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MULTIVARIABLE JACOBI POLYNOMIALS VIA FRACTIONAL
CALCULUS

R. AKTAS, R. SAHIN, F. TASDELEN

ABSTRACT. In recent years, many works on the subject of fractional calcu-
lus contain interesting accounts of the theory and applications of fractional
calculus operators in a number of areas of mathematical analysis ( such as
ordinary and partial differential equations, integral equations, summation of
series, etc.). The main object of this paper is to construct multivariable ex-
tension of Jacobi polynomials by means of fractional derivative operator and
to give various generating functions for these polynomials by making use of
fractional calculus. Furthermore, we derive various families of multilinear and
multilateral generating functions. Some special cases of the results presented
in this study are also indicated.

1. INTRODUCTION

Fractional calculus is the theory of derivatives and integrals of non-integer order.
The fractional calculus started from some speculations of G. W. Leibniz (1695,
1697) and L. Euler (1730) and it has developed progressively up to now. Famous
mathematicians who have provided important contributions up to the middle of
the 20th century are known: P. S. Laplace (1812), J. B. J. Fourier (1822), N. H.
Abel (1823-1826), J. Liouville (1832-1873), B. Riemann (1847), H. Holmgren(1865-
1867), A. K. Griinwald (1867-1872), A. V. Letnikov ( 1868-1872), O. Heaviside
(1892-1912), H. Weyl (1917), G. H. Hardy and J. E. Littlewood (1917-1928), A.
Erdélyi (1939-1965) and many others (see Machado et. al [7]).

A great deal of literature has appeared discussing the application of fractional cal-
culus operators in a number of areas of mathematical analysis (cf., e.g., [2],[8],[10],
[17],[18]). There are many examples of the use of fractional derivatives in the the-
ory of hypergeometric functions, in solving ordinary and partial diffrential equations
and integral equations (see, for instance, [10],[15],[17]). Furthermore, literature in-
cludes many works that refer to the applications of fractional calculus in several
scientific areas including potential fields, control theory, chemical physics, stochastic
processes, anomalous diffusion (see Machado et. al [7]).
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In recent years, many researchers have studied various special functions by us-
ing fractional calculus. Laguerre polynomials, generalized Legendre polynomials,
Legendre polynomials and generalized ultraspherical or Gegenbauer functions of
arbitrary (fractional) orders have been defined in [3, 5, 9, 13, 14] and fractional
derivatives of various multivariable functions have been derived ( see, for instance
1)),

One of the most frequently encountered tools in the theory of fractional calculus
( that is, differentiation and integration of an arbitrary real or complex order) is
given by the familiar differintegral operator .D¥, defined by

DI{S ()} (1)

1 r —p—1
_ ngn_u){(z—é) f©d¢ ., (ceR, R(u)<0)
dzm CDgim {f (Z)} ) (m -1< R(/l) <m, me& N)

provided that the integral exists. Throught the paper, we consider the case of ¢ =0
in (1). The operator D given by

DE{f (2)} == oDE{f(2)} (neC) (2)

corresponds essentially to the classical Riemann-Liouville fractional derivative (or
integral) of order p (or -p ) (see [17]).

The main object of this paper is to obtain generating functions by making use
of fractional calculus for multivariable Jacobi polynomials. The classical Jacobi
polynomials P,S”"B ) (z) of degree n are defined by the Rodrigues formula

()" (1-2) " (1+2)"

(a76)
dn
x {(1 )"t (14 x)“ﬁ}
or equivalently, by
1 1—
PP (a) = (a—;l e 21 <_”va+ﬁ+n+1;0¢+1? 2’$> 3)

where o Fy denotes the familiar (Gauss) hypergeometric function which corresponds
to the special case 7 — 1 = s = 1 of the generalized hypergeometric function . Fj
which is given by

n

S (a), e
vFy (o, oy B, oo, B ) = 7;) (B1),, - (Bs),, n!

where (A),:=A(A+1)...(A+k—1) and (A\), := 1 denotes the Pochhammer sym-
bol.

