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SOME APPLICATIONS OF FRACTIONAL ¢-CALCULUS AND
FRACTIONAL ¢-LEIBNIZ RULE

AHMED SALEM

ABSTRACT. In this article, the fractional g-calculus and fractional g-Leibniz
rule are used to generate certain infinite series expansions and transformations
relating some of g-special functions of mathematical physics. Some of these
expansions and transformations thus generated are known, while others appear
to be new.

1. INTRODUCTION

The subject of fractional calculus (that is, integrals and derivatives of any real
or complex order) has gained noticeable importance and popularity during the past
three decades or so, due mainly to its demonstrated applications in many seemingly
diverse fields of science and engineering. Much of the theory of fractional calculus is
based upon the familiar Riemann-Liouville fractional derivative (or integral). Many
works involving fractional calculus, especially in the area of closed-form summation
of infinite series [1]. Recently, there was a significant increase of activity in the area
of the g-calculus due to applications of the g-calculus in mathematics, statistics and
physics.

In this paper, a brief review of fractional g-calculus and fractional g-Leibniz rules
for g-integrals of the product of two functions is mentioned and used to generate
certain infinite series expansions and transformations relating g-special functions
of mathematical physics. Some of these expansions and transformations thus gen-
erated are known, while others appear to be new. We first show a list of various
definitions and notations in g-calculus which are useful to understand the subject
of this paper and will be taken from the well known books in this field [2, 3], unless
otherwise stated.

For any complex number a, the basic number and g-factorial are defined as

L ALl =l -1 [ nEN; O =1 (L)

la]q = T g
and the scalar g-shifted factorials are defined as

n—1

(@qo=1  (qn=]]0-ad"), neN (1.2)
k=0
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The limit, lim,, o0 (a; ¢)n, is denoted by (a; ¢)so provided |g| < 1. This implies that

a;4)oo
(@ = (o e, gl <1 (1.3
and, for any complex number «
a3 @)oo
(@ = T gl <1 (14)

where the principal value of ¢® is taken.
The ¢-binomial coefficient is defined for positive integers n, k as

[n] ol @@e [ n ] | L.5)
ki, [Klgdln—Fk (GO(@Dn-r [n-k],

This definition can be generalized in the following way. For arbitrary complex «
we have

[a] = @Dk pykger() - Talat 1) (1.6)
kly (@ Lg(k+1)lg(a — k)
where T'y(2) is the g-gamma function defined by the representation
O N L1 ) N S S Y S N O

(@71 9)oc

For non-negative integer values of the variable z = n, we have
4, 49)n
Pyn+1) = ALDn g <, (1.8)

(1-q)

The basic hypergeometric series is defined as

- T¢s(a1;a25 e aar;blaan e abS;Qa Z)

_ i ((al, s, ar Q)n ((_1)nq(g))s—r+l o (L9)

q, bl; b2) e abS; Q)n

¢ A1,@2," ", Qr
rQPs 14, %
bl)bQ)"')bS

n=0

for all complex variable z if » <5,0 < |¢g| < 1 and for |z| < 1ifr =s+1.
The exponential function e* has many different g-extensions such as

Ey(2) =§;Oq[n]q! = (~(1 = 9)1 ), (1.10)
e 1
()= 2 L = [T gma (1-11)

For the convergence of the second series, we need |z| < |1 —¢| L.
The basic hypergeometric series have many properties and identities, here we need
the following identities

g =N @D (@250
1bo(a; —; g, 2) nz::o Go = G A<t (1.12)
(¢/a; )

161(a;¢;q,¢/a) = (1.13)

(@)oo
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The g-derivative D, f(z) of a function f is given as

e = TOZIED a0 o) =10 )

provided f’(0) exists. If f is differentiable then D, f(2) tends to f/(z) as ¢ — 1.
The Jackson g-integral from a to z is defined as

Iq.af(2) /f dt—/f dt—/f (1.15)

/ " 0dgt = 21— ) S ¢* flag) (1.16)
0 k=0

provided the sum converges absolutely. We will denote I, o f(z) by I, f(2).
The g-gamma function has a g-integral representation

where

1

T,(a) = /0 T lg (Cqtdgt, R(a) > 0. (1.17)

El-Shahed and Salem [4] defined g-analogues of the incomplete gamma function
and its complementary, respectively, as

