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Introduction

Interlacement balances or input-output tables are in-
struments to safe guard a planned and proportional developmens;
of the economy. Furthermore they are important and necessary
prerequisits of optimation., Their application is possible
and necessary not only in the scope of the entire economy but
also in partial systems, such as general organisations, enter-
prises, etc., They can be used to plan and to follow-up pro-
duction as well as the expenditures of material, labour, and
and all other kinds of costs. The main idea of input-cutput
Gables is to crasp the interlacements, the links, between
oranches, or between the production stages of a certain branch
or enterprise. This concerns firstly the supply and demand of
raw material or gemi ~finished products, in order to avoid dis-
proportions , unused capacities, overproduction, and other
kinds of losses,

The basic problem of input-output tables is to calculate
total and final production of a productive system, including
the deliveries of other branches, and considering all the inter.
lacements inside the system. The interlacements of the pro--
duction flow can be represented by graphs, balances or tables,
and mathematic models,

The following memo tries to introduce the terminology,
the methods, and the instruments of interlacement balancing to
the reader in order to enable him %o apply these methods in his
practical work. The memo is bésed upon the textbooks used in
the GDR.



1, The basic model

In order to explain the fundamental relations which

are to be represented by an interlacement models, we assume &

simplified example:

A metallurgical plant may consist of four departmentsi

furnaces

foundry

steel factory and
rolling mill.

The input-output relations of these departments are characler-

ized by the following figures:

a)

a)

The furnaces require 240 units of iron ore, 144 units of
coke, and 24 of scrap iron in order to produce 160 units
of pig-iron.

The output of the foundry of 50 units cagt-iron demands the
input of 35 units pig-iron and 16 scrap iron,

The steel factory produces 200 units of steel with the aid
of 100 pig-iron and 120 scrap-iron units.

The rolling mill has a consumption of 150 units steel in
order to manufacture 100 units rolled steel.

At last the final production of the company amounts to 25

units of pig-~iron, 50 cas®t iron, 70 steel, and 100 rolled

steel. This is the market production which The company is
able to sell,

The units might be thousand tons.

These Telation are represented by the following graphs
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We are able to recognize three stages:

lacement inside the enterprise;

enterprise.

o

The materials which are to be supplied by other branches,

production and self-consumption of the company, the inter-—

and the final or market production, the output of our

On principle similar graphs can be used to represent

other kinds of economic partial systems, such as entire branches,
the whole economy,

or others.

In the following table 1 the same relations are shaped
1ike a balance:

input of input for the prnduﬂtinn_if totall final| total
i Toiled| input| PTO" | PFO-
] pig iron|cast iron steal| steel ductionjduction
pig iron 0 325 100 0 135 25 160
cast iron 0 0 0 0 0 50 50
steel 0 0 0 130 130 70 200
rolled 0 0 0 0 0 100 100
steel
= i ]
aoke 143 F 20 0 0 164
scrap 24 16 120 0 160
ore 240 0 0 0 240
total 160 50 200 100
production




In the front column all the products are listed which
can be used as raw materials. The heading row contains the
products of the enterprise in question. The double-~framed
quadravic part shows the interlacements in a closer sense,l,e,
the internal interlacement inside the enterprise in question,
The products, the outputs of the departments of the enterprise
are parcly consumed by other departments., It is another thing
with the three last input items. They are the results of the
proauction process of foreign branches, they are pure inputs
which are completely consumed by our factory. In the last
three columns the total inputs and outputs are summed up. The
total production reduced by the self consumtion of own products
glves us the final-or markst production, which is ready to be
sold to other branches.

