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ON EXISTENCE OF SOLUTION FOR MULTI POINTS
BOUNDARY VALUE PROBLEM

RAHMAT ALI KHAN AND HASIB KHAN

ABSTRACT. In this paper, we study existence and uniqueness of solutions for
fractional differential equations with boundary value problem
{ Dau(t) = f(t,u(t), DPu(t)) 2<q¢<3, 0<p<L,
w(©0) =0, DPu(l) = Y52 GDPu(n),  u(1) =0.
where D7, DP are Caputo’s fractional derivative of order g, p respectively. We

use Schauder fixed point theorem and Arzela Ascoli theorem. For application
of results we present an example.

1. INTRODUCTION

Fractional differential equations is gaining much attention and importance in
fields like physics, engineering, economics, aerodynamics, and polymer rheology
etc. For the basic knowledge we refer the reader to [1, 2, 3, 4, 5, 6]. Much attention
has been focused on the existence and uniqueness of solutions of fractional order
differential equations of boundary value problems like in [7, 8, 9, 10, 11, 12, 13], and
alot of progress has made in this field. In literature we have fractional derivatives
such as Riemann-Liouville, Caputo, Hadamard, Weyl and Grunwald-Letnikov, etc.
In applied problems we need those definitions of a fractional derivative that allow
the utilization of physically interpretable initial and boundary conditions. The
Caputo fractional derivative satisfies these demands so we follow Caputo fractional
derivative in this paper.

Here we present some differential equations with multi points boundary con-
ditions which have stimulated us for the present work. In [14], Salem study the
existence of Pseudo solutions of nonlinear m-point boundary value problem for
fractional differential equation

(1)

{D&Mﬂ+a@f@u@):& 0<t<l
u(0) = u'(0) = .. = u=2(0) =0, wu(l) =" Guln:),
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In [15], El-Shahed and Nieto studied the existence of nontrivial solutions of a
multi- point boundary value problem for fractional differential equation given below

Du(t) + f(t,u(t)) =0, 0<t<ln—1l<g<nneN
w(0) =/ (0) = ... =u2(0) =0, w(l) =" auln),
where n > 2, 7,€(0,1),a; > 0 (¢ = 1,2,3...,m — 2). where >0, a and f are

continuous functions.
Wang et.al in [23], studied positive solution for the fractional differential equation

Dgu(t) + f(t,u(t) =0, 0<t<1,
m—2
u(o) =0, ug+(1) = Zil1 WiDg+u(§i),
where 1l < a <2, 0<f8<a—-1,0<& <o <€po<lwithi=1,2,...m—2,
S P <1, f e €([0,1] x (0, +00) — [0, +00)).
In this paper we study existence and uniqueness of solution for fractional differ-
ential equation

(2)

3)

Du(t) = f(t,u(t), DPu(t)) 2<g<3, 0<p<l (4)
m—2

u(0) =0, DPu(l) =Y GD"u(m), u"(1)=0. (5)
i=1

where 0 < (;,7m; < 1 and derivative is the Caputo’s fractional derivative. We use
Schauder fixed point theorem and Arzela Ascoli theorem.

For ¢ > 0, choose n = [¢] + 1 in case ¢ in not an integer and n = ¢ in case ¢ is an
integer. In this section we give definitions and fundamental results from references.
Definition The fractional integral of order ¢ > 0 of a function continuous f(t) :
(0,00) = R is defined as under

I8f() = ﬁ / (t — )71 f(s)ds. (6)

Definition Caputo fractional derivative of order ¢ > 0 is defined as under.
1 Ty ()t
C nHa
D = 7
a+y(x) F(’fl o O[) /a (.’L‘ o t)ain#’l ( )

Lemma Let p,q > 0 f € Ly[a,b]. Then IP, I7, f(t) = I'79f(t) = I, I, f(t) and
‘D IY, f(t) = f(t), for all t € [a, b].

Lemma Let 8 > «. Then the formula CD8‘+Ig+f(t) = Igfo‘f(t), holds almost
everywhere on ¢t € [a,b] for f € Li[a,b] and it is valid at any point = € [a,b] if
f € Cla,b].

