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EXISTENCE OF AT LEAST ONE CONTINUOUS SOLUTION OF
A COUPLED SYSTEM OF URYSOHN INTEGRAL EQUATIONS

A. M. A. EL-SAYED, M. R. KENAWY

ABSTRACT. In this work, we are concerning with a coupled system of nonlinear
Urysohn functional integral equations. We study the existence of at least one
continuous solution. The nonlinear Urysohn functional integral equation will
be given as an special case. Some boundary value problems of coupled system
of nonlinear Urysohn functional integro-differential equations will be studied
as applications.

1. INTRODUCTION

It is known that integral equations have many useful applications in describing
numerous events and problems of real world and the theory of integral equation
is rapidly developing with the help of several tools of functional analysis, topology
and fixed point theory [1]-[4],[6]-[8] and [10]-[13].

Let B € (0,1) and the function f be integrable on [0,7]. The Riemann-Liouville
fractional order integral operator is given by the singular integral operator of con-
volution type [14]

t o \B—1
t—s)
I%f(t) = / (7]"5 ds, t €[0,T].
0 = [ S s ds e o)
Let a € (0,1) and f € AC[0,T]. Then the Fractional order derivative is defined
by the singular integro-differential operator [15]

DY (1) = ' 2 5(0)

Let I = [0, 1]. Consider the coupled system of nonlinear Urysohn functional integral
equations

1
z(t) = a1(t) + /0 fi(t, s,Iﬁly(s))ds, tel (1)
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y(t) = as(t) + /0 fa(t, s, 1722(s))ds, t € 1. (2)

where It and I?2 are integral operators of fractional orders 3; and fs.

The existence of at least one solution (x,y) of the coupled system (1)-(2) will
be proved.
The special case, the nonlinear Urysohn functional integral equation

z(t) = a1(t) +/O f(t,s,1%x(s))ds, t €I (3)

will be considered as an example.
Also the existence of the maximal and the minimal solution of (3) will be proved.

Finally, the coupled system of functional integro-differential equations

%z(t) = ay1(t) + /01 fi(t,s, D y(s))ds, t € I (4)

d 1

pn y(t) = a2(t) + /0 fo(t,s,D%?x(s))ds, t € I (5)
with the boundary conditions

z(0) = 7 2(1), and y(0) = 12 y(1), 1, 12 #1 (6)

will be studied as an application.

2. MAIN RESULTS

Let a; : I =10,1] = R be continuous and sup,¢; |a;(t)] = a.
Consider the following assumptions
(i) fi + I xIx R — R are continuous in t € I for all (s,z) € I x R, measurable
in s € I for all (¢t,z) € I x R and continuous in « € R for all (¢,s) € I x I,i=1,2.
(ii) There exist two integrable functions m; : I x I — R and two nonnegative
constants b;, ¢ = 1,2 such that

|fi(t, s, )| < Imy(t, s)| + bilz].
and

1
sup / m;(t, s)ds < M.
tel Jo

Let X be the Banach space of all order pairs (x,y) with the norm

1@, y)llx = ll=ll + [lyll = sup [=(£)| + sup [y ()]
tel tel
Define the operator F' by
F(z,y) = (Tvy, Trx)
where )
Tiy = a1(t) +/ fi(t,s, D y(s))ds, t € I

0

and

1
Tox = as(t) +/ fa(t,s,D?x(s))ds, t € I
0
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Define the set of functions

Qr={u=(z,9) € X : [lull <7, [zl < 7o, llyll < ri,r1+72 =1},
where i} v . o
ro= Ao + M) +b1 ) and rp = ——2 T 272 +b2 2
(- r7) (- r)
Definition 1. By a solution of the coupled system (1)-(2) we mean the ordered
pair (z,y) such that z,y € C[0,T]. This ordered pair satisfies the coupled system
(1)-(2).

Now we prove some lemmas which will be used to prove the main Theorem.

