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NUMERICAL SOLUTION OF SYSTEM OF FRACTIONAL
PARTIAL DIFFERENTIAL EQUATIONS BY DISCRETE
ADOMIAN DECOMPOSITION METHOD

D. B. DHAIGUDE AND GUNVANT A. BIRAJDAR

ABSTRACT. The aim of this paper is to obtain the solution of linear as well as
nonlinear system of fractional partial differential equations with initial condi-
tions, using space discrete Adomian decomposition method. It is verified by
comparing with exact solution when a=1. Solutions of numerical examples
are graphically represented by using MATLAB software.

1. INTRODUCTION

Partial differential equations arise in every field of science and technology, in
particular in physics, chemistry, biology,engineering and bioengineering. System
of partial differential equations have attracted much attention in studying evo-
lution equations describing wave propagation, in investigating the shallow wa-
ter waves [14, 15, 24] and in examining the chemical reaction-diffusion model
of Brusselator[3].Fractional differential equations are increasingly used to model
problems in acoustics and thermal systems, rheology and mechanical systems, sig-
nal processing and systems identification, control and robotics and other areas
of applications (see [5, 25]). The interdisciplinary applications show the impor-
tance and necessity of fractional calculus. It motivates us to construct a vari-
ety of efficient methods for fractional differential equations such as integral trans-
form method[18, 19],new iterative method[10, 12, 13] and Adomian decomposi-
tion method [4, 11]. Adomian decomposition method(ADM) [1, 2] and references
theirin, has proved to be a very useful tool while dealing with nonlinear equations.
In the last two decades, extensive work has been done using ADMJ9, 17, 22, 23].
It provides approximate solutions for nonlinear equations without linearization &
perturbation. Shawagfeh[20], Li et al. [8] has employed ADM for solving nonlinear
fractional differential equations.Recently, considerable attention has been given to
ADM for solving nonlinear fractional partial differential equations. The discrete
ADM was first used to obtain the numerical solutions of the discrete nonlinear
Schrodinger equation[6].
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We organize the paper as follows. In section 2, we define preliminary definitions
and some properties of Riemann-Liouville(R-L)integral and relation between R-
L integral and Caputo fractional derivative. Section 3, is devoted for analysis
of discrete ADM. In section 4, we illustrate the method solving linear as well as
nonlinear system of fractional partial differential equations with suitable initial
conditions.

2. PRELIMINARIES AND NOTATIONS

In this section, we set up notation and basic definitions and main properties of
R-L integral and relation between R-L integral and Caputo fractional derivative
from fractional calculus.

Definition 2.1. [16] A real function f(x),z > 0 is said to be in space Co, € R if
there exists a real number p > a such that f(x) = 2P f1(x) where f1(z) € C|0, 0).

Definition 2.2. [16] A function f(z),z > 0 is said to be in space CI',m € N |J{0}
if [ e Cl,.

Definition 2.3. [18] Let f € C, and o > —1, then Riemann-Liowville fractional
integral of f(x,t) of order « is denoted by J*f(x,t) and is difined as

Jf(x,t) = 1)/Ot(t—7')a1f(x,7')d7',t>0,a>0

NG
The well known property of the Riemann-Liouville operatorJ is

C(y+1)rte

JU =
F'y+a+1)

Definition 2.4. [7] For m to be the smallest integer that exceeds o > 0, the Caputo
fractional derivative of u(z,t) of order a > 0 is defined as

ﬁ f(f(t —r)ymetl Par form—1<a<m;

o 0%u(x,t)
D u(m,t):W: O™ u(x,t)

D> fora=me N.

Note that the relation between Riemann-Liouville operator and Caputo frac-
tional differential operator is given as follows.

3

JD f(a, 1)) = (S fO)(b) = fla,t) = > FH(0)

0

tk
k!

b
i

3. DISCRETE ADOMIAN DECOMPOSITION METHOD
Consider the time fractional system of partial differential equations of order «,
Dfu+ Ny(u, v, uz,v.) = g1(x, t)
" o O<a<l (1)
Dv + No(u, v, Uy, v,) = go(x, t)

with the initial conditions

u(z,0) = fi(z); v(x,0) = fa(z) (2)
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where Dg(.) is a Caputo fractional derivative of order a(0 < a < 1), N1&N;
are nonlinear operators, g1&go are inhomogeneous functions. The discrete form of
equation (1)-(2) is as follows

Dy (1) + N (uj (1), 05 (£), Dnuy (0, thjof)) — g1,(0)
Dfuy () + NV, (uju), o3 (t), Dy (1), thj<t>) -
with the initial conditions

u;(0) = fij; v;(0) = fo (4)

where u(z,t) = u(jAx,t) is the discrete function and it is denoted by u;(t),Az = h
and fi(z,0) = fi(jAx) is the discrete function & is denoted by fi; and fao(z,0) =
f2(jAx) is the discrete function & denoted by fo;. The standard central differences
[21] Dyu;(t) and Dyv;(t) are defined by