Lemma For a > 0,¢(t) € C(0,1),the homogenous fractional differential equation

‘Dg.g(t) =0

has a solution
g(t) = c1 + ot +c3t® + ...+ cpt™
where ¢; € R,i=1,2,3,....,n and n = [a] + 1.
Lemmal2] Note that for A > -1\ #a— 1,0 — 2,...,a — n, we have

A T(A+1) =
Det = F(A—a-{-l)t “
Dete=i =0, §i=1,2,...,n.
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Theorem[13](The Arzela Ascoli Theorem) Let F' be an equicontinuous, uniformly
bounded family of real valued functions f on an interval I (finite or infinite). Then
F contains a uniformly convergent sequence of function in f , converging to a func-
tion feC(I) where C'(I) denotes the space of all continuous bounded functions on
I. Thus any sequence in F' contains a uniformly bounded convergent subsequence
on I and consequently F' has a compact closure in C([).
Theorem[13](Shauder-Tychnoff Fixed Point Theorem) Let B be a locally convex,
topological vector space. Let Y be a compact, convex subset of B and T" a contin-
uous map of Y into itself. Then T has a fixed point y € Y.

Lemma The unique solution of boundary value problem for fractional differential
equation (4) and (5) is given by

u(t):/o G(t,s)f(t,u(t), DPu(t))dt (8)

where
(t—s)~ " -
T i( (L= 9" zlmiw(l — )17
+ 3 ey (i — 5) 17T — R (1 — )P

G(t,S) = m(l — S)q_?)7 S < t
2 1 m—2 C( 1—3)‘7 p—1
i(z_ﬂélg’f))(al—p_ T e (1) NS My
ey L= 97 ) — s (1 —9)7%, <.

(9)
Proof We assume that u(t) is the solution of fractional differential equation (4)
then by lemma 1 we have

u(t) = I (t,u(t), DPu(t)) + co + c1t + cot? (10)
_Ja-2¢
By equation (10) and boundary conditions (5) we have ¢y = 0, ¢3 = w
1 _ Cz ;)
o =1 (=I""f(1)+ ( B 2f(1) +Z GITP f(n:)— Z Iq 2f()),
Where A = 172%%;—5;)")171) By (10) and values of ¢, ¢1, c2 we have
t 1 s
t) =T9f(t) + (=11 Pf(1) + =TI 2 f( JTP f(n
ult) = I°f(0) + g (177 F () + g 10 +;< f(m)
(11)

m—2
1 2—pq—2 s
— (1 19 1) — =11 1
() & GO ) = I )
Therefore the unique solution of boundary value problem (4), (5) is given by

ult) = —— / (t— )7 (s, u(s), DPu(s))ds

(12)

¢ -1 ' q—p—1 P
+K<m/0 (1 $)9-P=Lf(s, u(s), DPu(s))ds
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1 1 1 )03 s uls). DPuls))ds
+F(3—p)F(q—2)/0<1 )1 f(s,u(s), DPu(s))d

m—2

ZQ/ (n; — 8)1 P~ f(s,u(s), DPu(s))ds

(13)

- ! m72- D 1 —5)73 f(s,u(s), DPu(s))ds
H&mﬁm_mggam> =5 s ) Dt

I 93 f (s uls). DPuls))ds
2F@—2yé(1 )72 f (s, u(s), DPu(s))d

For 0 < t < n; we have the following estimates

_ ' i _g)a1 i -1 _g)a—p-1 (1 7 S)qu
ult) 7/0 [F<Q) (=)t A(F(q —p) S * F(3 p)T(qg—2)

m—2

ZCZ i qpl 1—\(3 ZCZ"?L l_s)q 3)

p)l
—7t2 —8)773) f(s,u(s), DPu s "L 71 — )Pl
7~y (L~ (s (), Du(s))d +/‘ (1=
Z?;12C2( i — ) P!

