Journal of Fractional Calculus and Applications,
Vol. July 2014, pp.16-27.

ISSN: 2090-5858.
http://fcag-egypt.com/Journals/JFCA/

ON A CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS
DEFINED BY A GENERALIZED DIFFERENTIAL OPERATOR
AND MULTIPLIER TRANSFORMATION

H. E. DARWISH, A. Y. LASHIN AND S. M. SOILEH

ABSTRACT. In this paper we define a new operator using the a generalized dif-

ferential operator and multiplier transformation. Denote by IDg | u(al’ B1,4),
the operator given by IDZ, | u(al,ﬂhﬁ) s An = Ap, IDS u(al,ﬂhﬁ)f(z) =

(I=a)I(m, A, £) f(2)+ D, u (1, B1) f(2), for z € U, where I(m, A, £) f(z) de-
note the multiplier transformation, Dy, x (o1, 81)f(2) is the generalized dif-
ferential operator and An, = {f € H(U) : f(2) = 2+ ant12" 1 + ..,z €U} is
the class of normalized analytic functions. A certain subclass denote by
IDm (8, A\, i, €, 0,1, B1) of analytic functions in the open unit disc is intro-
duced by means of the new operator. By making use of the concept of dif-
ferential subordination we will derive various properties and characteristics of
the class ZDp, (8, A, 1, £, o, 1, B1). Also several differential subordinations are

established regarding the operator I1Dg H(oq,ﬁl,é).

1. INTRODUCTION
Denote by U the unit disk of the complex plane, U = {z € C : |z] < 1} and H(U)
the space of holomorpic functionsin U.
Let
Ap.n) = fEHU) : f(z)=2"+ > a2l z€Uy,

Jj=p+tn
with A(1,n) = A,, and
Hla,n] ={f € HU): f(z) =a+anz" +an12" + .., 2 € U},
where p,n € N,a € C.

Denote by K = {f eA, R (Z]{,,éiz)) + 1) >0,z € U} , the class of normalized

convex functions in U.

2000 Mathematics Subject Classification. 30C45 .

Key words and phrases. Differential subordination, convex function, best dominant, general-
ized differential operator, multiplier transformation.

Submitted Nov 19, 2013 Revised Jan 16, 2013.

16



JFCA-2014/5(2) ON A CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS 17

If f and g are analytic functions in U, we say that f is subordinate to g, written
f < g, if there is a function w analytic in U, with w(0) = 0, |w(z)| < 1 for all
z € U such that f(z) = g(w(z)) for all z € U.

If g is univalent, then f < g if and only if f(0) = ¢(0) and f(U) C g(U).
let ¢ : C3> x U — C and h an univalent function in U. If p is analytic in U. and
satisfies the (second-order) differential subordination

U(p(2), 20 (2), 2°p" (2); 2) < h(2), for z €U, (1)

then p is called a solution of the differential subordination. The univalent function
q is called a dominant of the solutions of the differential subordination, or more
simply a diominant, if p < ¢ for all p satisfying (1).

A dominant ¢ that satisfies ¢ < ¢ for all dominants ¢ of (1) is said to be the best
dominant of (1). The best dominant is unique up to a rotation of U.
Definition 1 [3]. For f € A(p,n), p,n € N, m € NU{0}, A\, ¢ > 0, the operator
I,(m, X\, £) f(2) is defined by the following infinite series

Iy(m, M\ 0) f(2) = 2P + Z (W) a;2’

Remark 1. It follows from the above definition that
IP(O, )\,ﬁ)f(z) = f(z)v

(p+ O (m+ 1,0 f(2) = [p(1 = A) + £ Ip(m, X, ) f(2) + Az(Ip(m, A, 0) £ (=),
for z € U.
Remark 2. If p = 1, we have I;(m, \,¢) f(z) = I(m, A, ¢) and
C+D)I(m+1, 0,0 f(2) = [L+1=NI(m, X\, 0) f(z)+Xz(I(m, A\, €) f(2)), for z € U.
Remark 3. If f € A, f(2) =2+ 77, a;2, then