These polynomials are orthogonal over the interval (—1,1) with respect to the
weight function

w@) =1-2)*1+2).
As a result of this, Jacobi polynomials

Pr@B) (z) = PP (20 — 1)
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are orthogonal with respect to the weight function w(z) = 2 (1 — x)® over the

interval (0, 1) . The multivariable extension of the Jacobi polynomials P, () (x) is
defined by

Prleenifuonbe) (p gy = Prlevf) (g,) L Prentn) (z,)
p;(om.--,ar;ﬂh..-,ﬁr) (x) (4)

where x = (21, ...,2,) and |n| = ny + ... + ny; ny,...,n € No := {0} UN={0} U
{1,2,...}. The multivariable Jacobi polynomials plenmeriBrfr) (x) are ortho-
gonal with respect to the weight function

W (21 s ) = w1 (21) oy () = (1 — 1) 2 (1= 2,) 2
over the domain
Q={(z1,.,z): 0<z; <1;1=1,2,..,r}.

We organize the paper as follows:

In the next section, we recall some known applications of Riemann-Liouville
fractional derivative. In section 3, the multivariable extension of Jacobi polynomials
P (x) is expressed in terms of fractional derivative operators and various mixed
generating functions are obtained via fractional derivative operators. In section 4,
multilinear and multilateral generating functions are derived for the multivariable
Jacobi polynomials prlearanibiy...fr) (x). In section 5, some applications of the
results obtained in section 4 are indicated.

2. PRELIMINARIES

We recall here applications of Riemann-Liouville fractional derivative to some
special functions. For proofs and more on the subject, see [6, 17].
The Riemann-Liouville fractional derivative of the power function holds that

" (A +1)
P = e
(RO > -1, R(A—p)>—1).

Applications of Riemann-Liouville fractional derivative to some special functions
are as follows:

A—p

D {Zkil (1-a2)""(1-b2) " (1~ 02)77} (5)
= m zﬂ—ng)) I\ @, B, 7; s az, bz, 2]

(RA) >0, R(p) >0, |az| <1, |bz| <1, |ez| <1)

and

Dy { @ ok (a2 ©
(A
= F(ui Y Ry [ BN, @, y)

(
(R(A) >0, R(p) >0, [z[+]yl <1)
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where Fg’) [a,b1,ba, b3; ¢; X1, X2, 3] is Lauricella hypergeometric function, defined
by

Fég) [a’7 bla b2a b37 C;SU1,:E27.'L'3]

m,n,p=0 (c)m+n+p m! n! p!

(max {[z1], |22, zs|} < 1)
and Fy [, by, be; c1, o5 2, y] is the second kind of Appell’s double hypergeometric
function given by

e b b m ,n
Fy[a,b1,ba;c1, 0052, y] = Z W Gy B2)y 27 5

e (1) (e2),  mlnl
(lzl + Iy < 1).
The case of a =1, b =c¢ =0 in (5) reduces to
—a r'(A _
prelAta-a) = o Eui U [ s 4 (®)

(RA) >0, R(p) >0, |z <1).
The special case of ¢ =0 in (5) gives
_ _ _ _ INOY .
DMl A=t = Y1 —bx) Pl = ol N o B az, b 9
2 {z (I—az)"%( 2) } () z 1 [\ o, B usaz,bz] (9)
(RA) >0, R(p) >0, Jaz| <1, |bz|<1)
where the first kind of Appell’s double hypergeometric function F} is defined by

F {a,ﬁ,ﬁ’;v;x,y} = i (a)m+(7;()i):;<ﬁ )nﬁ%

m,n=0

max {|z|, |y|} < 1. (10)

3. MULTIVARIABLE JACOBI POLYNOMIALS VIA FRACTIONAL DERIVATIVE

In this section, we present the multivariable Jacobi polynomials in terms of
fractional derivative operator and derive various generating functions for them.