(e, 2) z/ t* 1B, (—qt)d,t, R(a) >0, (1.18)
) =
Fy(a,z) = / t* LB, (—qt)d,t, R(a) > 0. (1.19)
There is an important relation among ¢-gamma function and incomplete g-gamma
functions comes from their definitions
FQ(aaz)+7q(aaz):Fq(Q)a 017&0;_1;_2;"' . (120)

Some identities for incomplete g-gamma function and its complementary which have
been studied and proved in [4], will be listed below

Do) = By(=2),  p(l2) = 1— By(—2), (1.21)
Yela+1,2) = [a]gyg(a, 2) — 2% Ey(—2), (1.22)

Fya+1,2)=[a ] gla, 2) + 2% Eq(—2), (1.23)
el 2) = a] 2% 161(¢%; ¢ i g, 24(1 — @) (1.24)

[
Salem [5] proved that -y, (e, z) is an entire function for fixed complex variable z and
for all complex a # 0,—1,—2,--- on the open unit disc |¢| < 1 and T'y(a, z) can
also be continued analytically for all complex numbers «, z; | arg(z)| < 7 by means
of the expansions

Fq(o’ Z) = El(za Q) =

1—gq =~ " g (K, 2)

Inz— 9 79\%, %) 1.25
g e 7q+§7 ], (1.25)
k—l Ekt1) o

1 1nz—’yq—|-z o (1.26)

where F(z, q) is the g-analogue of the exponential integral and v, = ((1—¢)/In ¢)I'; (1)
denotes the g-analogue of the Euler-Mascheroni constant. Here, I'; (1) = LTy (2)]sz1-
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2. A BRIEF REVIEW OF FRACTIONAL ¢-CALCULUS
The usual starting point for a definition of fractional operators in g-calculus
taken in [6, 7, 8], is the g-analogue of the Riemann-Liouville fractional integral

Zoz—l

Ly(a)
This g-integral was motivated from the g-analogue of the Cauchy formula for a
repeated g¢-integral

z t tn—1 to
1o, f(z) = / dyt / dt / dytn_s- - / F(0)dgty
azn_l a a a

- /OZ(tq/z; On—1f(t)dgt. (2.2)

1356) = s | 00/ 000100t 21)

The reduction of the multiple g-integral to a single one was considered by Al-Salam
[9]. Formally replacing n by a to get (2.1) when a = 0. Now the g-analogue of
the Riemann-Liouville integral (2.1) seems somewhat reasonable as a definition for
fractional ¢g-integral. The Jackson g-integral (1.16) can be used to get

o0

@Dk kg k
12£(z) = 2 (1 — g D Dk g (gt (2.3)
! kz;; (G 2
=m0 o[ e (2.4
k=0 q

There are two fractional ¢-Leibniz rules, the first rule has been derived by Al-Salam
and Verma [7] as

U =30 || Pirer e, 2.5
k=0 q
Their proof for fractional g-Leibniz rule was derived based on the g-type interpo-
lation series such formula in a slightly different form of ¢g-Taylor series. Obviously,
(2.5) is valid whenever the functions f(z) and g(z) are such that the series in
(2.3) and (2.4) are absolutely convergent. In the case g(z) = 1, they obtained the
fractional g-integral

I3 f(z) = T,(q) kZ:O (k]! o+ kg

Agarwal [10] defined the second g-extension of the Leibniz rule for the fractional
g-integrals for a product of two functions in terms of a series involving fractional
g-integrals of the individual functions in the following manner

—M—ak2a+k

DEfleg ) (26)

P UE) =Y [‘“] DEF() I g(zq") (@.7)

k=0 k

where f(z) and g(z) are two regular functions such that

f(z) = Zarzr, |zl <Ry and g(z) = Zbrzr, |z| < R2
r=0 r=0
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then for the result (2.7), |z| < R = min{Ry, R2}. Similarly, in the case g(z) = 1,
yields
o0 Jeq BEEY g

oy Z; ot /:] DEf(2). (2.8)

3. APPLICATIONS

Yadav and Purohit [11, 12] investigated the applications of ¢-Leibniz rule of frac-
tional order g-derivatives and deduced several interesting transformations involving
various basic hypergeometric functions of one variable including the basic analogue
of Fox’s H-function. In the present section, the fractional g-integral formula (2.3)
is used to represent some g-special functions expressed as fractional g-integrals by
assigning specific values to the function f and to the parameter a. After repre-
senting these expressions, it is useful to find some transformations by joining the
results. Also the fractional g-Leibniz rule (2.7) is used to generate certain infinite
series expansions relating g-special functions of mathematical physics by assigning
specific values to the functions f and g, and to the parameter a.