It 1s not necessary to add the total production figures
a second time in the last line of our table., We did so only
in order to calculate the required coefficients in a more con-
fortable way. For this is our next task: we have to transform
the special case shown in table one into a generalized form
suitable to every production programme., That requires to sub-
stitute the real figures by coefficients. Only the table with
the coefficients of the consumed material enables us to plan
the further development, to caleculate a set of variants. We
get the coefficients by dividing the absolute input figures
by the corresponding total production figures, That means
we calculate the input per unit of production, for example if
the production of 200 units steel requires 100 units of pig
iron and 120 units of scrap, than the production of one unit

steel requires 0.5 units pig iron 204 y and 0.6 units of

200
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The outcome is the table 22

; e e
| pig iron | cast iron steel rolled steel
|

e . -
| pig iron 0 0.7 0.5 | 0

cast iron 0 0 0 0
stesl 0 0 0 1.5
rolled 0 0 0 0
steel
coke 0.9 0.k 0 0
scrap 0:15 0,32 0.6 0
ore 1.5 0 « 0 0
P = B B i ‘-L:—- -
Table 2

A1l the further caleculations, all the application of
input-output tables is nousense without Very exactly determined
coafficientss As a Tule sbatistical figures are not sufficiens
to solve planning problems. We have to determine the coeffic-
ients of material consumption for the forthcoming periocd which
is only possible based upon exacty plans of technological pro-
gress, Therefore we assume that the coefficients registered
in table 2 are not expressing the real conditions of the last
year but the planned relations of the forth coming plan year.
Under this preconditions we can use these figures to calculate
the following examples.

a) A numerical example how to solve the first fundamental
problem,
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The first fundamental problem is the following oneg
The total production figures are given by central planning

institutions as plan figures: pig iron 200 units
cast iron 60 "
steal 220 i

rolled steel 120 L

we have to calculate

a) the final production, and

b) the material consumption, i.e. the required inputs of raw
material from other branches,

iultiplying the coefficients by the total production
figures and adding the items we get the demand of each material:

pig iron|cast iron steel ggééid fg;i%

| pig iron| O x 200| +0.7 x 60 | +0.5 x 220 !+0 x 120 | = 152
cast iron 0x 200 + 0x60 |+ 0x 220 |+0 x 120 = 0
i steel O x 20| + 0x60 |+ 0 x 220 |+1.3x120 = 156
{  rolled Ox200l + O0x60 |+ 0x220 |40 x 120 | = 0O

steel
i coke 0.9 x 200| 4+0.4 x 60 |+ 0 x 220 |+0 x 120 | = 204

sCIrap 0.15x 200| +0.32x 60 |+0.6 x 220 |40 x 120 = 181,2

ore 1.5 x 200 4+ 0 x 60 |+ 0O x 220 |+0 x 120 = 300
. s s B

Table 3

Shaped as matrices the same table 3 looks like follows:



6 07 D5 . 0 152
& 6 B D 0

6. B B A 200 156

0 0 0 x 60 = 0

220

0.9 o& & 0 120 204
0.15 0.32 0.6 O 151,3}
5s 0 B r.::/ 300

The result vecter contains firstly the four figures
representing the required materials which are produced in the
encerprise in question, the self-consumption, and the second
three figures represent the materials which must be delivered
from outside the enterprise,

We get the final production by subtracting the self
consumption from the total production:

200 | 152 o l1
60 | _ of _ | €0

220 156 G4

120 ) 0 120 /

Under the given conditions the enterprise is able to
supply other branches '

with 4.8 units plg iron,
60 " cast iron,
64 “ stsel, and
120 " rolled steel.

This market production reguires

204 units coke,
181.2 i scrap, and
300 # iron are, which must be

supplied by other branches.
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b) A numerical example how to solve the second fundamental
problem,

In our practical work we are often confronted with a
second problem. Not the total but the final production figures

are given 3 48 units Pig iron,
60 i cast iron,
G} i steel, and
120 = rolled steel,

We have to point out

a) the total production figures, and

b) the required raw material,

The calculation of the material needed to produce the given
final production goes in the sdame way as we know from the first
example by multiplying the matrix of the material coefficients
by the vector of final production:

0 0.2 0.5 0 \ 7 \
0 0 0 0 ,1 0
0 0 G 1 x /45 = 156
0 0 0 0 60. 0
&4
0.9 0.4 0 0 120 / 67,2
0,15 0.32 0.6 0 G o 64,8
1.5 0 = SR 72

The result means that there are required from outside the

branch 67.2 units coke,

64 .8 4, scrap, and

e \ iron ore,
Besldes these raw material additonal

74 units pig iron, and

156 i steel must be
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produced in the enterprise. But tae production of this amount
of pig iron and steel demsnds additional raw materal,calculated
ag follows:

/

{0 0.7 0.5 0 78
/ 0 0 0 0 0
0 0 0 1.3 '?4\ 0
0 0 0 0 0 0
. =
0.9 0otk 0 0 156 '* 66 .6
0.15 0.32 0.6 0 t:a/ L 104.7
1.5 0 0 0 \111.