Theorem 3.1. Multivariable Jacobi polynomials are expressed as
p:;(a—p—n; B+p) (x) = p;(a—%—n; B+p) (1 )
A s e
T

B H (_1)mr(6i+pi+ni+1)x;(ﬂi+m)

i=1
1—p1 r—pr - a;+B; n;
xD217P  Der P H x; (1— ;) (11)
j=1
where DY =P (i =1,2,...,7) , (my =1 <R(a; —pg) <my, my €N, i=1,2,...,7)is
fractional derivative operator defined by (2) and
R(ﬂl+pl) > -1 ) R(al+/81) > -1 ) i = ].,2,...,7’,
(a —pP— n;ﬁ+[)) = (041 = P1 = Ny ey Qe — P — N5 B+ P14, B +pr)'
Theorem 3.2. The multivariable Jacobi polynomials P;® 7™ #%7) (x) de-
fined by (11) are generated by
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(i)

i ()\1)”1 (Ar)nr (71)n1+...+nr (12)
n1,..,n=0 (ﬂl +p1t 1)n1 (/@T + pr + 1)nr
XPT’:ff)f:{’)l:n; B+p) (X1 ey Tyr) t?llnt?r
T e x;t;
- H(l_ti) o [ai—&-ﬁi—&-l,)\i;ﬁﬁ-f)ﬁ-l;_lt,
=1 ;
( riti | _ 0= 1,2,...,r>
1—t;
(11) Z Yn (1’1, ...’xr) Tk
n=0
: e .’Eit
=1
it )
- ’<177/:].,27...,’I“>
1-t¢
where

yn (xlv ’“71.’)“)

n n—mi n—mi1—...—Npr_2
= E E E (Sn (n17...7n,«,1)
n1:0 ’I‘LQ:O ’n.r_1:0

P*(al_pl_n+n1+~--+n7‘—17042_/)2_”17'“70‘7‘_[)7‘_"7‘71; Bi+p1,..,Br+pr) (331 T )
n—(Mmi+...4nr_1),n1,...,0r_1 g ey L

and also

On (n n )— (_l)n(Al)n—(n1+.~~+nr—1)(AQ)nl "'()\r)""‘*l
T B Do urtctn ) B2t o2 D (Bt e 1),

Proof. (i) Consider the equality

r T " —A;
[[o-a-zpu ™ =][a-t)™™" (1 + lxit;) . (14)

i=1 i=1

If we rewrite the left side of (14), we obtain

°° A (A - Y it
> : 1):11 75 urf)nr (I—a)™ 7 (=)t = [ =)™ (1 i
Nni,...,np=0 LoeeeFors =1

(15)

for |(1—z;)t;| <1, i=1,2,...,r. Multiplying both side of (15) by 2% 7" . zar+hrand

applying the fractional derivative operators Dg!=1... D~ we find the first gene-

rating function from (8) and (11).
(#4) In (14), taking ¢ instead of ¢; (i = 1,...,7) and making similar calculations,
we obtain the second relation.

. )—Ai

1-¢
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Corollary 3.3. If we take \; = —k; (¢ =1,...,7) in Theorem 3.2 (i), we have

k1,...,kr I
Z (_k1>n1 (_kr)”r (=™ #(a—p—mn; B+p)
(61 +p1+ 1)n1 (57, + pr + 1)nT N1 yeeey Ny

ni,...,n,=0

(T1y ey @) BP0

= H(l —t)" o Ry [ai +Bi + 1, —ki; Bi + pi + 15—

=1

xiti
1—+¢;

If we apply fractional derivative operators to Theorem 3.2 (i), we have the follow-
ing mixed generating functions for the multivariable Jacobi polynomials Pp (a=p=n; B+p) (x):
Theorem 3.4. Mixed generating function for the multivariable Jacobi polyno-
mials Pﬁ(afp —ni Bt (x) and Appell hypergeometric function F} is as follows:
o0
o (et prlet e 550) (x) Fy (1, p1, —na; 615 w1y, v
ni,...,nr-=0
Xooo X By (Y Pry =105 Oy WY, Yr ) E1 80T

T

= ]I {(1 —t)™ T (1 — ty 4 aty) "D
=1

ty; . — 1)ty
X Fz(jg) <%Pi,—04i + pis i + Bi +1§5i§wiyi7t i (@il lyz)}

i—l’l—ti—i—xiti
x; — 1)ty .
(maX{|yi|7wiyi|7 iit—gxltl }<1,Z=1,2,...,r)
(3 v

where F; and FS’) are defined by (10) and (7), respectively.