3.1. ¢g-Special functions expressed as fractional ¢-integrals. For this purpose
it is convenient to get a list of g-special functions in terms of fractional ¢-integrals
using the fractional g-integral (2.3) after assigning the values of the function f and
the parameter «, and simplifying the results using some well known transformations
as follow

Basic Gauss hypergeometric function

2P
R() > R(3) > 05]2] < 1,
(= i) = o e (), (32)

R(v) > R(a) > 05z < [1—q|7".

Basic confluent hypergeometric function

1—
(07207 0. 2(1 - q)) = S0 e et )y ) > () > 0
Ly(a)
(3.3)
Incomplete q-gamma function
Ya(e, 2) = Tg(@) By (=2)I7{eq(2)},  R(a) > 0; [2] <[1—¢q|7h (3.4)

The q-Laguerre function

(@) (5 ) = 22 Do oy [ 270 o) S —1 Ry
L (z;q) NOEEY I {(_Z;q)oo}, Rv+a)>—1,Rw)<0 (3.5

where L(ua)(z; q) denotes the g-Laguerre function which we can define it as

[0 a+l/ —V (0 oa+V
L (z;9) = [ y ] 101(g7Y5¢* T q, —2q® ). (3.6)
q
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To prove (3.1), substituting f(z) = 2871 /(2; q)« into (2.3) yields

—1 +k.
I;Iy_ﬂ { Zﬂ } _ Z,y_l(l _ q),y_ﬂ Z (q’y ﬂa )k( aQ)Oquﬂ
k=0
P (2q

(2;q)a (@ Dr(24"; @)oo
I

oo = (@ Dk(2 Dk ip
Z (¢ @)k I

(25 4)oo = (@ )r(2¢% Ok
21— q) 7P (24%; q) o _ o
= ( ) ( ) 201(q7 77, 2 24% 4, 7).
(2 q)o0
Using the well known Heines transformation formulas for the o¢; series [10]
(az,b;9)o
b; c; = b,z;az;q,b 1; |b] <1
2¢1(CL, ;6 4, Z) (C,Z,q)oo 2¢1(C/ , 2,424, )a |Z| < 3 | | <

would yield the desired result. The proof of other formulas is similar.

Also, we can obtain another list by using fractional ¢-Leibniz rule (2.7) after
assigning the values of the functions f and g and the parameter «, and simplifying
the results as follow

-8 ., «, _ Zl_’yr (7)(23 Q)Ol — Zﬂ_l
2020077, 4% 47, 2q%; q, 2¢°) = flq(ﬁ) I Gl (3.7)
R(y) > R(B) > 0; z €C,
1- _
161(07 475 ¢, 24%(1 — ) = = Ta(1)Ey(=2) I {2 ey(2)}, (3.8)

Ly(a)
R(y) > R(a) > 0;]2] < [1—g| 7,

1—

302(¢",0,0;¢7,2(1 = q); ¢, 2¢"(1 — q)) = %WQ_& {2071 Ey(-2)},

R(7) > R(a) > 0;]2¢%| < |1 —q| 7" (3.9)
3.2. Transformation formulas. Three well known transformations can be ob-

tained from comparing the relations (3.1), (3.2) and (3.3) with the relations (3.7),
(3.8) and (3.9), respectively, as follow

2¢1(a,b;¢;q,2) = % 2¢2(a, c/b;c,az; q, bz), 2| <1, (3.10)
2¢1(a,b;05q,2) = % 1¢1(a; az; q,bz), 2] <1, (3.11)
161(a; 654, 2) = (25 @)oo 302(c/a,0,0;¢, z; ¢, az), laz| < 1. (3.12)

3.3. Series expansions. The above results can be used to establish some new
expansions associated with some of g-special functions. These expansions will be
obtained by means of changing the positions of the functions f and g in the frac-
tional ¢g-Leibniz rule (2.7). We can derive these expansions as follow

i) Expansion of basic Gauss hypergeometric function.