T (g —p)

"B -2

1 N (p, — g)a—P~1 _ 2p — g3
+F(q_p);Q(m ) NEEmr ngm (1—9)17%)

=1
—8)T 3 f(s,u Pu(s))ds 1 L - — )Pl
=g (1= )"} (s.u(e). D <»d+1ﬂy{A<( ~51-9)

(1=~ g o =)

— (1= 9)T3) f(s,u(s), DPu(s))ds = s)f(s,u(s), DPu(s))ds.
=gy (1~ 9" s ule). D)) A G(t,5)/(s, uls), DPu(s))d

Form—1 <t <mny,no=0,nn-1=1where:=1,2,....m—1,

1—1

/nk t—sql i( 1 (1—s)a Pt
n p

~
Il
-
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- I'(3— p)lF(q —2) (=) Zyi12§i((:i_;D)S)qp1
R (), DYt
+/ {/ L v
N St Gl —s) P S Gi) (L — s)
I'(g—p) I'3— p)F(q—2)
- RS st Datsds + [ (g (e -
* I3 - p)lF(q —-2) (=) 2212%((;7:—;)" -
- Zﬁ?é“";j;ff_;” )= gy (=) uts), D)
Z; I (1*8)%’771*r(s—p>1r<q—2>(1*5)q73
mz T q_QZ@m“ 519)

—8)173Y f (s, u(s), DPu(s))ds = s)f(s,u(s), DPu(s))ds.
2r<q—2>(1 )12} £ (s, u(s), DPu(s))d /Oeu, )£ (s, u(s), DPu(s))d

2. EXISTENCE AND UNIQUENESS

Let T =[0,1], and C(I) be the space of continuous functions defined on I. The
space E = {u(t) € C(I,R) : DPu(t)eC(I,R)} with the norm ||u(t)|| = maxser |u(t)|+
maxey |uP(t)] is a Banach space [21]. We assume the spermium value of fol G(t,s)ds
as

—sup/ |G(t,s)|ds.

tel
Lemma Assume that

(H1) feC([0,1]xRxR,R),

(H2) there exist a constant k > 0 such that for each ¢t € I = [0,1] and for all
u=u(t),v=o(t) €R

|f(tau7un) - f(tavaqu”Sk{'u - ’U| + |un - qu‘}7 (14)
if
max{2kG, 2k{ + 1 ( 1 + 1
I(g—p+1) AI'2-p) I'(g—p+1) TI'B-pl(g—-1)
m—2 _ m—2 _
p I GOl T G L g

L(g—p+1) I'@G-plg-1" TI'B-pl(g-1)
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then (4), (5) has a unique solution.

Proof For the proof we will have to show that T : E — E is contraction mapping
defined by:

1
Tu(t) :/ G(t,s)f(s,u(s), DIu(s))ds (15)
0
Then we have the following estimates
1
(Tu — Tl :/ Gt 8)||f (5,0, DPu) — F(s,v, DPv)|ds
0

1
SsuptGIG(tv 8)/ |f(87u7 Dpu) - f(sa v, Dp’l})|d8§Gk{"LL - U| + |Dpu - D;D,U‘}
0

<Gk(max |u — v| + max | DPu — DPv|)=Gk||u — v||.
tel tel
(16)

From (12), we have that

DPTu(t) =

I(g—») 0 ) Dt

ti=p -1
+ (
Al'(2—p) I'(g—p

1
=g, 0 9 et PruCoas

)/0 (1= 9)T7P7 f(s,u(s), DPu(s))ds

I'(3—-p)I(q
1 m—2 n
I'(q—p)

STG | - 5P (s uls), DPu(s))ds

1 0

+
+

i

and
|DPTuw — DPTv|
1 t q—p—1 P(s)) — f(s.0(s). vP(s))ds
Sm/o(t_s) |f(s,u(s),uP(s)) — f(s,v(s),v"(s))|d

ti—p 1
+ (
AT(2—-p) T(¢g—p

! 1 —8)I73f(s,uls), uP(s)) — f(s,v(s),vP(s))|ds
g ) (0 a7 () = Fsole). 7 ()l

1
| / (1= )77 (s, u(s), uP(s)) — F(50(s), 0P(s))]ds

+

L_IQQ ni P (s uls) uP(8)) — f(s v(s). oP(s))ds
i [ 7 (o). (0) = S 0(3), (5Dl

(18)
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S G r

(e vl AU VOGO (CHORY OIS

t27p 1
+r@—mA<L*V“V@M@w%m—f@w$w@mw

e P(s) —vP(s)|}ds v ! u—v
< Syl ) = (s + g (s

P(s) —vP(s)|}ds ! u—v|+ |uP(s) —vP(s
+00(5) = 07 () s + g {fu = ol + () = 73
ST (s — o (s
T T = p+1){|u |+ [uP(s) — oP(s)}

