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INCLUSION RELATIONS FOR A CERTAIN SUBCLASS OF
ANALYTIC FUNCTIONS BASED ON THE DZIOK-RAINA
OPERATOR

T.V. SUDHARSAN, T. THULASIRAM, K. SUCHITHRA, MUHAMMET KAMALI

ABSTRACT. The main objective of this paper is to obtain a set of inclusion
relations for a subclass of normalized analytic functions using the Dziok-Raina
operator. Special cases of these inclusion relations are also discussed.

1. INTRODUCTION

Let A denote the class of analytic functions f of the form
f(z)zz—i—Zanz" (€ U={z:2€Cand |z| <1}), (1)
n=2

normalized by f(0) = 0 = f/(0) — 1 and let S be the subclass of A consisting of
functions which are univalent in U. The class of starlike functions S* and convex
functions C are well known subclasses of S.

In 1993, Goodman [9, 10] introduced the concept of uniform convexity and uni-
form starlikeness of functions in .A. The classes conssisting of uniformly convex and
uniformly starlike functions are denoted by UCV and UST respectively. Further,
Rgnning [17] introduced the class Sp, the class of parabolic starlike functions.

Two interesting subclasses of S, denoted by k-UCV and k-S7T consisting, respec-
tively, of functions which are k - uniformly convex and k-uniformly starlike in U,
were studied by Kanas and Wisniowska [13, 14] whose analytic characterizations
are as follows:

k—UCY = {fesm(wzf,/ég)) >k zﬁz) L0 <k <oo (ze[U)} and
k—ST = {feszye(zﬁg)) >k Z}fgz)q 0<k < oo (zeU)}.

We note that 1 - UCY = UCY and 1 - ST =Sp.
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For functions f of the form (1), if f € kK —UCV, then the following holds true(cf.
[13]):
Pi)n_
jan] < ¢ lT)l! =, neN\{1}, (2)

where (a)j is the Pochhammer symbol defined by

F'la+k) 1
@)  lal@a+1)(a+2)...(a+k—-1) k=N

and P; = Py(k) is the coefficient of z in the function

(a)r =

2) =1+ Py(k)z" (3)

which is the extremal function for the class P(py) related to the class k-UCV by

the range of the expression 1+ Z}{,,;g) (z € U).

Similarly, if f € A of the form (1) belongs to the class k-ST,
then (cf. [14])

(Pl)n—l
< , N\{1 4
o] < 2 e N1} 0
where P, = Py (k) is as above, by (3).
A function f € A is said to be in the class R7(A, B), (7 € C\{0},

—1< B < A<1),if it satisfies the inequality
f'(z) -1
(A—B)7 = B[f'(z) - 1]
This class R7 (A, B) was introduced earlier by Dixit and Pal [3].
The subclass T C A consisting of univalent functions of the form

z)=2z— Z anz" (a, >0), (5)

n=2

‘<1 (z € U).

was studied by Silverman [19].

Aglan et al.[1] studied the class U(k, «, 8) of functions f(z) with negative co-
efficients of the form (5)(see also [12]). In this paper, we consider the subclass
U(k,a, B) of A and obtain the corresponding inclusion relations.

For0<a<1,0<B8<1landk >0,let U(k,a,B) be a subclass of A consisting
of functions of the form (1) that satisfy the condition

éR( 2f'(2) + a2 f"(2) ) < k‘ 2f'(2) +az’f"(z)
(1 —a)f(z) +azf'(2) (1—a)f(z) +azf'(2)
In particular, the class U(1, o, ) was studied by Suchithra et al. [25].

The Dziok-Raina operator WP [a;] was introduced by Dziok and Raina in [6], mo-
tivated by the Wright’s generalized hypergeometric function as below.

For o; € (C(% #0,-1,-2,..,A; >0;i=1,2,....,p) and

Bi € C(H- #0,—1,=2,...,B; > 0;i = 1,2,...,q) such that 1+ Y7, Bi—=>"7_| A; >
0, Wright’s generalized hypergeometric function ,14(2) ([24],(22]) is defined by

1|+ 5.

oalz) = Ual(is A1 ps (Bis B ZH s o
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which is analytic for bounded values of |z|.
In particular, if A; = 1, B; = 1, p1pq[z] reduces to the the generalized hypergeomet-
ric function ,Fy[z] given by

i

o P . n
pEylzl =p Fyloa,...,ap; 1, ..., Bgi 2) = Z w%’ p<l+gq (7
n=0 i:l(ﬁ )’ﬂ n:
In view of (6), the Dziok-Raina operator [6] (see also [5], [7], [15], [16], [20]))