& Bl g ) — Ty(v) (* 75 @)™
201(0%. 0505 0.2) = § g w—mZ( Tkl — B+ K

TTBEREL 0 g ) 2| < 1 (3.13)

x 201(q,94% q
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or, equivalently

. e . k
(b 9¢/b: D)oo = (a/b,¢/b; a)ib 201(q, a;cd" /by q, 2¢"),  |2| < 1.

2¢1(a,b;¢;q,2) =

(@69 = (a9¢/b;q)
(3.14)
To prove the formula (3.13), we need
1-3.
_ _ren (T @k goge
DEPTY = (—1)kg ﬁzﬂ LORB) >0, (3.15)
A 1 2 a. A+1
LG " TooTD 201(0, 4% M q,2), |zl <1 (3.16)
3 @ q

where the formula (3.16) comes from (3.1) by putting 5 = 1,1 — v = —\. Substi-
tuting into the fractional g-Leibniz rule (2.7) would yield

B-1 i _ 1
=B ) * _ B—n Dk (B~ 1Btk
a {(Z;q)a} kzo[ k L s 2q"; q)a
- e qv B (g P q)

Dk ok y—B+k+1,
yone 6+1 E:O qv ﬂ+1 RO T ¢, 2q")

& ql‘ﬂ;q K
= ( ) ¢ 201(q,q% ¢ P q, 2q").

Ty(y = B) &= (6 )kly — B+ g

Using the previous relation and (3.1) would yield the proof.
ii) Expansions of basic confluent hypergeometric function.
Similarly, by using (3.3), we can get

1

> 7q kq yY— a+k+1,
Fq( q kZ:O o+ k] 1¢1(Q7 14, 24 )
(3.17)

101(¢%:¢75q,2) =

or, equivalently

(a,9¢/a; @)oc <~ (a/a; ¢/a; @)ka®
(@600 = (g,9¢/a59)k

161(a;c;q,2) = 161(q;¢¢" ™ Jas q, 2¢").  (3.18)

=0

When z = ¢/a, we get the ¢-binomial theorem (1.12) via the identity (1.13).

iii) Expansions in the incomplete q-gamma function.

As above, substituting the relations (3.4) and (3.15) into fractional ¢-Leibniz rule
(2.7) and comparing with (3.2) following by using the transformation (3.11) would
yield for (5) > 0

2P ( 2(1—q);9)k
a5 g, (1-) = S SO S L U 5 gy

k=0

(3.19)
It is obvious that if z = 1/(1—¢q), the expansion (3.19) returns to the identity (1.13)
and if « = 1, we arrive at the well known relation between incomplete g-gamma
function and basic confluent hypergeometric function (1.24).
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Another series expansion in terms of incomplete g-gamma function can be ob-
tained from the fact e,(2)Eq(—z) = 1 and the relation

. Zoz+k
Il = ——— 3.20
g {1} Fy(a+k+1) ( )
with taking f(z) = E4(—z) and g(z) = e4(2) in fractional g-Leibniz rule (2.7)
— gl +k 2¢") 0 2
4 "= 7q = —. (3.21)
2 [k]q! [a]q
The above relation can be rewritten as
> k a_T 1
Z’Yq(a+kan ) —ak __ z ll(a+ ) —|—Fq(a,z). (322)

TS T T Tl

Taking the limit as @« — 0 with applying I’Héspital rule to the first term on the
right hand side would yield

1—¢ o Yk, 20%)
r'y(0,2) = Ing 1nz—7q—|—zq[kT. (3.23)
k=1 a
From the equations (1.25) and (1.26), we can arrive at

[e%) [e%) _ k(k+1) k

Vq (k. 24") k zq q"y (D" 'g =2
. 3.24
S M = T =S 2

=1 k=1

iv) Ezpansion of q-exponential function.