Lemma 1. Let the assumptions (i)-(ii) be satisfied, then F : Q, — @, and
the set of functions F'@Q, is uniformly bounded.
Proof. From our assumptions we have

Try@)] < lar(t)] +] / fi(t, 5, TP y(s))ds

1 1 s 0’3171
< a +/ mq(t,s)ds + b1yl / / ——dfds
! 0 0 0 F(Bl)
by
< af + Mi+ ——= <ry,
SRR VT
then
[Ty@)] <71
Also
1
T < gl +] [ folts I a(s)ds
0
" et s) T Y
§a*+/mt,sds+b2x//7dds
S o Jo T(B2)
by T2
< a] + Mo+ =———— <rg,
= M 2T T(Bat2) =2
then
T2z < 7o.

Now for (z,y) € @y, we have
1F@yll = [(Thy, Tax)|| = [Tyyll + | T2z
< ri+ryg=r.

This proves that
F:Qr—Qr,

and the set of function F'@Q, is uniformly bounded.
Lemma 2. Let the assumptions (i)-(ii) be satisfied, then the set of functions

FQ, is equicontinuous.
Proof. Let t1,t3 € [0,7] such that |ta — 1| < 0, then

Try(ta)~Try(t)] = lar(t2)—a (1) + / Fi(ta, 5, I y(s))ds— / Filtr, s, TPy (s))ds|
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1
< ai(t2) —ar(th)] + /0 | fi(ta, s, 17 y(s)) = fu(tr, s, 171y(s))lds
Also

Ty (ts)—Toa(ty)| = |a2(t2)—a2(t1)+/0 Falta, s, 1% m(s))ds—/o Foltr, 5, TPy (s))ds|

< |a‘2(t2) _a2(t1)| + /0 |f2<t27871ﬂ2 y(S)) _f2(t17871B2y(8))|d8

Now
[1F(2(t2),y(t2)) — Fa(tr), y(t))l = [(Tiy(ta), Tox(t2)) — (Tay(tr), Tox(tr))]|
= [[(Tuy(t2) — Tay(tr), Tox(t2) — Tox(t1))||

= (Ty(t2) = Tay ()l + [Tox(tz) — Tow(t1))]].

< lai(t2) —ar(t1)] + /O |filta, 5,170 y(s)) = fi(te, s, I7y(s))|ds

1
+ laz(t2) — az(ty)] + / [fota, s, 172 y(5)) — fo(tr, s, I7y(s))|ds
0
Then the set of functions F'Q, is equicontinuous.

Lemma 3. Let the assumptions (i)-(ii) be satisfied, then the operator F is contin-
uous in Q.
Proof. Let (z,,yn) € Qr such that (z,,yn) = (z0,%0) € Q, then

Flan(t),yn(t)) = (a /ﬁmfy(w@ /hmﬂ o (5)ds)
and

T T = an(0) + i [ (s, T ()6

n— oo

From the properties of the fractional calculus we have
Py (1) — TP y,(t),
then from our assumptions (i)-(ii) we have
Fit,s 17y (1) yu(9) = fi(t s, 17 ya(t)yo(s))
and

[fi(ts s, I g (Q)yn(s))| < ma(t,s) + p(ﬁbﬂgy

Applying Lebesgue dominated convergence theorem, we obtain

lim fl(tsI e (s))dSZ/O Fult 5, T o (E)yo(s))ds.

n— oo

and

Jlim Ty, (t) = a (¢ / fit, s, 17" yo(s))ds = T yo(t).
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By the same way we have

lim Tox,(t) = az(t) —|—/0 fa(t, 5,172 z4(0(s)))ds = Tox,(t).

n— oo

Now we can deduced that

F(zn(t), yn(t)) = F(zo(t), (1))

which implies that the operator F' is continuous in Q.

Now for the existence of at least one solution of the coupled system of integral
equations (1)-(2) we have the following theorem.

Theorem 1. Let the assumptions (i)-(ii) be satisfied. If
b;

L(Bi+2 =

then the coupled system of the integral equations (1)-(2) has at least one solution.

