) < 0.
Corollary 5.10.
Ay
54 pA—1men —p . A1 o\ — A
K Ipq 2 vq| - =2"(1—q)"q
B
) (L+A=mp;1), Ay
m,n+ .
p+1,q/+1< 2(xq= )P ,q’ ) (5.15)

Bi,(L1+A—p—n;p;1)
where Re(slog(z1) — logsinms) < 0.
Let A/l = (aj, )1, and Bll = (bj, Bj)1,q- the q - analogue of I - function changes

to q - analogue of H - function of one variable defined by Saxena et. al.[32]. We
have the following results:

R p—— A,
fé“‘{ T (2 sa] B ) }

m 1—-X— ’I]p)A
(1 g (x e . (510)
prbatt Bla (1 —A- w—= 77>P)

under the condition verified by the corollary 5.9 and (A;)1,p = (Bj)1,4 = 1.

Corollary 5.11.
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Corollary 5.12.

i _ A _
K;W{ a 1Hp7(} ( zx P ;q| Bi ) }:x’\(l—q)“q HA

e 14+ A—n;p), A
H™ 2 ( z(wg )P a R , 5.17
pitan (™)™l g N ) (317

under the condition verified by the corollary 5.10 and (Aj)1,p = (Bj)1,q = 1.

Let A] = (a;j)1,p and B, = (bj)1,q, the basic of H- function of one variable
reduce to basic of Meijer’s G-functions, this gives:

Corollary 5.13.

_ A//
I;”“{ x? 1Ggf;1"( 2P ;q’ B}, ) }

_ 1—X—mn;p), Al
= (1 - g tamnt! o g L ARk AL 5.18
A= Cphagn { =" 4l B ,(1=X=p—mp) )’ (5.18)

under the condition verified by the corollary 5.11 and (oj)1,p = (Bj)1,4 = 1.

Corollary 5.14.

"

— m,n — A -
K;”"{ 2 1Gp7(’1 ( zz P ;q| Bi/ > }a:)‘(lq)"q A

mn . L+ X—n;p), A
G’+1(zx“p; (1 e , 5.19
prian | 2@ By, (L+A=p=1mp) (5.19)

under the condition verified by the corollary 5.12 and (a;)1,p = (B)1,¢ = 1.

6. CONCLUSION

The results obtained in this research paper have various applications due to its
general nature. By putting some particular values of the parameters and variables
in the g- analogue of multivariable I-function, we can deduce various results. These
results include various type of basic functions and can be expressed in terms of g-
analogue of H-function [32], g- analogue of Meijer’s G-function, ¢- analogue of E-
function, g- analogue of hypergeometric function of one variable and multivariable
[43], special basic functions of one and several variables. The results proved in this
research paper are generalised results of multivariable I - functions. Therefore a
number of results in literature can be expressed in terms of these results.
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