Woleu] = WP[(cu, Ai)1p; (Bis Bi)1,gl : S = S

is defined by
i—1 D(B)

Wolai]f(z) = ZW(})d’Q[(QhAi)va (ﬂini)L(ﬁZ]) * f(2),

where * denotes convolution (Hadamard product) of two functions.
For f(z) of the form (1), we have

oo
Wi =+ 3wt = T, o
n=2
where
=1 F(Olz-‘v-()n—l)Ai)
N
- | >
Qn g:l F(ﬁEJr()n*l)Bi) (TL _ 1)'7 n = 2. (9)
I'a;

Taking A; = 1(i = 1,2,...,p) and B; = 1(i = 1,2, ..., q) the linear operator W»[a]
given by(7) reduces to the Dziok -Srivastava operator HE[a;] [4], which inturn con-
tains many other operators as special cases, such as the Hohlov operator [11], the
Carlson - Shaffer operator [2], the Ruscheweyh derivative operator [18] denoted by
I, L and D respectively as detailed below.

I(ay, a9 B1)f(2) = Hi(an, a2; 1) f(2) (10)
L(ay,; B1)f(2) = H (a1,1; 51) f(2) (11)
D f(z) = HX (A +1,1;1)f(2). (12)

Motivated by the works of Srivastava et al.[23], Gangadharan et al. [8],
Sivasubramanian et al. [21], in this paper by making use of the linear operator
defined by (8), we establish a number of relations between the classes k-UCV, k-
ST, R (A, B) and U(k, «, ).

In order to prove the main results, we need the following lemmas.
Lemma 1[1, 25] A function f € A of the form (1) belongs to the class U(k, a, §) if

o0

> 1+ k(1 —a)—aB)+nn—1al+k) - (k+B)(1 - a)lla <1-8. (13)

n=2
Lemma 2[3] A function f € R7(A, B) is of form (1), then

janl < (A- BT nemqy, (14)

)
n

The result is sharp.
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2. MAIN RESULTS

Theorem 1 Suppose that o; € C\{0}(i = 1,...,p), R(5;) > 0(@i = 1,...,q) and
that RO, (8:) > Y0 |l +p—q. If f € R7(A, B) of the form (1), and let the
inequality

(1+ k(1 = 0) = aB) [y ((l, Ai)r,ps (R(B:), B)1,g: )]

lat]...|apl _ _ _ N
+ a(l + k)m [p¢q((|az| +1, Az)l,pa (m(ﬁz) +1, BZ)qu 1)]
_ (k+B)(1 — a)R(B1)...R(B,) [ be((lei] = 1, A1y, (R(Bi) — 1, By, 1)}
o T S e
1

1+ k(1 —a)—ap)

R(B1)---R(By) [1 (Jar| = 1) a, . (lop| = 1) a, }
ot ...l (R(B1) = D)p, - (R(By) — 1)34(15)

S(l—ﬂ)m+(
—(k+p)(1-a)

hold. Then Wx[|a1[](f(2)) € U(k, a, B).
Proof. Let f of the form (1) belong to the class R"(A, B) . In view of Lemma 1
and (8), it suffices to show that

Z (I1+k(1—a)—af)+nn—1a(l+k)—(k+5)1—a)] |Qna,| <1-74, (16)

where the coefficients §2,,(n € N\{0}) are given by the equation(9). Using (14) and
the relation |(a)n—1| < (|a])n—1, we deduce that

o0

> (1 + k(1 —a) = ap) +n(n— Da(l + k) — (k+ B)(1 - a)]

n=2
y (1) ay(n-1)--(ap)ay(n-1) 1

(B1) By (n—1) (Bq)B (n-1) (n—1)! o

— (ail)a,-1)(lop) a,n-1y 1
= R(B1) B,y (n—1)-- ?R(Bq)qu 1 (n—1)!

(|a1|)A1(n 1) () 4, (n-1) 1
n=2 R(61) By (n—1)--R(Bg) B, (n—1) (0 — 2)!

—(k+p8)(1 704)% (loaf) 4y (1) - (|O‘p|)A (n—1) i}

< (A= B)l7[(1+ k(1 - a) — aB)

+ (14 k)

R(B1) By (n—1) - R(Bg) B, (n—1) (n)!
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= (A - B)|7]| [(1 + k(1 —a) — af)[pve((lail, Ai)1p, R(Bi), Bi)1,g; 1) — 1]

0 B s (o] 1, A (BB +1 )1 1)
(k)1 - ) TR (o] 1, Ay (RO5) 1B 1)

(laa)---(lep])
(loa = 1D a,--(lap| — D4,
)

T RG Up R, D,

]
<1-5.
This completes the proof of Theorem 1 by virtue of (15).

