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POSITIVE SOLUTIONS AND MONOTONE ITERATIVE
SEQUENCES FOR A CLASS OF HIGHER ORDER BOUNDARY
VALUE PROBLEMS OF FRACTIONAL ORDER

MUHAMED SYAM, MOHAMMED AL-REFAI

ABSTRACT. In this paper, the method of lower and upper solutions is extended
to deal with certain nonlinear fractional boundary value problem of order 3 <
6 < 4. Two well-defined monotone sequences of lower and upper solutions
which converge uniformly to actual solution of the problem are presented. The
convergence of these sequences is verified numerically through one example and
a result on the existence of positive solutions is obtained.

1. INTRODUCTION

Boundary value problems with fractional order (BVPF) have many applications
in economics, engineering and physical sciences. They considered as generaliza-
tion of boundary value problems to non-integral order. The importance of such
problems comes from their various applications, and the fact that they are used
to model certain phenomena which can’t be modeled by equations with natural
derivatives, see [I0] 21]. For extensive literature and results, we refer the readers
to [I3} 18] 23] 24] and the references therein. Since finding exact solutions of such
problems is difficult task, developing efficient numerical and analytical techniques
for fractional differential equations has attracted many authors in recent years.
The basic theory of fractional differential equations involving Riemann-Liouville
fractional derivative with 0 < ¢ < 1, has been investigated in [I4]. The crucial task
in the analytical treatment is to prove the existence and uniqueness of solutions.
Such results are obtained in [6l [8, [, [15] 16, [17] for fractional differential problems
with Riemann-Liouville fractional derivative, and in [7] 26] for problems with Ca-
puto’s fractional derivative. The analysis is based on the Laplace transform, some
fixed point results and the method of lower and upper solutions. A good survey
about the developments of the existence results can be found in [ 12].

The method of lower and upper solutions has been considered as one of the
effective tools in studying elliptic and parabolic boundary value problems with
natural derivatives. It has been used to study multiplicity of solutions, to explore
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existence and uniqueness of solutions, as well as, to obtain accurate numerical
solutions [2, [3, 25]. For extensive survey we refer the readers to [22]. By means
of lower and upper solutions method and fixed point theorems, Liang et al. [16]
proved the existence of positive solutions of the following nonlinear boundary value
problem of fractional order

Dngy(x)—i-f(:z:,y) = 0, 0<z<l 3<d6<A4,

y(0) = ¥(0)=y"(0)=y"(1)=0,

where f € C([0,1] x [0,00),(0,00)) and Dj, is the Riemann-Liouville fractional
derivative. Numerical solutions of the above problem in integro-differential form
have been considered by many authors. For instance, the well-known Adomian
decomposition method has been implemented to obtain numerical and analytical
solutions for ¢ = 4 in [II] and for 3 < 6 < 4 in [I9]. Also, the efficiency of the
variational iteration method and homotopy perturbation method is proved for such
problems in [20].
Devoted by the above works, the purpose of this article is to extend the maximum
principle and the method of lower and upper solutions for the fourth order fractional
boundary value problem

Doy(x) + f(z,y,y") = 0, O0<z<l1, 3<d<4, (1)
0) = ai,y1)=b, (2)
Y'(0) — 1 " (0) = az,y" (1) +p2 y"'(1) = bo, (3)

where f € C([0,1] x R x R,R), ay,az,b1,bs € R, pu1, 2 > 0, and D? is the left
Caputo fractional derivative of order . We transform the problem into a system of
two differential equations, one of fractional order and the other one with natural
order. By generalizing the recent results in [4] for a fractional boundary value
problem, and the ones in [22] for elliptic systems with natural order, we obtain two
monotone sequences of pairs of lower and upper solutions that converge uniformly
to actual solutions of the problem. These sequences are used to obtain accurate nu-
merical results of the problem, as well. It is worth to mention that the well known
results for elliptic systems can’t be generalized for fractional systems without the
use of recent results obtained in [5].