Im,\ 0 f(z) =z + i (W)majzj,

Jj=n+1
for z € U.
Remark 4. For ¢ = 0,\ > 0, the operator DY* = I(m,\,0) was introduced
and studied by Al-Oboudi [2], which reduced to the Sdligean differential operator
S™ = I(m,1,0) [8] for A\ = 1. The operator I}* = I(m,1,¢) was studied recently
by Cho and Srivastava [5] and Cho and Kim [4]. The operator I, = I(m,1,1)
was studied by Uralegaddi and Somanatha [10],the operator D} = I(6, \,0), with
0 € R, > 0, was introduced by Acu and Owa [1].
Definition 2 [9]. For f € A(1,n), n € N, m € Ny = NU {0}, A, > 0 where
0 < p < A <1, the operator Dy, x u(aq, 1) f(2) is defined by the following infinite
series

Dimau(on, B)f(z) =2+ > 970,07, (2)
j=n+1
where
Uy =1+ Auj+A—p)(i—1) (3)
and
o = ()j-1(ag)j1--(ag)j—1 )

(B1)j—1(B2)j—1.--(Bs)j—1(j-1)
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where ay, s, ..., g and By, B2, ..., Bs (¢, s € NU{0}, ¢ < s+ 1) be a complex num-
bers such that 8y #0,—1,-2,... for k€ {1,2,...,s}.

Remark 5. It follows from the above definition if ¢ = 2, s = 1, a1 = 7 and
az =1 then Doy (a1, B1)f(2) = f(2),

Dpniaaulon, 81)f(2) = Auz? Do ulon, B1) f(2)]” + (A = 1) z[Din x (01, B1) f(2)]
+ (1 = A+ ) [Din s (0, B1) f(2)] (5)

Remark 6. For m =0 the operator Dy, » (a1, 31)f(z) reduces to the well-known
Dziok-Srivastava operator [6] and for p =0, ¢ =2, s =1, oy = 1 and as = 1,
it reduces to the operator introduced by F. M. Al-Oboudi [2]. Further we remark
that, when A =1, p =0, ¢ =2, s =1, a; = (1 and as = 1 the operator
Dy (e, B1) f(2) reduces to the operator introduced by G. S. Salagean [8].
Lemma 1 (Miller and Mocanu [[7], Th. 3.1.6, p. 71]). Let h be a convex
function with h(0) = a, and let v € C\{0} be a complex number with Ry > 0. If
p € Hla,n] and

1
p(z) + gzp'(z) < h(z), for z €U,
then
p(z) < g(2) < h(z), for z €U,
where

g(z) = nzZ/"/ h(t)t(wn)fldt, for z €U,
0

Lemma 2 (Miller and Mocanu [7]). Let g be a convex functioin in U and
let h(z) = g(z) + nazg'(z), for z € U, where o > 0 and n is a positive integer. If
p(2) = g(0) + pn2™ + ppy12" T + ..., for z € U is holomorphic in U and
p(z) + azp'(z) < h(z), for z € U,
then
p(z) < g(2), for z € U,
and this result is sharp.

2. MAIN RESULTS

Definition 3. Let a,A\,u, £ > 0, 0 < p < A < 1 and n,m € N. Denote
by IDy, y (a1, 81,0) the operator given by 1Dy, | (a1, B81,0) : Ap — Ay,
ID'?;L,)\,/L(O[17/81’€)JC(Z) = (1 - oz)](m, )‘7£)f(z) + aDm)\,u(alwgl)f(z)v

for z € U.
Remark 7. If

feAn, f(2) =2+ ) a;2,
Jj=n-+1
then

ID?TLL,)\,M(ahﬁlag)f(z) = 2+

o0

Z {a[1+()\ﬂj—i—)\—u)(j—l)]maj—k(l—a) {%} }ajzj, for z € U.
j=n+1
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Remark 8. For o = 0, IDm)\H(al,ﬂl,E)f(z) = I(m, \, 0)f(z), where z € U and

for a = 1, ID'}n A p(alaﬁlv )f(z) = Dm,k,u(alaﬁl)f(z)'

Definition 4. Let 6 € [0,1), a, A\, p, € > 0 where 0 < pu < A < 1, n,m €
N, where ai,®s,...,oq and B1,02,...,8s (¢,s € NU{0}, ¢ < s+ 1) be complex
numbers such that S # 0,—1,-2,..., for k € {1,2,...,s}.