Zmlg@( ) U—v uP(s) — vP(s
S o]+ (s)  (3))

s o ) — )
<k 1 L 1 . 1
- Tlg—p+1) Al@2-p) T(g—p+1) TI'B-pl(g—1)
St Gm) TP S Gin)* P 1 B
TG pr) TTe-pre-0 T Te-pre-p o
From (16), (18) we have the following estimates
|ITu —To|| = max |Tw — Tv| + max |DPTu — DPTw|
1 1 1
< UGl = ol Mg =5y " aTe —p) Tl —p+ D
N ! L ELI G S G
rB-pl(g—-1 T(@-p+1)  TEB-plg—1)
1
G-
< max{2kG, 2k{ 1 + ! ( 1 + 1
- T T(g-p+1) AT(2-p) T(@-p+1) TE-pT(g—1)
Tt Gm) T S Gin) P 1 ol = dllg —
TG prn TTB-pre-0) TTE-pre-n = £$

Thus T is contraction mapping and hence by theorem (1) the boundary value
problem (4), (5) has a unique fixed point w.

Theorem (A1) Assume that feC(I x R x R).

(A2) There exist h = h(t)eC(I,R) and ¢ : [0,00] — (0,00) is continuous and
non-decreasing function such that

|f(t,u, DPu)|<h¢|(DPu)] V tel,u,veR. (21)
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(A3) There exists constant r > 0 such that

max{2Gh" 010" u(0)], 2 ¢| D u(t) _1p ey Ar(zl— 5 _1p ey
1 1 D B ug el U1

TTB-pq-1)  Tq-p+1) Z; G G e - 1))

+ ! H=r<l1

@ -plg—-1)
where h* = sup{h(t),t € I}, then (4), (5) has at least one solution with |u| < r for
each t € I.
Proof Step 1: Assume that we have a convergent sequence {u,(t)} such that
{un(t) = u(t)} asm — oo then it is easy to show that T'(¢, u, DPuy) — T'(t,u, DPu).
Thus |T'(¢, tn, DPuy,) — T(t,u, DPu)| — 0 or T(t, u,, DPuy) — T(t, u, DPu) as n —
0.
Step 2: Let D C C(I,R) is bounded set, to show that T'(D) is also a bounded set.
We consider u(t) € D then we have

T < | / G(t, 5)f (s, uls), DPu(s))ds| < G / £ (s, u(s), DPu(s))|ds
0 0
< Gh*¢|DPu(t)]

(22)
From equation (17) we have

\DPTu| = |ﬁ /0 (t — $)7P=1 f(s, u(s), DPu(s))ds

v -1 ' qg—p—1 D
T ATE fp) (r(q —) /0 (1= 8)T P71 f(s,u(s), DPu(s))ds

! -3
+F( Fq mZklﬁ F(s,u(s), DPu(s))ds

m—2 ni
g/ o — 8)1PLf(s,u(s), DPu(s))ds
—  Jo

_ZT12§2771)2P ' — 8)27 3 f(s. u(s), DPu(s))ds
im0 2LA<1 )73 £(s, u(s), DPu(s))ds)

7 1 —8)?T3 (s, u(s Pu(s))ds
ot [, (L= 9" s uls). DPu(s)) s
ta—p N ti—p ( 1 N 1
Ig—p+1) AT(2-p) T(g—p+1) T@B-pTg-1)
S ()P S Gilm) > )+ 2P )
Llg—p+1) TEB-pllg—-p+1) TB-pTg-1)
. 1 1 1
=W =5y T are—p) Te-1 T T T -1
S G S )2 )+ 1 )
I(g—p+1) r3-pl-1)

(23)