We organize this paper as follows. In section 2, we present some preliminary defi-
nitions and lemmas and establish a new positivity result for fractional order deriv-
ative. In Section 3, we present an algorithm to construct the monotone sequences
of lower and upper pairs of solutions. We then prove the convergence of these se-
quences to actual solutions of the problem. In Section 4, we present some numerical
results and finally some concluding remarks are presented in Section 5.

2. PRELIMINARY RESULTS

In this section, we present the definition of and some results about the Caputo
fractional derivative. We then define a pair of lower and upper solution of the
problem and present a positivity result which will be used through the text.

Definition 2.1. Let y € (C[0,1],R) and ¢ > 0. The left Riemann-Liouville frac-
tional integral of order ( is defined by

Ly
ICy(z) = F(C)/o (xft)PC dt,z >0
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where T'(¢) = f0+oo tS=te~tdt is the well-known Euler Gamma function.

Definition 2.2. Let y € (C™[0,1],R) and ¢ > 0. The left Caputo fractional deriv-
atiwe of order ( is defined by

oy
DSy(a) = 1" (4@) = rr [ e

0

where n = [C] + 1, and [{] is the greatest integer number of C.

The relations between the Caputo fractional derivative and the Riemann-Liouville
fractional integral are given in the following lemma.

Lemma 2.1. For y(x) € C"([0,1],R), ¢ >0 and n=[(] + 1, we have
(1) DS(I°y(x)) = y(x), and

(2) IS(DCy(z)) = y(x) — 3 cpa®, where ¢ = y“‘)k(!o*)'
k=0

For the proof of the above results and more details about the definition and
properties of the fractional derivative, the reader is referred to [13] and [24].
By substituting y;(z) = y(z) and y2(z) = —y/(x), and using the fact that D’y =
D?=2D2?y, the problem (IH3) is reduced to

D?yi(x) +y2(2) = 0,0<z<1 4)
D%(x) +g(z,y1,52) = 0, 0<z<l, 1<a<2, (5)
y1(0) = e, yi(l) =eo, (6)

y2(0) — i1 y2(0) = e3,y2(1) + p2 yo(1) = e, (7)

where e; = a1, e = by,e3 = —ag,e4 = —by,a = 6—2and g(x,y1,y2) = —f(z,y1, —Y2)-
We have the following definition of lower and upper pairs of solutions.

Definition 2.3. A pair of functions (vi,v2) € C*([0,1],R)? is called a lower
solution of the problem (@7, if they satisfy the following inequalities

D?vy(x) +v2(x) > 0,0<z<1 (8)

D%y (z) + g(z,v1,v2) > 0, 0<z<1, 1<a<?2, (9)

v1(0) < er,vi1(1) <eg, (10)

and v2(0) — 1 v5(0) < es,v2(1) + p2 V(1) < ey. (11)

Analogously, A pair of functions (w1, ws2) € C2([0,1],R)? is called an upper solution
of the problem [H7), if they satisfy the reversed inequalities. In addition, if

vi(z) <wi(z), and ve(z) < wa(x) for all x € [0,1],
then we say that (v1,v2) and (w1, ws) are ordered pairs of lower and upper solutions.
The following positivity results will be used throughout the text.

Lemma 2.2. (Positivity Lemma) Let z(z) € C?([0,1],R),r(z) € (C[0,1],R) and
r(z) < 0,Va € [0,1]. Then z(x) > 0 in [0,1] provided that one of the following
hold.

(A1) 2"(z) <0, 0<z<1, and z(0),z(1) > 0.
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(A2)
D% (z)+r(x)z(x) <0, 0<z<1, l<a<2, (12)

2(0) — 112/ (0) > 0, z(1) + 122'(1) >0,

where v1,vo > 0 and v; > ﬁ

Proof. The proof of (A1) is a simple result of the maximum principle. To prove (A2)
assume by contradiction the conclusion is false, then z(z) has absolute minimum
at xo with z(z9) < 0. Let 29 € (0,1) then z'(z¢) = 0. By Theorem 2.1 of [5] there
holds