A function f € A, is said to be in the class ZD,,(, \, p, £, o, 1, 1) if it satisfies
the inequality

R (IDy, s u(ar, 1, 0f(2)) > 6, for z€U (6)

Theorem 1. The class ZD,, (3, A, u, £, @, 1, B1) is convex.
Proof. Let the functions

(z) =2+ i ajkzj, fork=1,2, zeU,
j=n+1
be in the class ZD,, (0, A\, u, £, a, a1, 81). Tt is sufficient to show that the function
h(z) = m f1(z) + n2f2(2)
is in the class ZD,,, (3, A, i, £, o, a1, B1) with 1, and 72 nonnegative such that 7 +
N2 = 1, since h(z) = z + io: 1(771aj1 + m,aj2)2?, for z € U, then
j=n+

IDm)\u(ahﬂlv _Z+ Z { 1+ )‘:U‘]"_/\ ,U’)(.]_l)}maj_F
Jj=n+1
T+AG -1 +01™ ;
(1-a) [(Ej—&—l)} } (ma,, +n2a,,)z", for zeU. (7)
Differentiating (7) we obtain
(1Dg, (e, B, OR(2)) = 1+ Z { L+ +A=p) G =D o+
Jj=n+1

1 j—1 " ;
(I-a) [W} } (ma,, + nga].2)jzj_1, for z e U.

Hence
R (ID;);L,/\,M(C‘M’5175)/1(2))/ =1+
R{n Z j{a [1—# Mg +A—p) (G — 1)] o;+(1—a) [%] }ajlzj‘l
j=n+1

+R (772 i j{a [1+ (Mg + A = p)(j — 1)}m0j +(1—-a) [W}m}aJsz_l> )

J=n+1
(8)
Taking into account that f1, fo € ZD,, (0, A\, 1, ¢, , a1, 1) we deduce
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R (m > Halt+ O +2= 06 -0, + (- a) [”A;ﬂ””r)})

j=n+1
>ne(d—1), for k=1,2. (9)
Using (9) we get from (8)
R (IDZ, (a1, B, Oh(2)) > 1+ nm1(6 — 1) +12(6 — 1) = 6, for 2 € U,
which is equivalent that ZD,,, (6, A, u, £, o, a1, B1) is convex.
Theorem 2. Let g be a convex function in U and let h(z) = g(z) + ng’(z),

c+2

where z € U, ¢> 0, f € A, and

F(z) = L(f)(2) = C;Tf /tcf(t)dt, for z € U,

0

then

[IDS, y (c1,B1,0)f(2)] < h(z), for z€U, (10)
implies

[IDS, 5 (01, B, O)F(2)] < g(2), for z €U,
and this result is sharp.
Proof. We obtain that

2MF(2) = (c+2) /tcf(t)dt. (11)

0
Differentiating (11), with respect to z, we have (¢ + 1)F(z) + 2F'(2) = (¢ + 2) f(2)
and
(c+1)IDS,  u(a1, 1, O)F(2) + 2 [IDS (a1, 1, O)F(2)] =
(c+2)IDy, 5, (a1,B1,8) f(z), for z € U. (12)

mA,p
Differentiating (12) we have

[1DS, (a1, B1, O)F(2)] +——z [ID% (a1, B, O F(2)]" = [IDZ (a1, Br, ) f(2)]

c+2

(13)

Using (13), the differential subordination (10) becomes

DG w01, 81, OF ()] + —— 2 [1D5, s (0, 81, O F (2)]”
1 /
. 14
<90 + g0 (4 (19
If we denote

p(z) = [IDS, \ (a1, 1, O)F(2)] for z €U, (15)

then p € H[L,n].
Replacing (15) in (14) we obtain

p(z) + 2p'(2) < g(2) + 2g'(z), for z € U.

c+2

Using lemma 2 we have

(c+2)
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p(z) < g(z), for z € U,

i.e. (IDy, 5 (a1, B1,0)F(2)) < g(z),for z € U,
and g is the best dominant.