Proof. For the multivariable Jacobi polynomials P;f?:’;;n; pe)

the following equality from (3):

tiyi
t; — 1

9

(x), we have

H oFy (—ni 0 + B +1; B + pi + 1 25)
i=1

T

=1 (— EP —|—) nf-,-..,nr ’ ) (x) ( )”1+ + ( )
i= z (2 n; ”

and also the hypergeometric function 2 Fy is generated by (see [17])

S O By (cnyos i) 7 = (1= 0 (1= 4 at) ™
= n!
From these equalities, we obtain

S B ) (C)M T

ni,...,np=0

= JI@ -t (@ =ty 4 ayty) T (17)
i=1

Replacing t; by (1 —y;)t; (¢ = 1,2,...,7) in (17), multiplying both side of (17)

by yi"_l(l —w;y;) P (1 = 1,2,...,r) and applying the operator D;’ll_‘sl...Dg:_‘sT,

we obtain mixed generating function for the multivariable Jacobi polynomials and

Appell hypergeometric function Fj.
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Corollary 3.5. Taking p; =0 (¢ =1,2,...,r) in Theorem 3.4, we have

Z (=1t prlems B) (x) o Fy (y1, —na; 015 91)
ni,...,n=0

Xeoo X o (Y, =1p; Oy ) L7t

H {(1 — ti)ai (1 —t; + xiti)_(aﬁ_ﬁr‘rl)
i=1

tiyi  (x — 1) Ly
X By v, —ag, 05 + B + 15653 ,

1('7 @ Oé+ﬁ+ ti—]. 1—t2+1'1t1
where

(a*n;ﬂ) = (011 — N1y, X

r = N By s 57‘) .
Theorem 3.6. For the multivariable Jacobi polynomials and the hypergeomet-
ric function o FY,
o0
Z H(’I’Ll, nr) P;:(a p—m; B+p) (X) o Fy (’}/1,)\1 + nl;él;yl)
ny,...,n-=0

Xooe X o) (e, Ap A My Oy ) E7 7 E0T

r . —.’Eiti i
H 1—t 1F2()\i;ai+ﬁi+17’7i;ﬁi+pi+176’i;1_ . ¥ )
i=1

<yz~|<1, il +’ vi <1,i:1,2,...,r>

1-1, 1-t

gives another mixed generating function, where

-uT
ZH1 61 +p1 +1),,

In Theorem 3.2 (i), if we take instead of t; (i =1,2,...
—Yi

tiply y?lfl...y;*"'_l and apply the operator D;Yll_‘sl ...D;:_‘;"', we obtain the desired
mixed generating function.

711,...

Proof.

, 1), mul-

If we take r = 1 in (11), the multivariable Jacobi polynomials Py~ #~™ #10) (3

L1y eeey x?‘)
reduce to classical Jacobi polynomials P;*~ =™ ) (1) deﬁned by

o “)"T(B+p+n+1)zBte)

prla—p—n.B+p) _ ( De=P L patB (1 _ 1\
R(B+p)>-1, R(a+p)>-1).

If we get » = 1 in Theorem 3.2 (i) and Corollary 3.3, we have the next results

for the Jacobi polynomials P*(a_’o_”’ﬁﬂ)
Remark 3.7.

Jacobi polynomials P*(a p=maprtp) (z) hold that

Z ((A)n(l)n prlazp=mBre) (z)¢n

B+p+1)

(1—t)"" oF, {a+ﬂ+1,)\;5+p+1' -
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and

k n
Z wp*(a—P—"ﬁﬂ’) (x)t"
—Bt+p+1), "
t
= (1—t)’“ o Fy {a+ﬁ+1,—k;ﬂ+p+1;—1x_t}
or equivalently,
)3 R CU pracp-npin) (4 n
= B+pt+1),

_ =D ey (ot
- P
B+p+1), 1=t

<1

for

Formula (18) gives a special case of the relation (Srivastava [17], p. 108, Eq.
(16)).