@ - a)(D%2)an) 2 757 ({0~ DEO) - s(e0) - 20©)). (13)

In the following we prove that (D*z)(zo) > 0. We consider two cases (i) 2/(0) <0
and (ii) 2/(0) > 0. If 2/(0) < 0, then the result is clear from Eq. (I3), since
1<a<2,2(0) > z(xo) and 0 < zg < 1. We shall prove the result for 2/(0) > 0.
Since vi (o — 1) > 1 and applying the boundary condition z(0) > 4 2'(0), we have

(a—1) (2(0) - z(:vo)) > (a—1) (Vlz'(O) - z(:vo)> > 2'(0) — (a — 1)z(xo).
The above result together with a > 1,20 € (0,1),2(0) < 0 and z'(0) > 0 imply
(a—1)(2(0)—z(z0))—202'(0) > 2 (0)—(a—1)2(xg)—x02'(0) = 2" (0)(1—20)—(a—1)z(x0) > 0,
and (D“z)(xg) > 0. The above results together with r(z) < 0 imply

D%z(xo) + r(z0)z(x0) > 0,

which contradicts ([I2]).
If 2o = 0, by simple maximum principle, z/(07) > 0. Applying the boundary
condition z(0) — 11 2'(0) > 0, yields z(0) = z(xo) > 0 and a contradiction is reached.
Similarly, if 2y = 1, simple maximum principle implies z’(17) < 0. The boundary

condition z(1)4v42'(17) > 0 yields z(1) = z(z¢) > 0 and a contradiction is reached.
(]

3. MONOTONE SEQUENCES OF LOWER AND UPPER SOLUTIONS

In this section, we construct two monotone sequences of lower and upper pairs of
solutions to problem ([@HT). We then use these sequences to establish an existence
result and to construct solutions for the problem.

Given ordered lower and upper pairs of solutions to problem (@), V = (v1,v2)
and W = (w1, ws), respectively, we define the set

[V, W] = {H = (hl,hg) S CQ([O, 1],R)2 v < hp <wyp,ve < hg < ’wg}.
In the following we assume that the nonlinear term g(z, u1, us) satisfies the following
conditions on [V, W].

e (R1) g(x, hy, he) is nondecreasing with respect to hy, that is, aa—,fl(:v, hi,h2) >

0,for all H = (hq, ha) € [V, W].
e (R2) There exists a positive constant ¢ such that
0
_e< 8Tg(x,h1,h2), for all H = (hy, he) € [V, W]. (14)
2

Next, we present the main theorem in this paper which describes how to construct
the monotone sequences of lower and upper pairs of solutions.
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Theorem 3.1. Assume that the conditions (R1) and (R2) hold and consider the
iterative sequence UF) = (ugk), uék)) defined by

—D2ugk)(x) = uékil)(x), O<zr<l1 (15)
—Do‘uék) +c uék) = ¢ uékil) + g(x,ugkfl),uékfl)), 0<z<1,1<a<(26)
W) = k), uw?1) =92k, (17)

u$?(0) — i DuS?(0) = (k). ud (1) + paDud (1) = (k). (18)

Then for p1 > —— we have

(1)

a—1
IFUO =V = (vy,v2) and {vi(k), i = 1,2,3,4,k > 0} is increasing
sequence with v;(k) < e;, then UK = V(*) = (v%k),vék)) is an increasing
sequence of lower pairs of solutions to problem (7).
IfUO =W = (wy,wz) and {vi(k), i = 1,2,3,4,k > 0} is a decreasing
sequence with v;(k) > e; then U®) = Wk = (wgk),wgk)) is a decreasing
sequence of upper pairs of solutions to problem [fH7). Moreover,
vgk) < wgk) and vék) < wgk) for all k > 0.

(1) First, we apply induction arguments to show that U®*) = (vgk), vék))

is an increasing sequence. From Equations (I5HIS) we have

DV (@) = of(@), (19)
v0) = )0 (1) = 7(1),
and
—Do‘vél)—kcvél) = cvéo)—kg(x,vio),véo)), (20)
v§7(0) — i DuiP(0) = (1), o8V (1) + pe Do (1) = ().