Theorem 3. Let h(z) = W7 whered € [0,1)and e > 0.If f € Ay, a, A\, pu, £ >

z
0, n,m € Nand I.(f)(z) = &% [t°f(t)dt, for z € U, then
0

IDm((Sa )‘7 122 E’ a, Bl) C Ic [IDm((s*’ )‘7 122 67 «Q, aq, ﬁl)] (16)
1 1
where 6% = 26 — 1 4 (H2E=20) 342 _ 9) and f(z) = [ L dt.
0

Proof. The function h is convex and using the same steps as in the proof of
Theorem 2, we get from the hypothesis of Theorem 3 that

P(e) + 520 (2) < h(z),

where p(z) is defined in (15). Using lemma 1 we deduce that
p(z) < g(2) < h(z), i.e. (IDf,‘W\)M(al,,Bl,E)F(z))’ < g(2) < h(z),

where

z z
c+2
n 71

c+2 ﬁ711+(2571)t (C+2)(2725)/
=—0 [t ——dt=(20—-1 dt.
o) = [ o= (25— 1)+ ) [

0

Since g is convex and ¢g(U) is symmetric with respect to the real axis, we deduce

R [ID%,A,#(alvﬁlvg)F(Z)}/ > minRg(z) = Rg(1) = 6"

|z|=1

251+(c+2)§25)f3<‘3;22>. (17)

From (17) we deduce inclusion (16).

Theorem 4. Let g be a convex function, g(0) = 1 and let h be the function
h(z)=g(z)+ 29 (2), for z e U. If a, \, i, £ > 0, n,m € N, f € A, and satisfies the
differential subordination

(ID;‘,‘l’/\,u(al,ﬂhﬁ)f(z))' < h(z), for zeU (18)

then
IDTO;LJ\,;L(alv 61a Z)f(Z)
z

<g(z), for z€U,
and this result is sharp.
Proof. By using the properties of operator ID%’A’H(OQ, B1,¢), we have

m

D% o B Of(2) =24 3 {a [H(AMHM@D ot
Jj=n+1

L+AG-1)+™ ,
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Consider
1D B, b
by = PR B0SE)
z
2+ Y 1{@ {1+()\uj—|—)\—u)(j—1)} o+ (1—a) {%} }ajzj
j=n+

z

= 14pp2" +pps1z" T+, for 2€U.
We deduce that p € H[L,n]. Let 1Dy, | (a1,51,¢0)f(2) = 2p(z), for z € U.

!/
Differentiating we obtain (ID%VA,H(CU,&,E)JC(Z)) = p(z) + 2p'(2), for z € U.
Then (18) becomes

p(2) + 2p'(2) < h(z) = g(2) + 24/ (2), for zeU.
By using lemma 2, we have

ID%,A,M(Oéla ﬂla ()f(z)

z

p(z) < g(z), for z€ U, i.e. ~<g(z), for z€U.

Theorem 5. Let h be holomorhic function which satisfies the inequality R (1 + ZZ,’EEZ)) >
—%, for z € U,and h(0) = 1. If a, A\, i, £ > 0, n,m € N, f € A, and satisfies the

differential subordination
(IDg 5 (01, B1,0) f(2))" < h(z) for 2 € U, (19)

then
IDS@,)\,H(OZM /817 g)f(z)

z

<q(z), for zeU,

z
where ¢(z) = # Ik h(t)t=—'dt. The function g is convex and it is the best domi-
0

nant.
Proof. Let
1D¥ ay, B1,0) f(z
p(z) _ m7,\,u( 1 51 )f( ) _
z
z+ Zl{a {1+()\,uj+/\u)(j1)} oj+(1-a) [W] }ajzj
_ j=n+
N z
-1+ Y {a [1+(>\uj+)\—u)(j—1)} o;+(1—a) [W} }ajzil
j=n+1

