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FRACTIONAL CALCULUS OF GENERALIZED K- WRIGHT
FUNCTION

KULDEEP SINGH GEHLOT AND JYOTINDRA C. PRAJAPATI

ABSTRACT. In this paper, authors studied fractional calculus properties viz.
Riemann-Liouville fractional integral and derivative of the generalized K- Wright
function , W () . Family of Mittag-Leffler function introduced by several au-
thors ([2], [3], [5], [6], [8], [9], [10], [11]) are particular cases of generalized K-
Wright function.

1. INTRODUCTION

Generalized K-Gamma Function I'y(z) defined as (Diaz and Pariguan [1])

. nl k™(nk Bl
Ty (x) = nh_)ngo (SU))
n,k

k>0, 2€C\kZ™

where (x)n & is the k-Pochhammer symbol and is given by
(@) =z@+k)(z+2k)............ (r+(n—-1)k), x€C, keR, neN"
For Re(x) > 0, then I‘k (x) defined as the integral

Fk(sr:):/ T
0
this follows

Ty (z) = kF ~'0 (%)

The generalized Wright function defined by (Wright [11])

For z € C;; a;,b; € C and oy, 85 € R (0, 8 #0530 =1,2,...,p;;7=1,2,...,q)
(aj, )y,

as
B T (a; + a;n )z"
p\Ilq(z)_p\Ilq[ (J7BJ 1,q } Z I'(bj + Bjn) n

The left- and right-hand sided fractlonal 1ntegral operators are defined for a >
0 and a =0 as (Samko et al [8])

(Z6+) (x)=r(1a)/0 ( f(?l_adts;
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and

(I°f) (@) = F(la) /:"( f(zg)l_adt

t—x

and corresponding fractional differentiation operators defined as

g\
(D8.f) () = <d$> (fol+ +[R()]f) (2)

1 d [Re(a)]+1  px f (t)
T —a+ ke (@] (dx> | (o gy
and

oy = (- ) ()

1 d [Re(a)]+1  foo f (t)
rermE ) / (=)ot
and

The next assertion is well known (Samko et al [8])
For a € C' (Re(a) > 0) and v € C;;

If Re () > 0, then (Ig,t771) (z) = F(l;fj_),y)xa“/*l

If Re (v) > Re (o) > 0, then (1%t~ 7) (z) = F(lj(,_y)o‘)x“*"’

2. GENERALIZED K- WRIGHT FUNCTION

The Concept of the Generalized K-Wright function introduced by Gehlot and Pra-
japati [4] as

Definition: The Generalized K- Wright Function, pws (2), defined for k € RT;;
zZ € C7 ai7bj e C, Oéi,ﬂj € R (Oéi,ﬁj 74— 0550 = 1,2,...,p;55 = 1,2,...,q)
and (a; +ao;n), (b + pin) € C\kZ~

p
o) H Fk (ai + am) o
=1
=35 .
n=0 [] T'x (b; + Bjn)
=1

J

(a/i’ ai)l,p

0 (2) = { (b, 57),

For convergence, we use the following notations

s =3 (2) B -1 T
Jj= i =

j=1
Theorem 1. For k € RY;; 2 € C;; a;,b; € C;; «;,3; € R (o, 85 # 0551 =
1,2,...,p5:7=1,2,...,9) and (a; +a;n), (bj+Bjn) € C\kZ~
(1) If A > —1 then series (10) is absolutely convergent for all z € C' and
Generalized K- Wright Function p\Il’; (z) is an entire function of z.

Bj
%

Bi
k

j=1

— 49
2

' ué(l;j)z (%)*L



JFCA-2013/4(2) FRAC. CALC. OF GENERALIZED K- WRIGHT FUNCTION 285

(2) If A = —1, then series (10) is absolutely convergent for all |z] < ¢ and of
|z| =0, Re(p)>1/2

3. SPECIAL CASES

For the appropriate values of the parameters p,q, k,r,v and 8 , some interesting
special cases of Generalized K- Wright Function p\IJ’; (z) can be obtained in terms
of Mittag-Leffler function defined as references [2], [3], [5], [6], [8], [9], [10], [11].

4. FRACTIONAL INTEGRATION OF THE GENERALIZED K-
WRIGHT FUNCTION

In this section, author establishes fractional integration of the generalized K-Wright
function.

Theorem 2. Let a,y € C' such that Re(a) >0, Re(y) >0;a € C, u> 0 then
for A > —1 fractional Integration I, of generalized K-Wright function p\I/l; (2) is

given by
« + -1 k (aivai)l, £
(i (e i []) 0

1\:[} |: (aiyai)l,p a(Va IU/)
PETat | (by, By)y g - (7 + ok p)

:ka.’b% + a —1

Proof.
According to theorem 1, the generalized K-Wright functions in both side of (13)
exist for z > 0. Consider the right- hand side of (13) and using the definition (12),

we have
a=(1g (¢ k] @00 te]))
( 0+< ' Pra |: (ijﬁj)l,q arr (SU)

this can be written as,

v _ (a; + a;n) (at%)n
A= Ig, [tr 7! : : x
< 0+ ( Z HJ 1 b + 5] ) nl ( )
using term-by term integration of the series in the right —hand side of above equation
and using (10), we obtain