Since V = (vgo), véo)) is a pair of lower solution, we have

D2v§0) (x) + véo) (z) >0, (21)
01”(0) = 71(0) < e1, 11" (1) = 2(0) < e,

and

Do‘véo) + g(x,vgo),véo)) >0, (22)

v (0) — 1 Dv (0) = 73(0) < e, 087 (1) + p2Dvs” (1) = 74(0) < eu.

Let z1 = vil) — v§0) and by substituting Eq. ([I9) in 1) we have D%z, <0,
with 21(0) = 11(1) —y(0) > 0, and 21(1) = 72(1) — 12(0) > 0. Applying
the Positivity Lemma we have z; > 0, and hence v§1) > ’U;O .

Let 29 = vél) - véo) and by substituting Eq. (20) in (22), we have D%z —
29 <0, with 29(0) — 1 D22(0) = v3(1) —v3(0) > 0, and 29(1)+pu2D22(1) =
~v4(1)—~4(0) > 0. Applying the Positivity Lemma we have z5 > 0 and hence
vél) > véo). Thus the result is proved for k = 1. Assume that the result is
true for k = n, that is;

vgk) > v%kfl) and vék) > vékil), for k=0,1,---,n.
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From Eq.’s (IT8) and (I6l), we have

—DQUT) = vgn_l),

—Dzvgm_l) = vgn)
—D{™ 4 ol = " 4 g(a, 0!

and

(n—

—Do‘vénﬂ) + cvénﬂ) = cvgn) + g(, vgn)

JFCA-2013/4

(23)
(24)

R Gt (25)
,05"). (26)

By subtracting Eq. 24)) from Eq. (23] and Eq. 26) from Eq. (25) we have

D2 My =yl
Do ("™ — o) — el — o)

= c(wy" ™ — o) + g

Let z1(x) = v§"+1)(x) - v%n) (x) and z(z) = Uénﬂ)(x)
using the induction hypotheses, the conditions (R1) and (R2), and the

Mean Value theorem, we have

(n=1) 1)y

x, Uy , Ug

- Uén) (). Then,

D%z = vén_l)(az) - vén) <0,
n— n n— n 0 n— n 9]
D —cz = ool =)+ 0T o) ZE (o) + 05" ) 5 ()
Jyn 0y
_ 1) () 99 (1) _ (99
50 = o) (e 5 () ) + 0 = )2 () <0
for some p; = ,uvgn_l) + (1 - ,u)vgn), p2 = Vvén_l) + (1 - V)Uén) and

0 < p,v < 1. Since the sequence {v;(k), i = 1,2,3,4,k > 0} is increasing

we have

21 (O), 21(1), 2’2(0) — /,LlDZQ(O), 22(1) + /LgDZQ(l) > 0,

and hence by the Positivity Lemma, z1, 22 > 0, and the result is proved for

k=n-+1.

Second, we prove that (v%k),vék)), k > 0 is a pair of lower solution. Since

the sequence {vék)} is increasing and —D?v;

(B _ (k1)

D%Y“) + Uék) = —Uékil)(:t) + vék) () >0,

which together with ng) (0) = y1(k) < ey and vik)

that v%k) is a lower solution. From Eq. (I6) we have

Doy = e(vy) — oY) — gl 0} V0

kf
$y.

, we have

(1) = 72(k) < eq, proves
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Hence, applying the Mean Value theorem and using the fact that the se-
quences {’U;k)} and {’Uék)} are increasing we have
Do+ gla,of? 0y) = ews? vl V) gla, o), o) — gla, oY 0,
k k—1 9g k k—1
= el =)+ o) — o)

(k) . (k—1), 99
+(vy " — vy )ayQ(pz),

dg ) k) (k1) dg k) (k1)
c+ — Vs — + — vyl —w >0,
(e 220)) () = o)+ 22 (ol of )

which together with vék) (0) — mDvéO) (0) = ~3(k) < e3 and vék)(l) +
ugDvéo)(l) = ~4(k) < eq, proves that vék) is a lower solution. Here
pL = nvgk_l)—l—(l—n)vgk) and ps = (vék_l)—l—(l—C)vék) for some 0 <17,¢ < 1.