= 1+ Z p,27 71, for z € U, p € H[Ln].
j=n+1

/
Differentiating, we obtain (ID%ML (a1, B, E)f(z)) = p(z) + 2p/(2), for z € U and
(19) becomes
p(z) 4+ 2p'(2) < h(z), for z € U.
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Using lemma 1, we have
IDm,)\,/L(ah /61 ) f)f(Z)

p(z) < q(z), for z €U, ie. , < q(z)
1 [
= + [ h(t)t»—dt, for zeU,
nzr )

and ¢ is the best dominant

Theorem 6. Let g be a convex function such that g(0) = 1 and let h be the
function h(z) = g(z) + z¢'(z) for z € U. If a, A\, u, £ > 0 where 0 < p < A <
1, n,m € N, f € A, and the differential subordination

ZID%_,'_I,A)M(alaﬂl,g)f(Z)
ID%7A7H(al7ﬂlvg)f(z)

/
) < h(z), for zeU (20)
holds then
ID%+1,A,p(a1’ﬂ17£)f(z)
ID%’A’H(alaﬂhz)f(z)
and this result is sharp.

oo .
Proof. For f € A, f(z) =24+ ). a;jz/ we have
j=n+1

IDg’L,)\,;L(alvﬂlag)f(Z) =z+

g(z), for zeU

Z {a[l—!—()\uj—!—)\—,u)(J— D"oj+(1—a) [%} }ajzj, for z € U.
j=n+1

Consider
ID7O1(1+1,/\,H(051a Bl ) E)f(Z)

ID?;;,)\,M(Oélaﬁlvg)f(z)

00 . m—+1 .
i+ 2 {a L+ Mg+ A=) (G — D" o+ (1—a) [W] } a;z’
J=n

p(z) =

&) . m X
s+ % {all+ Qi+ A= wG— )" o5+ (1 - a) [FREDH] L gy
j=n+1

We have

(ID%H,)\,#(QM B, é)f(z))/ (IDS;L,)\’#(OZM B, é)f(z))/
Do (o B 0f ) PO I e B i)

P(2) =

and we obtain

N /
st = (SR )
Relation (20) becomes
p(2) + 2p'(2) < h(z) = g(2) + 2¢'(2), for 2z € U.
By using lemma 2, we have
IDg, 5 (01, 81, 0) f(2)
1Dy, o (a1, 81, 0) f(2)

Theorem 7. Let g be a convex function such that g(0) = 1 and let ~ be the

p(z) < g(z) for z € U, ie. = g(z), for zeU.
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function h(z) = g(z) + 2¢'(2), for z € U. If a, A\, pu, ¢ > 0 where 0 < p < A <
1, n,m €N, f € A, and the differential subordination
(€+1)2 204+ 1D)(+1-X)
2z IDm+2)\p,(a1;617£>f(z)_ A2, IDm+1AM(041751)€)f<Z)

V4 - ¢ 2
+%1Dm A ,u,(ah Blzg)f(z) - %Dnﬂrz%u(alaﬁl)f(z)

1 C4+1D)l+1—-M\
+% L+ 20+ )()\+ )} Dyyyiau(on, 1) f(2)

o (€+1—)\)2+(1—/\—|—u)
Az A I

} Dy ulr, B1) £(2)

n [a—W] Diaslar, B)f)) <h(z), for zeU (1)

holds, then
[IDf,‘L,/\#(al,Bl,E)f(z)]/ < g(z2), for ze U.
This result is sharp.
Proof. Let
p(z) = (ID;, 5 (a1, B0 f(2))

= (1= a)(I(m, A\, £f(2)) + (D, 5 (1, B1) f(2)) (22)

=1+ Z { L+ Mg+ A= p)(G— D"
j=n+1

1+ -1 o
+(1- ) I+ =D +¢ ja;zi ™t = 14 ppz™ + pugr 2™+
{41
We deduce that p € H[1,n]. By using the properties of operators IDg 5, and
I(m, )\, £), after a short Calculation, we obtain

s (2 = D e, 310 () -2CEEN e (a1, 8101 ()
AL e ton, 3 0) ~ D e, 80 5)
|+ 2 e )
- [ U] b e B0

" [a _ “(AAM“)} D01, B ()]

Using the notation in (21), the differential subordination becomes
p(2) + 2p'(2) < h(z) = g(2) + 29'(2).
By using Lemma 2, we have
p(z) < g(z), for z€U, ie. (ID;",M#(al,Bl,é)f(z)), < 9g(z),
for z € U, and this result is sharp.