Vj+1 (t) —Vj—1 (t)
2h

ujy1(t) —uj—1(t)
2h ’

Dpu;(t) = Dpu;(t) =

Applying the operator J to the system (3) and use the initial conditions (4),
we get

ui(t) = fij +J%g1;(t) — J* N1 (uj(t)’vj(t% Dyu,(t), thj(t))
(5)
v;(t) = faj + Jga;(t) — J*Ny (Uj(t)avj(t)a Dyuj(t), DhUj@))

As per the Adomian decomposition method the linear terms u;(¢), v;(t) and the
nonlinear operators N7 and N, should be decomposed by an infinite series of com-
ponents such as

wi(t) = D wjn(t), vi(1) =D vjalt) (6)
n=0 n=0

and

Ny (Uj (t)a Vj (t)7 DhUj (t), Dh’l)j (t)) = Z A,

"~ ™)
Ny (uj(t), v;(t), Dpuj(t), Dpo; (t)) = Z B,

n=0

respectively.Note that w;y (), v;n(t), (n > 0) are the approximations of u;(t)&wv;(t)
and those will be elegantly determined also A, & B, (n > 0) are Adomian polyno-
mials those can be generated for all forms of nonlinearity. The Adomian polynomial
An&B,, are generated according to nonlinearity.In general the Adomian polynomial
is defined as

An n! {d)\”F<k:0)\ UJk>} R ®)

A=0
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Substituting (7) and (6) into (5)gives

St (55
n=0

o )
Zvjn(t) = foj + J%go; — J° < ZBn)
n=0 n=0

On simplifying equations in (9), we get the following recursive relations as follow:
ujo(t) = fij +J%1j,  Ujny1(t) = —J(An);n >0
vjo(t) = f2; +J %925, Vjnta(t) = =J%(Bn)in 20

We know the zeroth components from the initial conditions and using the above
recurrence relations, we find the remaining components.

(10)

Remark 3.1. The above discrete Adomian decomposition method discussed for the
time fractional system of two partial differential equations can be extended to the
time fractional system of any finite number of partial differential equations.

4. NUMERICAL EXAMPLES

In this section we solve system of fractional linear as well as nonlinear partial
differential equations, with suitable initial conditions.
Example 4.1. Consider the linear system of fractional partial differential equations
Difu+u, —2v=0
a (11)
Div+vy, —2u=0
with initial conditions
u(z,0) = sinxz, v(z,0) = cosz (12)
It is called initial value problem (IVP). The discrete form of IVP (11)-(12) is
Di'u;(t) + Dpuy(t) — 2v5(t) = 0 (13)
Di;(t) + Dro;(t) — 2u;(t) = 0

with initial conditions
ujo = sinjh, vjo = cosjh (14)
It is called discrete IVP.Operating the operator J* on equations in (13)and using
initial conditions,we obtain
(1) = sin(ih) + J°(20(t) — Dyus (1))
v;(t) = cos(jh) + J*(2u;(t) — Dnv;(t))
Using Adomian procedure we assumes that equations in (15) have series solution.
We obtain the following recurrence relations
ujo = sin(jh),  ujns1(t) = J* (200 — Dpujn(t))
vjo = cos(jh),  vint1(t) = J*(2ujn — Dhujn(t))
Since u;o and vjo are known, from recurrence relations in (16), we find w;;
uj1(t) = J*(2vj0 — Drujo(t))
sin(h) e

)COS(jh)m

(15)

(16)

ujn (t) = (2 -
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and Vj1
v;1(t) = J*(2uj0 — Drvjo(t))
sin(h), . . e
. )szn(gh)ir(oéJr 0

Similarly we find uj2 and v;2 using u;; and v;1 in recurrence relations in (16)

uj2(t) = J*(2v1(t) — Dpuji(t))

vjr(t) = =(2 -

B sin(h).o . . t2e
and v;2
vj2(t) = J*(2uj1(t) — Drvja (1))
sin(h) .4 ) 2
. - (2 — -
UJQ(t) ( h ) COS(jh)F(2a+ 1)
Similarly we find u;3 and v;3 using ;2 and v;9 in recurrence relations in (16)
B sin(h).q . . 3
u;3(t) = —(2 ) szn(]h)r(?)a Y
sin(h) 5 ) 3
o (1) = (2 — 228 S —
UJ3(t) ( h ) COS(]h) F(?)O[ 4 1)