With A; =1, B; =1 we have,
Corollary 1 Suppose that a; € C\{0}(i = 1,...,p), R(B;) > 0(i = 1,...,q) and
that R(>7_,(8:) > D8, |eu| +p—q. If f € R7(A, B) of the form (1) and let the
inequality

(L4 k(1 = @) = aB) [ Fyllal, s gl R(BL), o R(B,): 1)
aal- o] [qu(|a1\ + 1, oyl + LR(BL) + 1,.., R(By) + 1; 1)}

R(B1)..-R(By)

_ kBt 5)(1|; Ty)iﬁl)'”%(ﬁq) [qu(\a1| 1ol = LR(BL) — 1, R(B,) — 1 1)]

+a(l+k)

< (1—5)m+(1+k(1_0‘)_0‘3)
B Ca R(B1)..R(By) (Jai| =1)...(Jay| = 1)
(kAL =)= =] 1+ R(B1) = 1).(R(By) —1

hold. Then ,Fy(f(2)) € U(k,a, B).

Theorem 2 Suppose that «; € C\{0}(i = 1,...,p), R(B;) > 0(: = 1,...,q) and
that R(>_,(8:) > Y0 |asl +p—¢q. If f € S of the form (1), and let the
mequahty

laaf-fap)  (ea[+1)--(lapl+1) (o] +2)-.(Jap| +2)
R(B1)--R(Bg) (R(B1) + 1)-.(R(Bg) + 1) (R(B1) + 2)...(R(By) +2)

% [othal(ul + 3, 401 (R(B) + 3, Bi)1.451)

aal-lap|  (Jea[ +1)...(Jop[ +1)
%(ﬂﬁ%(ﬁq) (%(61) + 1)(%(@1) + 1)

< [pal(lail + 2, A1, (R(B: +2), Bi)r i D)

|1 ]---[ |

_ R(B1)---R(By) _
x |p¥a (e +1, A1 p, (R(Bi) + 1, Bi)1,4:1) |
+ (1= B) [ ¥g((lesl, Ai)p, (R(Bi), Bi)1,gi 1)] < 2(1 = B) (17

hold. Then W2 [la1[](f(2)) € U(k,a, B).
Proof. Let f € S be of the form (1). By virtue of the de Branges theorem it

a(l+k)

+[(1+ k)1 + 5a) — a(k + B)]

+[(1+ k)3 +4a) — (k + B)(1 + 2a)]
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suffices to show that

S1=Y nn(l+k(1-a)—af)+n(n—al+k) — (k+B)(1 - o)
" (@) a,(n-1)-(@p)a,(n-1) 1
(B1)Bi(n—1)--(Bg) B,(n-1) (n—1)!
<1-5. (18)

Using the inequality |(a)n—1] < (Ja|)n—1, we deduce that

S1 <> [nPa(l+k)+n2[(1— o)1+ k) — alk+ )] — n(k+ B)(1 - a)]
n=2
><(|041|)A1(nf1)-~-(|0ép|)Ap(nfl) 1
%(ﬁl)Bl(n—l)~~~%(ﬁq)Bq(n—l) (TL - 1)' .

Writing n3 = (n — 1)(n —2)(n —3) +6(n — 1)(n —2) + 7(n — 1) + 1,
n=mn-1n-2)+3n—-1)+landn=(n—1)+1,
the above inequality can be written as

(|a1|)A1(n 1) (|%DA (n—1) 1

§R(ﬁl)Bl (n—1) (5q)B (n—1) (n— 4)'

= (Jai)) a;m-1)--(lopD)a,m-1) 1
§R(ﬁl)}al(n 1 R(Bg) B, (n—1) (1 —3)!

(\041|)A1(n—1) (lap)) ayn-1) 1
= R(B1) B,y (n—1)-- §R(ﬂq)B (n—1) (n—2)!
> (|a1|)A1(n71)-"(|ap|)Apn 1) 1
= R(B1)B1(n—1)--R(Bg) By (n-1) (n — 1)!