(2) The proof is similar to that of (1). First we apply induction arguments to
prove that the two sequences {wgk)} and {wék)} are decreasing. Then, we
use these results to show that (wgk),wék)) is a pair of upper solution for
each k > 0.

(3) Since V = (Uio),véo)) and W = (wgo),wéo)) are ordered pairs of lower
and upper solutions, we have v%o) < wgo) and véo) < wgo)' Hence, the
result is true for n = 0. Assume the result is true for k& = n, that is;
vik) < wgk) and vék) < wék), k=0,1,--- ,n. We have

—Dzvgm_l) = vén) and — Dngn—H) = wé").
Hence,
DQ(wgn—H) - vgnﬂ)) = vén) — wén) <0
which together with w{""™(0) > v{"*Y(0) and w{"™™ (1) > "V (1),

proves that wE"H) —v%nﬂ) > 0, and hence; the result is proved for k = n+1.

Similarly, since
—Do‘vénﬂ) + cvénﬂ) = cvén) + g(x,vin), vé")),

and
—Do‘wénﬂ) + cwénﬂ) = cwén) + g(, wgn),wén)),

we have

D (w{™™ —uf") —e(wi T ol ) = (w8 —w§ ) g (e, 0 05) —g (2, w0l wi).

(n+1) _ (n+1)

Let 2 = wy Uy and using the Mean Value theorem, we get
99 () my . 99 (n) _ . (n)
D% — = = - = -
- cz (c+ E (1)) (v wy ) + £ (p2)(vy wy’),

where p; = nvgn) +(1 - n)v%nﬂ) and py = Cvén) + (1 - C)véﬂﬂ) for some

0 < 1,¢ < 1. Using the induction hypothesis and the conditions (R1) and
(R2), we have

D%z —cz <0,
which together with z(0) — 1 Dz(0) > 0 and z(1) + p2Dz(1) > 0 proves

that z > 0. Thus wgnﬂ) > vénﬂ) and the proof is complete.
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O
We state the convergence results of the two sequences in the following theorem.

Theorem 3.2. Assume that the conditions (R1) and (R2) hold, and consider the
two iterative sequences V) = (UYC),’Uék)) and W*) = (wgk),wék)) obtained from
Eq.’s {[3I8) with U = V = (v1,v2) and U®) = W = (wy,ws), respectively.
Then for p; > -1

a—1
(1) the two sequences converge uniformly to V* = (v}, v3) and W* = (w},w3),
respectively with vi < wj and v3 < w3. Moreover,
(2) for any solution Y = (y1,y2) € [V,W] of @A), we have vi < y1 < w] and
vy <yo <wl, de; Y € [V WH.

Proof. (1) The two sequences {vik)} and {vék)} are increasing and bounded
above by wgo) and wgo), respectively. Hence, they converge to v] and v3,
respectively. Since they are sequences of continuous functions defined on

a compact set [0,1], then by Dini’s theorem, the convergence is uniform.
By applying similar arguments, the sequences {w§k)} and {wék)} converge
uniformly to w} and w3, respectively. Since v%k) < wgk) and vék) < wék),
for each k > 0, then v] < wj and vj < w3, which completes the proof.

(2) It is enough to show that ng) <y < wgk) and vék) <y < wék), for each
k > 0. We apply induction arguments to show that vgk) < y; and vék) < ys.
Similar arguments can be used to prove that y; < wgk) and yo < wék).
Since Y € [V, W], then the result is true for k¥ = 0. Assume the result is
true for k = n, that is, ng) <y < wgk) and vék) <y < wék), for each
k=0,1,--- ,n. We have

—Dzvgm_l) = vgn) and D%y; 4y = 0.
By adding the above equations and using the induction hypothesis, we have
D*(y; — v§"+1)) = vén) —y2 <0,

which together with y;(0) > v£n+1)(0) and y1(1) > v§"+1)(1) proves that
Yy > vgnﬂ), and the result is true for k =n + 1.