1 26 —1
Theorem 8. Let h(z) = M

be a convex function in U, where 0 <
1+ 2
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B<l.Ifa,A\ul>0where 0 < pu<A<1 nméeN, fe A, and satisfies the
differential subordination

(€+1)21Da (o, B, 0) f( ,QWID‘X V4
22 m~+2,2,u\X1 P1, Z) 222 nz-‘,—l,khu(alvﬂl? )f(Z)
(41— )2 (+1)°
+£4i;gf271DgAW@njﬂhzn(@-—giiglfDm+%mAahBﬁf@0
% B 2L+ 1)(i+ 1= )\)} Dryaapu(on, f1)f(2)
C+1-N2 (1-2A
o [< uEES M*“)} D1, 81 (2)
; [a - W] Dunsulon, B <h(z), for z€U,  (23)

then
!
(ID%,/\,H(ahﬁlaé)f(z)) =< Q(Z)7 for z€ Ua
where ¢ is given by

201—p) [tn?
=26—-1+ dt, f U.
q(2) B I / T or zé&€
0

The function ¢ is convex and it is the best dominant.
Proof. Following the same steps as in the proof of Theorem 7 and considering

A
p(z) = (ID%,A’#(al,,Bl,E)f(z)) , the differential subordination 23 becomes
1+ (28-1)z
B 142
By using Lemma 1, for v = 1, we have p(z) < ¢(2), i.e.,

p(2) + 2p'(2) < h(2) , for zeU.

z

(Do, BFE) < () = — [ h)e L

nz
0
1 141 26— 1)t
= 1/tﬁ71 +(5 )dt
nzn 1+t
0
2a—5)]ti1
=20—-1+ dt,for zeU.
B nzTIL 1+t

Theorem 9. Let h be holomorphic function which satisfies the inequality f [1 + Z,}Z,/;S)} >

—1,for 2 € U, and h(0) = 1. If a, A\, 1, £ > 0 where 0 < p < A <1, nym €N, f¢€
A,, and satisfies the differential subordination

C+1)? . ~\) 7
D syl B, 0 (2) — 2N Do (0, 1, OF()
C+1—=N)2 0+ 1)2
P e o8 08) - D, s e 801

A2z
a [l 200+D)(+1-)
+E ; + ( )()\ ) Dm+1,)\,/t(a17ﬂl)f(z)
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_@ {(€+ 1- ) + (L=t p) Dpaplaa, B1) f(2)

A jz
a(A —

+ [a - )\MM)] (D plor, B1)f(2)] < h(z), for zeU. (24)
then
[IDm A p(ahﬁhf)f(z)]' < q(z), for z € U,

where ¢ is given by ¢(z t%_ldt. The function ¢ is convex and it is

the best dominant .

proof. Using the properties of operator I D% and considering

ML, 1

p(2) = [ID% 5 (a1, B, O) f(2)],

we obtain
p(2)+2p () = “;U 1D, 55 (o, 51, Of () =2 FGE=2IDR Ly (en, B, 0)f(2)
P e o805 - S D e 80
+% [1 N 20 + 1)(i+ 1-— A)} Duiap(ar, B1)f(2)
7% {(@ + 1; A? L (- 2+ u)} Durn(a1, 1) £(2)
; [Q_W] Do, B)f ()] < hz), for =€ U.

Then (24) becomes
p(2) + 2p'(2) < h(z), for z € U.
Since p € H[1,n], using Lemma 1, we deduce p(z) < q(2), for z €U ie.

(IDgM,M(al,ﬁl,f)f(z)) <q(z —T /h twtdt, for z €U,
0

and ¢ is the best dominant.
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