In general we can find u;, and v;, using u;,_1 and v;,_1 in recurrence relations
j j j j
in (16).Summing all above approximations, we have

r t2a t4a T
u;(t) = sin(jh) |1 — — — |+
i) UM Taa D) " TlasD ]
B toc t30¢ t5a T
cos(jh — + — ..
UM a0  TBasD Thaty
B t2a t4a T (17)
v;(t) = cos(jh) |1 — — — |+
(1) UM - T Gas])  TlaxD
r ta t30¢ t50( 1
sin(jh + + — .
UM T sD T TBas D T TEa s D)
If we put a = 1 the solution in (17) reduces in compact form
(uj(t),v;(t)) = (sin((jh) + at), cos((jh) + at))
where g = 2 — sinh
14 Exact sol. of u
12| 5 Avoron sl of when ipheco ] 0sl v
0 Approx. sol. of u when alpha=0.7] M
— — — Approx. sol. of u when alpha=0.5] 0.8
1F 1 o
0.7F [=]
0.5 ° {5
04 Exact sol.of v ) ’
*  Approx. sol. of v when alpha=1
03| © Approx. sol. of v when alpha=0.9
o Approx. sol. of v when alpha=0.7|
0 o — — — Approx. sol. of v when alpha=0.5 |

0 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1
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Example 4.2. Consider the system of nonlinear fractional partial differential equa-

tions as

Difu+vu, +u=1
o (18)
Di'v—uvy —v =1

with initial conditions
u(z,0) =¢€", wv(x,0)=e" (19)

It is called initial value problem (IVP). The system (18) has wide applications
in evolution models, the shallow water waves[14, 15, 24]. The discrete form of IVP
(18)-(19) is

Dta’LLj (t) + Uy (t)Dh’LLj (t) + U, (t) =1
o (20)
Do (t) = u (t) Dav;(t) —v;(t) = 1

with initial conditions
Ujo = €jh, ’Ujo = e_jh (21)

Operating the operator J* on equations in(20)and using initial conditions, we have

= J(v;(8) Dnu(t) + u;(t))

e}

wi(t) = "+ 5

(22)

Ia+1)

Applying Adomian procedure and assume equations in (22) have series solution

)= um(t), vi(t) =Y vjn(t) (23)

and the nonlinear operators in equations (22) are defined as

vi(t) = e~ + = J%(uj (1) D (t) + (1))

() Dy (t) Z An, ui(t)Dyvj () Z B, (24)
where A, and B,, are the Adomlan polynomials, which can be generated for any

form of nonlinearity. Substituting equations (23) and (24) in equations (22) which
yield

- S S
Zum =l 4+ I‘(atﬁ — J“(ZAH + Zujn(t)

oo (25)
_ jh
;’l}jn(t)*ej +m (ZB +Z’an
Therefore the recursive relations are
ujo = ejh
(26)
ujnJrl ( Z A + an )
and
vjo = € ih
(27)
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As stated before, the Adomian polynomials can be constructed as follow. The first
few Adomian polynomials for given nonlinear term are given below.

Ao = vjoDrujo

Ay = vj1(t)Drujo + vjoDruji (t)

Ay = vjo(t)Dpujo + v;1(t) Druji (t) + vjoDpuja(t)

As = v3(t) Dpujo + vjo(t) Dpwji (t) + vj1(¢) Druja(t) + vjoDpu,s(t)

and so on.
Similarly Adomian polynomials for B,, are given as

By = ujoDpvjo

By = u;1(t)Dpvjo + ujoDrvja(t)

By = uja(t) Dpvjo + wji (£) Drvji (t) + ujoDrvja(t)

Bs = u;s(t) Dnvjo + uj2(t) Dpvji (t) + wjn (8) Dvja(t) + ujo Dpvss(t)
and so on.

By using recursive relations we find the approximations w1, u;2, ... and v;1,vj2, ...

_ ,jh _ ,—jh
Ujo—ej, ’Ujo—ej

sin , @
ujr(t) = (1 - 5 ejh)m
sin . @
vin(t) = (1 - == +e jh)m
sin ., 2 sin,  tot! t2e .
o) = [(Z2y2 - 2P j
u2(t) {( B Tear D) Ch T TTaasn)C T
(%) t2a B ta+1
h 'T2a+1) T(a+2)
sin. ., 2 sin, tot! t2e _in
o) = (e jh_
v (1) {( ) Teasn 0 Tary TTEas )¢
(sm) 2 N totl
h 'T2a+1) T(a+2)
and so on.