(Jaal-Japl) (Jea| +1)...(lopl +1) (Jeu| +2)...(lop| +2)
R(B1)... R (5«1) R(B1 +1)...R(Bg + 1) R(B1 + 2)..R(B, +2)
 (loa] +3) 4y, (nay--(lap| +3)a,(n-ay 1
— R(B1 +3) B, (n-1)--R(Bg + 3) B, (n—1) (n — 4)!
(Jeal-fapl) (Jea|+1)...(Jop| +1)
R(B1).. R(By) R(B1 +1)..R(Bg + 1)
N (loa| +2) ay =gy (apl +2) 4, (n—3) 1
— ?R(Bl +2)Bl(n73)--'%(6q+2)3q (n— 3)( —3)!
(lea ). (lep )
R(B1)...R(By)
= (Jar| + 1) 4 (ne2y--(lop] + 1) a A,(n—2) 1
—, R(B1 + 1) B, (n—2)--R(Bg + 1) B, (n—2) (n —2)!
— (Jazl) Al(n 1) (|%|)A (n—1) 1
Z R(B1) By (n—1)---R(Bg) B, (n—1) (n — 1)!

S; < a(1+k)

+[(1+k)(1+5a) —alk+ B)]

+(1+F)B+4a) — (k+ B)(1 4 2a)]

+(1-5)

<a(l+k)

+[(1+ k)1 +5a) — a(k + B)]

+ (14 k)3 +4a) — (k+B8)(1+ 20)] s+ s

n=2



JFCA-2014/5(2) INCLUSION RELATIONS FOR A CERTAIN SUBCLASS... 151

(Jea--lapl) (Jar| +1)...(lap| +1) (Jar| +2)...(|ap| +2)
R(B1)-..R(Bg) R(Br + 1)..R(Bg + 1) R(By + 2)...R(B, + 2)

[ a(le] 43, 4015, (RB: +3), By )]

(Jaa])---(ap|) (Jar| +1)...(ap| + 1)
R(B1)...R(Bg) R(B1 +1)..R(Bg + 1)

% [p¥a((l0il +2, 45} 1,5, (R(5i +2), B)1.g5 )]

(laal)---(lapl)
R(B1)...-R(By)

< [ota(le] 4+ 1, A1, (RB: + 1), Bi)gi )

+ (1= B) [pey(l, Ai)1 s (R(B), Birgs 1) — 1) < (1= B),

=o(l+k)

+[(1+ k)1 +5a) — alk+ 6)]

+[(1+ k) B+ 4a) — (k+ B)(1 + 20)]

by using the inequality (17). Hence the theorem.

With A; =1, B; =1 we have,
Corollary 2 Suppose that a;; € C\{0}(¢ = 1,...,p), R(83;) > 0(i = 1, ...,q) and that
RO (Bi) > X0 || +p—g. If f €S of the form (1), and let the inequality

|| (lax] + 1) (Jap| + 1) (lax| +2)...(Jap| + 2)
(B1)--R(Bg) (R(B1) +1)...(R(Bg) + 1) (R(B1) +2)...(R(By) +2)

X [PFQ(OQI‘ +3,.. |ap| +3, §R(ﬁl) +3, . §R(61) +3,; 1):|

la|...] oy (Jar| +1)...(Jap| + 1)
(B1)--R(By) R(B1) + 1)...(R(By) + 1)

X [pFal(lonl + 2, lag| + 2, R(B1) + 2,0, R(B,) + 2 1)]

+[(1+k><3+4a>—<k+/3)<1+2“”3m

X [pFallon] + 1, lagl + 1, R(B) + 1,0, R(B) + 1 1)]
+ (1= B) [p (], s lopl, R(B), s R(B,); )] < 2(1 = B)

hold. Then ,Fy(f(2)) € U(k,a, B).

oz(l—i—k)ace

+[(L+K)(1+50) — alk + Fl

Theorem 3 Suppose that o; € C\{0}(@ = 1,...,p), R(B;) > 0(i = 1,...,q) and
that R(>-7_,(8:)) > D8, |ay|+ Pr, where Py = Py (k) is given by (3). If f € k-UCV
of the form (1), for some k (0 < k < o0) and let the inequality

(L + k(1 —a) — aB) [ ¥q((eil, Ai)1p, Prs (R(B:), Bi)1,gs 1)]

|- Jap|(P1 (F)) A _ (B A
Rt batlal + 1Ay, P (R84 1) B, 2:1)]
— (k+B)(1 = a) [ ¥q((lou], Ai)1p, Pr; (R(B:), Bi)1,g, 25 1)]

<2(1-7) (19)

+a(l+k)
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hold. Then W2 [|a1[](f(2)) € U(k, a, B).
Proof. Let f of the form (1) belong k-UCV. By virtue of (13) and (2), it is
enough to prove that

o0

> (1 + k(1 —a) = ap) +n(n—Da(l + k) — (k+ B)(1 - a)]

n=2
(al)Al(nfl)"'(O(P)Ap(nfl) 1 (Pl)n—l
%(Bl)Bl(nfl)~--%(ﬁq)Bq(nfl) (n — 1)! n!