By adding Equtions () and (28] we have

D (yo — o) + cvf™ = el + g, 0", 0lV) = g(z, 41, 9).
Subtracting ¢(y2 — Uénﬂ)) from both sides and using the Mean Value the-
orem, the above equation reduces to

D% (ya — o) — ey — oSV = —e(ya — o8") (0l — oY)
Z (n) dg (n)
ayl (pl)(’Ul y1) + 6y2 (pz)(vz y2)

_ 99 ™ _ o)+ 99 5y —
= (et 20 (07— )+ o (o) of” = )

where p; = nvgn)—l—(l—n)yl and pgy = Cv2n)+(1—C)y2 for some 0 < 7n,¢ < 1.
Applying (R1), (R2) and the induction hypothesis, we get

D*(ys — 08" ™) — (o — o) <0,
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which together with

Y2(0)— 11 Dy2(0) > 05" (0)— i Doy (0) and ya (1) +p2 Dy2(1) > 5™ (1) +pa Doy (1),

proves that yo > vé"“), and the result is true for k = n + 1.

O

The existence of solution of the problem ([@HT) is established in the following
theorem.

Theorem 3.3. Assume that the conditions (R1) and (R2) hold, and consider the
two iterative sequences V) = (v%k),vék)) and WH) = (wgk),wék)) obtained from
Eq.’s {I3I8) with U =V = (vi,v2) and U®) = W = (wy,ws), respectively. If
> ﬁ and v;(k) = e; fori =1,2,3,4 and k > 0 then the problem [{{7) possesses
two solutions V* = (v}, v3) and W* = (w},ws) in [V, W] with v; < vj < wi <wy
and vy < vy < wj < wa.

Proof. We have

— lim D%;k) = lim vékil), (27)
k— o0 k—o00
and
— lim Do‘vék) + ¢ lim vék) = ¢ lim Uékil) + lim g(x,vikil),vékfl)). (28)
k— o0 k— o0 k—o0 k— o0

Since {vgk)} and {vék)} converge uniformly and using the result in [4], we have

lim D%gk) = D2( lim Uik)> = D%},

k—o0 k— o0
and

khﬁrgo Do‘vék) = Da<klirxgo vék)) = D%},
The continuity of g(z,y1,y2) yields

lim g(;v,v%k*l),vékfl)) = g(w, lim ngq)’ lim ’Uékl)) = g(z,v],v3).
k—o0 k—o0 k—o0

By substituting the above results in Eq.’s [27)) and (28], we get
—D?v} = v}, and D} = g(x, v}, v3).

Since v;(k) = e;, by the continuity of the boundary conditions v} and v} satisfy the
boundary conditions (GHZ). Thus, (v}, v3) is a solution of (4HT).
By applying similar arguments we obtain (wj,w3) is also a solution of [@H7). The
inequalities v; < vf < wi < w; and v < v5 < wj < wsg, are obtained in Theorem
3.2.

O

We refer to the solutions V* = (vf,v3) and W* = (w}, w}) as the maximal and
minimal solutions, respectively.

Remark 1. The question whether these two solutions are the same is left as an
open problem. This question has been solved for elliptic systems with natural order
using the Green’s identity which is still not generalized for fractional derivatives.
However, we leave it to the numerical results as a practical criterion to ensure
the convergence of the two sequences to a common limit and hence the results of
uniqueness of solutions is obtained.
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4. NUMERICAL RESULTS

In this section, we apply the analysis described in the previous sections on one
example to show the validity of our procedure. Based on Theorem 3.1 and 3.2,
we start our procedure by initial ordered lower and upper pairs of solutions V' =
(Uio)’véo)) and W = (wgo),wéo)), respectively. Then, we generate new lower and
upper pairs of solutions by solving the system of boundary value problems (3.2)-
(3.3) with the following boundary conditions

ugk)(O) = ey, ugk)(l) = eo, ugk)(O)—ulDuék) (0) = es,and uék)(l)—i—ugDuék)(l) = ey4.