Proof. From lemmas (1)-(3) we deduced that F' satisfied the axioms of Schauder

fixed point theorem, then the operator F' has a fixed point (z,y) € X, then the
coupled system of integral equations (1)-(2) has at least one continuous solution.

1,i=12,

3. URYSOHN FUNCTIONAL INTEGRAL EQUATION

Let
z=y, fi=fo=f B1=P2=PBand a; =ay=a,

then the coupled system (1)-(2) will be reduced to the Urysohn functional integral
equation

1
z(t) = at) + / f(t,s, IPx(s))ds, t eI (7)
0
and we have the following corollary.
Corollary 1. Let z =y, fi = fo=f, 51 =02 =pfand a1 =ax =a in

Theorem 1. Let the assumptions of Theorem 1. be satisfied , then the integral
equation (7) has at least one continuous solution z € C10,T].

4. COUPLED SYSTEM OF HAMMERSTEIN FUNCTIONAL INTEGRAL EQUATIONS
Let
fl(ta S, y) = kl(ta 5) gl(sa y(s)a and f2(ta S, IE) = k2(t7 S) 92(57 IIZ’(S)

Then the coupled system

(1)-(2) will be the coupled system of Hammerstein func-
tional integral equations (5)

-(6)

z(t) = ai(t) + /0 kyi(t,s)g1(s, I y(s))ds, t € T (8)

<

—~
~

N2

as(t) + /0 ka(t,s)g(s, [P2x(s))ds, t € I. 9)
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Consider the following assumptions

(iii) ¢; : I xR — R are measurable in s € [ for all z € R and continuous in z € R
for all s € I and there exist two functions m} € L1]0,T] and two positive constants
by > 0,4 = 1,2 such that

lg1(t, )| mji(t) + bi|z|
lg2(t, )| my(t) + b3yl

(iv) k; : I x R — R are continuous in ¢ € I for every s € I and measurable in
s € I for all t € I such that

<
<

1
sup [ k(e )] mi(5)ds < K, te .
tel 0

Now we have the following corollary.

Corollary 2. Let the assumptions (iii)-(iv) be satisfied.

b*
— o1, i=1,2,
(B +2)
then the coupled system of integral equations (8)-(9) has at least one continuous
solution.

Let

r=y, g1=92=9, fr=P2=0, a1 =az =aand ky = ko,
then the coupled system (8)-(9) reduced to the Hammerstein functional integral
equation

1
o) =ar(t)+ [kt pis,u(er()ds, te T (10)
0
and we have the following corollary
Corollary 3. Let x =y, g1 =92 =g, f1 =2 =0, a1 =ax =aand k; = ko.

If the assumption of Corollary 2 are satisfied then the functional integral equation
(10) has at least one continuous solution.

5. MAXIMAL AND MINIMAL SOLUTIONS

Definition 2. Let ¢ be a solution of (3), then ¢ is said to be a maximal solution
of (3) if for every solution of (3) satisfies the inequality z(t) < ¢(t) t € I.
A minimal solution s can be defined by similar way by reversing the above inequal-
ity i.e. z(t) > s(t) t € I.

The following lemma will be used later.

Lemma 4. Let the assumptions of Corollary 1 be satisfied. Let u, v be continuous
functions on I satisfying

u(t) < at) + /01 f(t, s, 1Pu(s))ds, tel.
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v(t) > a(t) + /01 f(t,s,1Pv(s))ds, tel,

and one of them is strict. If f(¢,s,x) is monotonic nondecreasing in z, then

xz(t) <y(t), tel. (11)
Proof. Let the conclusion (11) be false, then there exists t; such that
u(tl) = ’U(tl), t1 >0

and
u(t) <wv(t), 0<t<t.

From the monotonicity of f, we get

u(ty) < a(t1)+/0 f(t1,s,I%u(s))ds

< v

< a(t1)+/0 f(t1,s,1Pv(s))ds
(t1)

which contradicts the fact u(t1) = v(t1), then u(t) < v(t), tel.

For the existence of the maximal and minimal solutions we have the following
theorem.