As a consequence of theorems obtained above, for the Jacobi polynomials P, (a=p=n.B+p) (z),
we can give as follows:

Remark 3.8. Jacobi polynomials P;Z(a_p_n
eral generating functions:

#%0) () have the following bilat-

Z P;(aipin’Ber) (33) Fy (73 Py =N 5’ wy, y) (7t)n
n=0
= 1= (1—t+at)y TP

ty (z—1)ty
t—1"1—t+at

xFf) <7 po—a+patftlsuwy, — Y

ty (x—1)ty
1
(o bt b |25 | |52 <
and
oo Tl
prle=p=nBto) (1) G Fy (3, A+ n;83y) ¢
Zﬁ—i—p—i—l) n ()21(’7 y)

xt
= 1-t (Aa+,@+176+p+15 1&)
xt Y
1
|+ <1):

4. MULTILINEAR AND MULTILATERAL GENERATING FUNCTIONS

In this section, we derive several families of multilinear and multilateral gene-
rating functions for the multivariable Jacobi polynomials P (®1@ri Aifr) ()
defined via fractional derivative operators.

We begin by stating the following theorem.
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Theorem 4.1. Corresponding to an identically non-vanishing function €, (y1, ..., ys )
of s complex variables y1, ...,ys (s € N) and of complex order pu, let

Mo (s oo Y5 2) = S Ak k (W1, s s ) 2 (19)
k=0

(ap #0, p,veC).
Then, we have

00 00 [n1/p]

Z Z Z a o (ny —pk,na, ...,n;.) m;(ﬁﬁpl)...xr_(ﬁﬁ”) (20)

n1=0na,..., n,=0 k=0

T
O {zi““* (=)™ P Lt (- x>}
1=2

. —pk
Xty A Dtk (Y1, - Us )nkt?l P
T

Y Titi
= Auo(y1,-,Usim) H (1-1t) Sy 2t {Oxi +0i+ 1L A6 +pi+ 15— 1_ t}
i=1 ’

provided that each member of (20) exists. Here

7 DBitpi+ni+1)(N),

Proof. For convenience, let S denote the first member of the assertion (20) of
Theorem 4.1. A straightforward calculation gives

o0

oo
5 = Z ZakU(nh~..7nr):cl_(ﬁﬁpl)mx;(ﬂwp,w)
n1,...,nr=0 k=0

,
X Dg1 =P Dy {H oy (1 — xi)”’}

i=1

Xt?l ---t?TQM-ﬁ-Vk(yla s Ys )77k

00
- Z akQu-‘ruk (y17 e Ys )77k
k=0

x Z o(ni,...,n,) x;(ﬂ1+p1)mx;(ﬁr+m)

.
x DS =P DY {sz‘i”i (1—a;)™ } ttn
i=1

where
( )_ﬁ L(Bi + pi +mi +1) (Ni),,,
o(N1y..c,Ny ) = n,L'F(Ozz—Fﬂ,L-Fl) (ﬂz—l-pz_i_l)nb

i=1

If we use (12), then the proof of Theorem 4.1 is completed.
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Theorem 4.2. Corresponding to an identically non-vanishing function Q,,(y1, ..., ys )
of s complex variables y1, ...,ys (s € N) and of complex order pu, let

A, ys; 2) == Zakawk(yh ey Us )zk (21)
k=0
(ak # 07 /1“777[] € (C)
and

[n/p]
6n,p,p,,'¢)<x1> ey Ty Y1y - Ysy C) = Z Ak Yn—pk (:EI; ceey er) Q;;,«ku:(yh e Ys )Ck
k=0