Discritize the interval [0,1] with the nodes z; = ih, h = 4 for some positive
integer N. Let uglw) = ugk)(xj),ugw) = uék) (z;), and gF7) = g(xj,ugkd),uék’]))
for j =0,1,..., N. We approximate Equation (3.2) by the finite difference method

as follows:
(kj+1) 2u§kd) + ugk’]_l)

- h2 = uf™ ),
or
ugk’jﬂ) = 2u§k’j) — ugk’jfl) — h2u§k71’j),k =1,2,...,N —1,
ugk’o) = e, ugk’l) = w1.
To find the unknown ws, we use the linear shooting method by setting ugk’N) = ea.
To solve Equation (3.3), we first apply I for both sides to get
G (k=1) (k=1) (k=1)
(k) _ —cuy () + cuy (t) +g(t,uy (), us (t)) d
_ = t.
@ rer(ataler = o [ e

0

We then use the Trapezoidal rule to approximate the integral at x;

. _ .., (Kk0) (k—1,0) (k—1,0)
k, h cu +u +g
uy = e ) 2T () [ 2 (2 iaco)l_°Y ]
J

. h j—1 _cuék,i) _i_u;kfu) +g(k_1’i)
(o) |& (2 — @) |
Finally, the unknown ws is obtained by setting ugk’N) + ILLQD'LLngV) = e4 and using
the linear shooting method. To compute Dugk"N), we implement the backward

difference formula
ykN=1) _ (k.N=2)
DUékN) — 2 - 2

Example 1: Consider the fractional boundary value problem
D" 2y(z) — yo(x)e 2 =0, 0<a <1,
subject to

y(0) =1, y(1) =0, y"(0) = 2y"(0) = —1,and y"(1) = 1.
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Following to our discussion in this paper, we transform the problem to the form

D2y(a) + ya(a) =
D2y (@) = (e

subject to

hn (0)
y2(0) — 2y5(0)

17 yl(l)
17 y2(1)

3

3

0
1

An initial ordered lower and upper solutions are
(@01”,05") = 2a(x = 1), 1), (0", wy”) = (1 —a(x ~1),1)

It is easy to see that (v%o),véo)) < (wgo),wéo)), and the function g(z,y1,y2) =

—yo(x)e?2(*) satisfies the two conditions (R1) and (R2) with ¢ = 2e. The numerical

solutions for ng) and wgk) are plotted in Figure 1 for £ = 0,1,2,3. One can see
that the upper and lower solutions become closers to each other and numerically

they almost coincide after only 4 iterations. For sure more accurate bounds can be

obtained by performing more iterations. Also, since v%l) > 0 a positivity result is

obtained.
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FIGURE 1. A plot of w®) and v, k =0,1,2,3, for Example 1.

5. CONCLUDING REMARKS

In this paper we have applied comparison arguments to study a class of non-
linear fractional differential equations with fractional order 3 < § < 4. First, we
have transformed the problem into a system of two boundary value problems, one
with natural order and the other with fractional order. We then have established
an existence result by introducing an increasing sequence of lower solutions that
converges uniformly to a true solution (minimal solution) of the problem. Similar
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result is obtained by introducing a decreasing sequence of upper solutions that con-
verges uniformly to a true solution (maximal solution) of the problem. While the
existence result is established the uniqueness result is left as an open problem, but
has been verified numerically in this paper.

The convergence of the lower and upper sequences to actual solution of the
problem has been verified through an example. In this example, the finite difference
method, the linear shooting method and the Trapezoidal rule have been used to
obtain the numerical results, which indicate the rapid convergence of the lower
and upper solution to the actual solution of the problem. Since our goal in this
example is to show the convergence of the sequences, we used simple methods such
as Trapezoidal rule. However, if one is interested in obtaining more accurate results,
Simpson’s rule can be implemented.
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