Theorem 2. Let the assumption of Theorem 1 be satisfied. If f(¢, s, z) is nonde-
creasing in x on I, then there exist maximal and minimal solutions of the integral
equation (3).

Proof. Firstly we shall prove the existence of the maximal solution of (3).

Let € > 0 be given and consider the integral equation

ue(t) = at) + /0 £t sIPuc(s))ds, tel. (12)

where
fe(t,s,1%uc(s) = f(t,s,17u(s)) + €

Clearly the function f.(t,s, [Pu.(s) satisfies the assumptions of Theorem 1. and
therefore equation (13) has at least one continuous solution u.(t) € C0,T].
Let €; and e such that 0 < €3 < €1 < ¢, then

1
U, (B) = a(t)—|—/0 fer (t, 8, IPuc, (s)ds

a(t) —|—/0 (f(t, 8, TPuc,y(s)) + €2)ds (13)
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and
ua(t) = alt)+ / for (1,5, PP, (5)ds
= a(t)—|—/0 (f(t,s,]ﬁuel(s))—kel)ds

> a(t)—i—/o (F(t, 5, TP, (5)) + €2)ds (14)

Applying Lemma 4. on (14) and (15), we have
Ue, (B) < ue (), tel

As shown before the family of functions z.(t) is equi-continuous and uniformly
bounded. Hence by Arzela- Ascoli Theorem, there exists a decreasing sequence €,
such that e — 0 as n — oo, and

33, e ()
exist uniformly in I.
Denote this limit by ¢, then from the continuity of the function f.(t,s, I%u(s) in
the third argument, we get

1

q(t) = lim wu,, (t) =a(t) —|—/ f(t, s, IPuc(s)ds
n—oo 0

which implies that ¢ is a solution of (3).

Finally, we shall show that ¢ is the maximal solution of (3). To do this, let u be

any solution of (3). Then

ue(t) a(t)+/0 fe(t, s, TPu(s)ds
1

a(t) + / (f(t,s,IPuc(s)) + €)ds
01
> a(t) +/ f(t, s, IPuc(s)ds
0
Also applying Lemma 4. we have
1
u(t) = a(t) +/ f(t,s, IPuc(s)ds = x(t) <uc(t) for tel,
0

from the uniqueness of the maximal solution [14], it is clear that u.(¢) tends to ¢(t)
uniformly in ¢t € I as € — 0.
By similar way as done above we set

fe(t,s,T%uc(s) = f(t,s, I u(s) — e

and prove the existence of the minimal solution.



174 A. M. A. EL-SAYED, M. R. KENAWY JFCA-2014/5(2)

6. BOUNDARY VALUE PROBLEMS

Let « € (0,1]. Consider the boundary value problem of the functional integro-
differential equation

1
%z(t) = a(t) + /0 f(t,s,D%(s))ds, t € [0,1] (15)

with the boundary condition

2(0) = v a(l), v # 1L (16)
Let the assumptions of Corollary 1 be satisfied.
Letting 4a2(t) = y(t), then there exists at least one solution of the boundary
value problem (15)-(16) is given by
1

2(t) = ﬁ [ yis + /0 y(s)ds (17)

where y is the solution of the nonlinear Urysohn functional integral equation
1
y(t) = a(t) + / f(t,s, I*"*y(s))ds, t € [0,1].
0

Consider now the boundary value problem of the coupled system of functional
integro-differential equations (4)-(6).

Let the assumptions of Theorem 1 be satisfied.

Letting

d

Z2(t) = u(t) and —y(t) = v(t),
then there exits at least one solution (x,y) of the boundary value problem of the
coupled system of functional integro-differential equations (4)-(6) is given by

a(t) = L /01 u(s)ds + /Ot u(s)ds

1—m
and

y(t) = 22 /01 (s)ds + /Ot v(s)ds

L=
where wu, v are the solution of the coupled system of the integral equations

a(t) + /0 f(t, s, I*"*0(s))ds, t € [0,1].

IS
—~

~
=

and

v(t) = a(t) + /0 f(t, s, I'7*2u(s))ds, t €[0,1].
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