A= BTG S (0 ()

this reduces to,

= Z roa Dk i+ aim) (@)" T () e 4o
I\ Tu (5, + Bym) nl T (52 1)
using the relat1on (4), we have

k (ai)a’i)Lp (v, 1)
e+l (bjaBJ)Lq (v + ak, p)

B

ol _
A=k%x T @ 1p+1\IJ ar

(13)
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Theorem 3. Let o,y € C such that Re(a) > 0, Re(y) >0, a € C, p >0
then for A > —1 the fractional Integration I% of generalized K-Wright function

o

ax” ‘é} (14)

p\IJZ (z) is given by
N RN [ (a0, @)y,
( < Pra (bj”Bj)l,q
(ai, i)y, - (v — ak, p)

il Y
7t e q“[ (05 B1)1.4 + (v 1)

Proof.
According to theorem 1, the generalized K-Wright functions in both side of (14)
exist for > 0. Consider the right hand side of (14) and using the definition (12),

B = (Ia (t_ X \Ilk |: (a'ha’i)l,p at™ [é:|>> (l')
this can be written as

(bj7ﬁj)1,q
b3 Multloan s (o))
Fk b +ﬂg n) n

] 1

using (11), we have
B = Z zlrk az+az)an]_"("f'~;€“”,a) a — %
1Dk (bj + Bjn) n! T (2EED)
axr”~ k]

using relation (4)7 we ﬁnally arrive at
5. FRACTIONAL DIFFERENTIATION OF THE GENERALIZED K-
WRIGHT FUNCTION

(ai, i)y, » (v — ak, p)
(bja Bj)l,q 5 (’Y7M)

=

B= k"‘xa—%quqﬂ{

This section deals with fractional differentiation of the generalized K-Wright
function (12).
Theorem 4. Let o,v € C' such that Re(a) >0, Re(y) >0;; a€ C, u>0
then for A > —1 the fractional differentiation D, of generalized K-Wright function

pUh () is given by,
(D8‘+ (t% —uk [ (@i, i)y , (b5, )y 4 ‘“t%})) ()

(aivai)lm 7(77#) ’(ILEM:|

(bjs By)1 o+ (7 — ok, ) |0 (15)

_ J o —
e [eY 1p+1\Ifk |:

Proof.

According to theorem 1, the generalized K-Wright functions in both side of (15)
exist for z > 0.

Let = [Re (a)] + 1 then using (8), in right side of (15), we have,

£ (o ([ o))

this yields,
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_ d\" r—a X -1 k (ai7ai)1,p I3
b= (dx} (L” <tk p@q[ (b5, 81) att])) @
using result (13), we obtain
AN"( 2 g - (ai, i)y, (7, 1) "
E = el 7+ a —1gr « \IJk ) 1,p ) L
(dw) ( F e { (052 Bi)1,q » (v + (r =) kopr) |
using (12), above equation reduces to,
B3 B~ I Tk (0 + o) Dy (y + o) (@)" (d) GRE RIS
Ly (bj+Bin)Te(y+ (r—a)k+pun) n! \dzx
—a a1 k (aivai)l 7(73 /U‘) :|
E=k"%z* )
|: (bja/Bj)Lq ) (’Y - ozk,,u)

Theorem 5. Let o,y € C such that Re(a) >0, Re(y)> [Re(a)]+1— Re(a);
a€C, u>0 then for A > —1, the fractional differentiation D of generalized

K-Wright function p\Ilf; (z) is given by
at™ i} >> (2)

D (¢ \Ijk{ (a’iaai)l,p
(o2 (=20 | oy
u}
ar~ F
Proof.

- a-— 7 k |: (aiaai)lm (v + ak, )
(bja ﬁj)l’q ) (77 :LL)

According to theorem 1, the generalized K-Wright functions in both side of (16)

exist for z > 0.

Let r = [Re («)] + 1, where [Re ()] is an integral part of Re ().
Using (9), the right side of (16) gives

F= (D> [+ + \I/k (ai7ai)1,p
- — P*q b g

d\" — -2 k (aivai>1
F=(-—) (">t % U P
( da:> ( ( i q[(bjﬁj)l,q

using (14), we get

d " r—a— 7% r— a (047:7052')7 7(’77(7"70‘)]%:”)
F= (_ ) (x ¥y { (gjljﬁj)l,q (75 )

] 1
this glves,

EXIS

axr

using (12), this immediately leads to,
o Z k= @ T, T o + am) T (3 — (r — a) k+ pim) ()"
nglr (bj + Bjn) Li (v + pn) n!

on simplifying above equation, we get
o Z B~ T, T (i aan) T (y = (0 — ) o+ an) ()"
H?:1Fk‘< bj + Bin) I (v + pn) n!
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using (4), above equation can be written as,

. I17_; Tk (a; + cin) (a)"

F =

n=0 (]1':1
ST TS JEIETEE EL JyA

fi-a- % - )

X

using reflection formula for the gamma-function, (Samko et al [8]),

1 I'(a+ 3+ 4+ &)sin[(a+ L+ + 22)7]

nflot £ + 7]

substituting values of (18) and (19) in (17), we finally arrived at

e - a_ 2 i O + ak, p) _n
F= k % «@ ¥ \Ijk: (a,a)17p7(7 ) ’ax k:|
P e (b, 8i)1,4 » (v 1)
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