Exact sol.of u

2.6 *  Approx. sol. of u when alpha=1
— — — Approx. sol. of u when alpha=0.9|
24| © Approx. sol. of uwhen alpha=0.7]

& Approx. sol. of u when alpha=0.5|

Exact sol. of v
*  Approx. sol. of v when alpha=1
— — — Approx. sol. of v when alpha=0.9|
O Approx. sol. of v when alpha=0.7,
O Approx. sol. of v when alpha=0.5|
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Example 4.3. Consider the following nonlinear fractional order system
Diu+ vpwy — vyw, = —u
Div + waty + wyty = v (28)
Diw + uzvy + uyvy = w
initial conditions
u(w,y,0) =", v(w,y,0) =", w(z,y,0)=e"" (29)
is called initial value problem (IVP) for nonlinear system. The discrete form of
IVP (28)-(29) is
D i j(t) + Duoi j(8) Dywi j(8) — Drvij(8) Dpwi (1) = —ui ;(t)
Diwij(t) + Dhw j(t) Dy () + Drws (1) D 5 (t) = vi (1) (30)
Diw; j(t) + Dy j(t) Drvi (t) + Diug j (8) Dpvi (1) = w; (t)
with initial conditions
wijo = €MIR g, o = Tk gy, o = emthtik (31)
is called discrete IVP for system (28)-(29). The standard central differences are
defined as
Uit (t) = wiz1,5(t) Wi (t) = w1 (t)
2h ’ 2k
Similarly for Dyv; ;(t), Drw; ;(t), Divi ;(t)&Dygw; ;(t). Operating the operator J*
on both sides of equations in (30), we get

Dyui ;(t) =

Dyui j(t) =

Ui, j (t) = ehtik _ jo (’U,i’j(t) + thi,jDkwi’j (t) — Dkvm'thi,j (t))
016) = 9% — 7% (010) = Dy Due6) ~ Duwi D)) (32)

wm- (t) = 67ih+jk — Ja (wiyj(t) — Dhuiijkvivj (t) — Dkuiijhvi,j (t))

Using the discrete ADM we assume that it has series solution

0= (S S5
n=0 — —0

n=0

3 vigalt) = eI - e ( S vign®) = > By - Z ) (33)
n=0 n=0 n=0

i wi jn(t) = e - ge ( i wign(t) + i Cn = Z Cn)
n=0 n=0 n=0 =0

where A,, A,, B, B,,C, and C, are Adomian polynomials that represents the
nonlinear terms. These few polynomials can be formed for each nonlinear terms.
Here we list few terms of Adomian polynomials.For Djv; ;(t)Dyw; ;(t), we get

Ao = Dpv; joDiw; jo
Ay = Dyv; j1(t)Drw; jo + Drvi joDrw; j1(t)
Ag = Dypv; jo(t) Drw; jo + Drvi j1 (t) Drw; ji(t) + Drvi joDrw; jo(t)
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and for Dypw; ;Dyv; ;(t), we have

Aoy = Dyv; joDrwi jo

Ay = Dy, j1(t)Dpw; jo + DivijoDpw; j1(t)

Ay = Dyv; jo(t) Drw; jo + Drvi 1 (t) Drw; j1(t) + Divi joDrw; j2(t)

Similarly, for B,,, B,,,C,, and C,,, we can find terms. Using these polynomials and
by employing the appropriate recursive relations we find

(ui,j07 Vi 40, wi,jO) — <ezh+]k7 ezh—]k7 e—zh+]k)

eih+jkta eih*jkta 67’L‘h+jkta
I(a+1) "T(a+1)" I(a+1) >
ihtiky2a gih—jky2a  ,—ihtjky20
(2a+1)' T(2a+1)" I'(2a+1) )
pihtikyBa  gih—jky3a  ,—ih+jks3a
F'Ba+1) 'T(Ba+1) I'(Ba+1) >

<Ui,j1(t)avi,j1 s Wi 51

(t) (t)> = <
(’U,i,j2(t)avi7j2(t)’wi"ﬂ(t)) B <
(t) (ﬂ) = (

e
r

(“i,jS(t)a v;,53(t), Wi j3

and so on.

ih+jkia ih+jk 42 ih+jk3a
e t [ t e t "

ih+jk _ I
IM'a+1) T'Ra+1) T'(Ba+1l)

ui,j (t) =€

ih gk ) to N t?(x t3o¢ N
=€ — —
INa+1) T'Ca+1) TI'(Ba+1)
o eih—ikpa pih—ik 20 eih—iky3a
i (t) = eh Ik
vt = e e T Taa s ) T TBa s T

=ik (1 4 e + e + e +
B Ila+1) TRa+1) T'Ba+1) 7

- e—ihtikpa  o—ihtjky2a —ih+tjky3a
e~ itk 4 + + +
MNa+1) TRa+1) T'Ba+1)

w; ()

e—ih+jk B $o N t2o¢ N t3o¢ N
N I'(a+1) TRa+1) T'Ba+1)

If we put @ = 1 in above equations, we get the compact solution as follows

imate solution of u when alpha=0.5
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Exact solution of v Approximate solution of v when alpha=1 Approximate solution of v when alpha=0.5
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