Using |(a)n-1] < (|a])n—1, the proof is complete as in Theorem 1.

With A; =1, B; =1 we have,
Corollary 3. Suppose that «; € C\{0}(@ = 1,...,p), R(B;) > 0@ = 1,...,¢) and
that R(>-7_,(8:)) > D8, |ay|+ Pr, where Py = Py (k) is given by (3). If f € k-UCV
of the form (1), for some k (0 < k < 00) and let the inequality

I+ k(1 —a) —aB)[pFe((laal, ... |apl, Pr; R(B1), ..., R(Bq); 1)]
(Jea |- ap) (1)
R(B1)---R(Bq)

— (k+B)(1 = a)[pFy(larl, ..., |ap|, Pi;R(B1), ..., R(B1), 25 1)]

+ Oé(l + k) [qu(|O{1| + 1) ceey |OZP‘ + 1’P17g%(ﬁ1) + 1a a%(ﬂq) + 1527 1)]

<2(1-p)
hold. Then ,Fy(f(2)) € U(k,a, B).

Theorem 4 Suppose that o; € C\{0}(i = 1,...,p), R(5;) > 0(i = 1,...,q) and
that RO°7,(8:)) > Y0 || + P1 + 1, where
P, = Py(k) is given by (3). If f € k-ST of the form (1) for some &k (0 < k < o0)
and let the inequality

a(l+ k) (leal...lap))(Pr) (Jai| + 1)...(Jap| + 1) (P + 1)
2 R(B1)--R(Bg)  (R(B1) +1)...(R(By) + 1)
X [pq((lail +2,4i)1,p, P1 + 2; (R(Bi) + 2, Bi)1,43;1)]
(lea |- ap) (1)
R(B1).--R(By)
X [pUg(lau| + 1, Ai)1p, Pr + 15 (R(Bi) + 1, Bi)1,q, 25 1]
+ (1 = B)[p¥q((lel, Ai)1,p, Prs (R(Bi), Bi)1,g3 1)] < 2(1 = B)
hold. Then W2 [la1[](f(2)) € U(k,a, B).

Proof. Let f € k— ST be of the form (1). Applying the estimates for the
coefficients given by (4), and using |(a),-1| < (|a|)n—1, we get

+[(1+ k)1 +2a) — a(k+ B)]

oo

Z[n(l +k(1—a)—af)+nn—1Da(l+k)—(k+8)(1 — )

n=2
(1) Ay (n—1)--(p) A, (n-1) 1 (P
m(ﬁl)Bl(n—l)~-~§R(ﬂq)Bq(n—1) (n—1)!(n—-1)!
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<

K

[P1+ k(1 —-a)—af)+nn—Da(l+k)—(k+5)(1—a)

3
I|
V)

(laiD)as - --(wa,m-1y 1 (Pi)n
%(ﬁl)Bl(n—l)-~~§R(ﬂq)Bq(n—1) (TL — 1)' (n — 1)'

(a1 +E)n* +n[1l —a)1+k) —alk+8)] — (k+8)(1 —a))

M

3
I|
N

(Jar)a,m-1)--(opDa,m-1)y 1 (Pr)n-1
R(B1) B, (n—1)--R(Bg) B, (n—1) (n = 1) (n = 1)1

Rewriting n? = (n — 1)(n —2) +3(n — 1) + 1, n = (n — 1) + 1, and proceeding as
in Theorem 2, we get the required result.

With A; =1, B; =1 we have,
Corollary 4 Suppose that a; € C\{0}(i =1,...,p), R(B;) > 0(i = 1, ..., q) and that
RO (Bi) > 3P |l + Py + 1, where Py = Py (k) is given by (3).
If f € k-ST of the form (1) for some k (0 < k < 00) and let the inequality

a1+ k) (Jaa-Jap)(Pr) (Jea] +1)..(lap| + D (P + 1)
2 R(B)-R(By)  (R(Br) +1)..(R(Bg) +1)

+1
x [qu((|o¢1| 12, lap] + 2, PL+ 2 R(B1) + 2, R(Br) + 2, 3; 1)]

(laal...|ap]) (P1)
R(B1).-R(Bq)

x [pFallon] + 1, o lapl 1, Py 1R(B1) + 1,0 R(B,) +1,2:1)]
(1= B)[pFallanl, - lagl, P R(B),  RE) D] <201 )
hold. Then ,Fy(f(2)) € U(k,, B).

+[(1+ k)1 +2a) — a(k+ B)]

Remark 1 By specialising the parameters A;, B;, p, ¢, a; and (; , the main
results derived can be easily restated interms of the operators defined by (10),(11)
and (12).
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