(22)
where n,p € N. Then, we have
- U
ZGn,p,p,w(‘rlv"'7‘Tr;y1a"'ays;t;)tn (23)
n=0
. z;t
= (1=t 2F [ai+ﬁi+1a)\i§ﬂi+/)i+1;_lit
i=1
XAu,d)(yla sy Yss 77)
provided that each member of (23) exists. Here
Yn (X1, ey Typ)
n n—mi n—mi—...—Np_2
- Y Y Y )
n1:O ’ﬂ2:0 ’I’LT71:0
#(a1—p1—nt+ni+..4n._1,00—p2—n1,...;0r—pr—npr_1; B1+p1,...,0r+pr) (xl T )
g ey L

n—(Mmi+..4npr_1),N1,...,Nr—1
and

(_1)” (Al)nf(nlﬁ»,,‘ﬁ»nr,l) (/\2)n1 ot ()\T)nr,l
B1+p1+ 1)n—(n1+...+m_1) (B2 + p2 + l)nl e (Br +pr + 1)’%71 .

671 (nh ~~-7n7’71) = (

Proof. For convenience, let S denote the first member of the assertion (23).
Then, upon substituting for the polynomials

n
en,p,p,w(xla ey T Y1y o5 Ys; t?)

from the definition (22) into the left-hand side of (23), we obtain

oo [n/p]

S = Z Z Ak Yn—pk (1‘17 ceey xT) QM-‘rlle?(yla -y Ys )nktn_pk . (24)
n=0 k=0
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Upon inverting the order of summation in (24), if we replace n by n + pk, we can
write

o0 o0
S = D akyn (@1 20) Qg (Y1, sy 0"

n=0 k=0

o0 o0
= > yn (@, z) " a1, s )0

n=0 k=0

. ;t
= H(lft)i/\i 2F1 |:ai+ﬁi+1a>\i5ﬂi+f)i+1§lit

i=1
XA (Y15, Ys3 1),
which completes the proof of Theorem 4.2.

5. FURTHER CONSEQUENCES AND MISCELLANEOUS PROPERTIES

By expressing the multivariable function

Q,u—i—l/k(yla ...,ys) (:ZC S NQ, s € N)
in terms of a simple function of one and more variables, we can have further appli-
cations of Theorem 4.1. For example, if we set
s =1land Q,u—i—l/k(y) = H/L+Dk?(<7 T, y)
in Theorem 4.1, where Rice polynomials
Hn(C7 T, y) = 3F2 (_na n+ 1a C? 1a ) y)
are generated by [12] (see also [11])

ZHn(<>T>y)tn = (1_t)71 oy (C’%”—; (17:17?;2) ) (25)
n=0

then we obtain the following result which provides a class of bilateral genera-
ting functions for the Rice polynomials and the multivariable Jacobi polynomials

prlemens Are) (x) defined by (11).
Corollary 5.1. If A, ,(y;2) == > axHupok (¢, 7, y)25, (ap #0, p,v € C).
k=0

Then, we have

[e’e) [e’e] [711/1”]
Z Z Z ai o (n1 — pk,ng,...,n;) x;(61+p1)...x;(ﬁ"+p") (26)

n1=0nz,...,n,=0 k=0

r
_ — —pk it+Bi i
X DSIPL Do {x?”_ﬁl (1 —ay)" P ] 25 TR — )" }
1=2
—pk
thz"'t?THH+Vk(<7T7y)77kt;“ b
r

Y Tit;
= Am,/(y;n)H(l—ti) i o Fy |:Oéi+ﬁi+1,)\i§ﬁi+Pi+1§_1_t_:|
i=1 !

provided that each member of (26) exists. Where
- LB+ pi+ni +1) (Ni),,,
a(nl,...,nr):H ' )
n!T (i + Bi + 1) (Bi + pi +1),,,

i=1
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Remark 5.2. Using (25) and taking ax = 1, u =0, v = 1, we have

o] [e%¢} [n1/p]