In the case of choosing f(z) = e4(z) and g(z) = E4(—2) in (2.7), the g-exponential
function can be expanded in basic confluent hypergeometric function as

()R (g% s
Ey(—z) = ’ a:¢* g, 26" (1 — ¢ 3.25
) kZ:O [kl (g +; @) 19 1-9)  (32)
or equivalently
. (1)q S (g )2k
Q7
Z )(aq( q)) 101(g; aq" 5 ¢, 2¢"). (3.26)
0 )

Notice that the previous expansion will return immediately to (1.10) when a = 0.
Using the fact e4(2) E4(—2) = 1 and the relations (3.21) and (3.25) would yield the
following equation

)k k(k+1) k

Z Yola+k,2¢%) o Z -1 a+k+1
A A A e A 1—
Pt [k]q' q =2z eq ~ k]q a ]f 1¢1(Q7 14, 24 ( Q))

(3.27)
which can also be rewritten as

Cyla+1) = 2%4(2) 101(g:¢* 5 ¢, 2(1 — q)) 1y, 2) +§: vq(a+k‘,Zq")q_ak

[alq , 1 k]!
0o 1k k(k+1) k
= z%4(z k‘] o+ H, 161(¢; ¢* 15, 26 (1 — q)). (3.28)

k:l
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Taking the limit as @« — 0 with applying I’Héspital rule to the first term on the
right hand side and taking into account the relation (3.23) would yield

k k(k+1) k

d o 1nq 1
lim —~[161(a:g g, 2(1=q)) Z 161(0: 6" 5 ¢, 265 (1—q)).
klg
(3.29)
This implies that
o K(h—1) 0 k(1)
(—1)kq= 2" (—1)kq = 2" K
T P, = L T E (g g 2P (1 — q)  (3.30)
kZ:l [K]q! o kzl [k]g!(1 = ¢")
where Hy, 4 is a ¢g-harmonic number defined by [13] as
k ql
Hyg=> — (3.31)
i=1

A useful generating function for g-harmonic number can be obtained by putting
z=1/(1 —q) and inserting (1.13) as
k k(k 1)
(4:q)o0 =1+ Z Hy.q (3.32)

The relation (3.30) after replacing z by —z when ¢ — 1~ will return to the well
known exponential generating function for a harmonic number [14]

o0 k o0
3 %Hk = ¢ WZ" 2 e (By() + 4+ 1n2) (3.33)
k=1 k=1 ’

where F(z) is the exponential integral and + is the Euler-Mascheroni constant.
v) Ezxpansion of q-Laguerre function.

In the case of f(z) = 29 and g(2) = 1/(—2; ¢)oo in fractional g-Leibniz rule (2.7)
after simplifying the results and using the relation (3.5), we can derive an expansion
of g-Laguerre function (3.6) as

L{M (21q) = i 4

k=0

—Oz—V; —2z; o E(k+1) v
q)k( Q)k (_l)kq k+==— (uk P )(qu; q) (334)
(% Dx

which can also be rewritten as

o0

. L 2Y (" r(z(1 = q); @)
L(u )(_Z(l — Q)v Q) = Fq(_l/)rq(l/ + 1) kZ:O (q; q)kzk
PR (e gk, R(v) < 0. (3.35)

vi) g-Analogue of the Hadamard expansion.
Finally, the expansions (3.13), (3.19) and (3.35) after assigning a suitable values
for its parameters can be converted to the expansion

T (2l/—|—1 > 1/2 u —k2
2 H72T2( o 1/2 k

161(q" T2 ¢ g, 20" P (1 - ) =

M

z
k=0 k

1
xeq(2q" (v + b +1/2,2¢"),  RE)> -5, [z <[1-q (3.36)
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which can be considered a g-analogue of the Hadamard expansion [15]

(1/2 =) y(n+v+1/2,22)
\/_Z n!(2z)" L(v+1/2)

where I,,(z) is the modified Bessel function defined as

_ > (Z/z)u+2n
L@)_Z;HT@?717T (3.38)

1(2) R(v) > —% (3.37)

Indeed, in view of the familiar relation [16]

L) — "

1

2 o P (v =20+ 132
F(V—|—1)€ 1 1(1/—|—2, v+ 1;F22)

and the relation [17]

Yo, 2) =a 2% (Fi(La+1;2).

It is easy to rewrite the Hadamard expansion (3.37) in its equivalent form

r'(2v+1) Si(uz—y%

2vH1/2T2(y 4 1/2) — nlzn

1
1Fi(v+ 3 v+ 1 —z) =

1 1
xy(n+v+ 5,2’), §R(1/)>—§. (3.39)

It is obvious that the expansion (3.36) tends to the equivalent Hadamard expansion
(3.39) as ¢ — 1.
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