< B gl DPu(t){

I'@B-plg-1)
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Thus we have that

|7 (t, u, DPTw)|| = max |Tu| + max | DPTu|
tel tel

<Gh*¢|DPu(t)| + h*¢|DPu(t)\{F(q _lp Y + AF<21_ p (F(q _1p )
n 1 S Gm)TP S Gn)? P )+ 1 )
I'@3-prig-1) I(g—p+1) r3-plg-1" TI'B-plg-1)
< max{2Gh* ¢|DPu(t)], 2h*¢\D”u(t)|{F(q —— + AF(Zl—p) (F(q —1p Y
1 S Gm)TP S )2 1
et T Taopr ) T TG-pTe-1)  TE-piG-1))

=r <1

Hence we have that Tu € D Vu(t) € D, this implies that T'(D)CD.
Step 3: Now in order to show that 7' maps D into equicontinuous set of C'(I,R).
For this we assume that t1, to € I such that ¢; < ty and u(t) € D, we have:

1
|Tu(tz) — Tu(t)] < /O |Ga(t, s) — G1(t, 8)|[f(s,u(s), DPu(s))|ds
< h*¢|Dpu(s)|/O Glts, s) — Gt 5)|ds.

This implies that

|Tu(t2) — Tu(t1)| — 0 ast]y — to (24)

Equation (17) and proposed conditions (A1), (A2) and (Asz) implies that

|DPTu(ty) — DPTu(ty)|
_ - — 5)TP L f(s)ds — " —5)T7 P (s, u(s), DPu(s))ds
<l = s = [ =T suls). D u())as)

R T U S o
TATE - p) (r(q_p)/o (1= 8)T P71 f(s,u(s), DPu(s))d

1 — 8)773 (s, u(s), DPu(s))ds
+F(3—p)F(q—2)/0(1 )72 f(s,u(s), DPu(s))d

i

gy G = 9 (s u(s), D) ds

1
Cilm)? " / (1 - 8)173 £ (s, u(s), DPu(s))ds)
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2—p 2—p
t2 — tl

I3-pTl(g—2

' —5)T 3 (s, u(s Pu(s))ds
>/0(1 18 £(5, u(s), DPu(s))ds|

1 ty P11 1

<h*¢|DPu(t)|{ " =)+ Ara = Ta=pt D

I'(g—p+1)
m—2 m—2 9_
1 1 i—1 Gi(m:)"?

+ + Z i L 21_1 4(77) )
IB-pll—-1) TIlg-p+1) & I'@3-prig-1)
P-4 )

r@3-p) I'lg—1)
This implies that
\DpTu(tg) — DpT’UJ(tl)‘ — 0 as t1 — 1o (25)

Thus, by (24) and (25) we have:

| Tu(ts) — Tu(ty)|| = max [Tu(te) — Tu(ty)| + max |DPTu(ty) — DPTu(ty)]
€ €

* Pu(s ' s Pt 7# il
< wolD"u(s)] [ [6(t2,5) ~ Gt o)ds + el DPulol (2
. té‘p—ti_”( 1 N 1 S ()

AF(2*17) F(qu+1) '-plrg-1) I(g—p+1)

(
2p (tgp_tz p)
A YCE oEY Z” TG pe-1

This implies that || Tu(t2) — Tu(t1)|| — 0 as t; — to. Thus, by Arzela Ascoli theo-
rem, T is completely continuous operator. And as a result, by Shauder fixed point
theorem T has a fixed point u(t) € D which is the solution of boundary value prob-
lem (4) and (5).

Example

where ¢; = 1/2,m; = 1/2, m = 3 and f(t,u(t),u/?(t)) =

1
40et (143|u(t)|+5|ul/2(t)])

Where
1 3|u| — 3|uP| 4 5|v| — 5|vP|
¢ @)y — r(¢ (p)
7t 2) = 002 < o T 3l 81+ 3J0] + 5[07]))
1 1
< 15 Blu =+ 5o — 07]) = 2 (lu—w?| + o = o)),

(27)
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This implies that k = £, G = 2.55, 2%k« G = 0.64 < 1 and
1 1 1
+ ( +
F(q—p+ 1) Ar'2-p) T(g—p+ 1) I'@G-pTlg-1)

-2 —2
> G+ G(ni)*™®) (28
(g — p+1 ; I‘(3—p (¢g—1) Z (28)

=1

2%k *{

1
+ }<04752 < 1.

INCENNCERY
Thus (H1), (H2) are satisfied and hence by lemma (2) the boundary value problem
(26) has a unique solution.
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