Z Z Z U(nl —pk,nQ,...,nr) x;(ﬁlerl),,.xT_(Br‘f‘Pr)

n1=0nz,...,n,=0 k=0

i
XD?;*Pl'._D;&:*Pr {x?ﬁ_ﬁl (1 _ xl)m—pk Hxiaﬁ_ﬁi (1 _ mz)m}

i=2
xto?.. o Hi (¢, 7, y)nktm*pk

-1 1. —4
= (1 _n) 2F1 (C7§a T (1— :37372)

- Y Tit;
1—t;) ™ oF1 oy + B + 1, A8 +pi +1;— .
XH( t:) 21[04+ﬂ+ Bi + pi + ltz}

If we set s =2 and Quqpk(y1,y2) = ggﬁﬂjﬁ) (y1,92), (1, € C) in Theorem 4.2,
where the classical Lagrange polynomials g% #) (z,y) [4, p.267] are generated by

1 @.B) (
(1—a2t)® (1—yt)° ,;)g @7)

where [t| < min { x|, |y|_1} , we have the following result which provides a class
of bilateral generating functions for the classical Lagrange polynomials and the

multivariable Jacobi polynomials pyla=p=ns Bte) (x).

Corollary 5.3. If Apy(yr,y2:2) = E a gl;fi;]; (y1,92) 2* where ap #
0, ¥,u e C; and

On oy (T1, e T Y1, Y23 €)
[n/p)

= Z apYn—pk(T1, 0y T )gﬁﬂ]j) (y1,92) C*
where n,p € N and
n n—mi N—mN1—...—MNyp_2
Yn (1, .. T Z Z Z On (N1, ey 1)
n1=0 ny=0 Ny—1=0
*(1—p1—n+ni1+.. AN 1,02 —P2—N1,eesQr—Pr =N 1; B1HP1seeesBrtpr)
Xpn (n1+1 Anr—1)m,.. ,ni 1 ' b (T1, .y @y .
Then, we have
3 n
Z O popu o (T ooy Ty Y15 Y23 t—p)t” (28)
n=0
- x;t
—\i .
= H(l_t) o Fy [Oéi+ﬁi+1,)\i;ﬂi+pi+1;_lit

=1
XAy (Y1, y2;1)

provided that each member of (28) exists.
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Remark 5.4. Using the generating relation (27) for the classical Lagrange
polynomials and taking ar = 1, p =0, ¢» = 1, we have

oo [n/p]
Z Z yn—pk(mla a3} xr)g](:1772)(y13 y2)7’ktn7pk
n=0 k=0

o

_ Tt
= L=t 2R [ai+/8i+1a)‘i§ﬁi+pi+1§_lit
1=1

1
X b
(1= ym)™ (1 —y2m)™
where |n] < min {[yn| ™" ol '}
Settlng s =r and QM-‘rwk(yla“'ayT) = yu+¢/€<y17"'7y7‘)? (IJ’7’(/) € N0)7 in The-
orem 4.2, we obtain the following class of bilinear generating functions for the

multivariable Jacobi polynomials pyla=p=ns B+e) (x).
Corollary 5.5. If

=

;L,'g!)(yh vy Yrs Z)
[e%S)

L= Zaky#+¢k (ylv"'vyr) Zkv
k=0

where ar, #0, p,? € C and

On it (L1, ooy Tri Y15 oy Yri €)
[n/p]

o= Z a’kyn—pk(xla"'ax’!‘)yu-‘r’lﬂk (y17"'7y7‘) Ck7
k=0

for n,p € N. Then, we have

oo
Z @n,p,y,qp ($1, ey Ty YLy eeny Yps tﬂp) tn
n=0

T

—\; .Tit
= JIa-9 MR [ai+5i+1,)\i;5i+l)i+1;—1t
i=1
XAy (Y5 ooy Yri 1) (29)

provided that each member of (29) exists.

We further note that for every suitable choice of the coefficients ay (k € Ny), if
the multivariable function €4,k (y1, ..., ys), (s € N), is expressed as an appropriate
product of several simple functions, the assertions of Theorem 4.1 and Theorem
4.2 can be applied in order to derive various families of multilinear and multilateral

generating functions for the multivariable Jacobi polynomials Py (=7~ #+¢) (x).
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