It is obvious, that we need additional 78 units pig 1ror.,
So we have to repeat the calculation once agains

0 0,7 0.5 O \ 0 \
0 0 0 0 0
0 0 0 1% 78 0
0 0 0 0 0 0

=1 0 - t
0.9 0.4 0 0 0 70.2 ;
0,15 0.32 0.6 0 1147
1.5 0 0 r_‘:/ 117/

Phis computation shows us, that no additional products
of the enterprise in question are required for the purpose of
self-consumption in order to produce the demanded final pro-
duction, i.e. the first four figures of the result vector are
equal Lo zero. At this point we can stop Our calculation pro-
cess and we have only to add the resulis. By adding the gilven

inal production to the calculated internal self gconsumption



= i

we gel the total production:

48 | 7 78 200

60 0 0 60

64|l + \ise| +| o = | 220

120 } 0 0 120
S

In the same way we calculate the volume of needed raw material
delivered by other branches:

67.2 66 .6 70,2 204
e4.8] + 104,71 + L1477 = 181,2
72 113 117.0 500

In other words , a final production of

48 units pig iron,
60 . cast iron,
64 L steel and
120 " rolled steel requires a total pro-
ductlon of
200 units pig iron,
60 " cast iron,
220 " steel, and
120 i rolled steel, for which reason our

enterprise has to buy from outside

204 units coke,
181.2 & scrap, and
300 i lron ore,

Summarizing the results we can state, that the calculation of
interlacement balances requires scientific based coefficients
expressing the expenditures per unit. The first basic problem
is the calculation of the inputs and of the final production
under the condition that the total production is given. The
second problem is the calculation of the tobal production and the
inputs under +the condition that the final production is givene
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2. The mathematical formulstion of the basic model.

On principle the same basic model, the same symbols
etc. ocan be used to compute the input-output relations 0L ou
enterprise as well as a branch or the entire economy, i.e., the
model is applicable to every partial system of the economy.

Qur partial system may conslst of n sectors, and we
assume at first that each sector (enterprise, department etc,)
produces only one article. The sectors and the articles are
designated by the fizures 1, 25 35 s.ey 0, OF, 80J & single ar-
ticle, by i or j. Furthermore we introduce the fillowing
symbols:

X5 - total production of article 1i;
Y, = final production of article 1,
iij = self-consuaption of article 1 1n order to produce srticle j.

All the figures are summarized Go vectors and matricess

11\ 200 / ;o5 48
s X, ) 60 ) : Ait 60
= i 220 = v 64
X, ) 120 - / \120
H - 1 D D
{ X X xln\ / o 42 1 \
Loy Hop wes Tap 0 0 0 0
S s SRR LR LR 0 0 0 156
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To make the relations more evident and visible we
added the figures out of our numerical examples,

The processing of the articles happens in certain
relations which are expressed by the coefficients of material
consumption

E%ﬂ-= aij = consumption of the article i to produce ome unit
J of article j, (self - consumption).
It follows Ki+ = aij Ij, in words : The total self consumption

of article i to produce article J equals the self consumption
per unit multiplyed by the total amount of the production of the
article Jj. There exist always nE coefficients of internal inter-
lacements, of self consumption, but mast of them norrally are
equal to zero, The interlacement matrix of the coefficients
loocks like follows:

ﬂll -E.-LE .- ﬂlm \ #] D-? 'Da5 0

521 EEE = EEH 0O O 0 0
f i & L - [0 L -] & @ = D '[.} D 1.5
0 0 0] 0

a_q a5 cos @ /

Besides those products produced and consumed in Ghe enterprise
1n question other raw materials are needed which must be deli-
vered by other enterprises or branches, Their number may ber
(ly @ ssiy D), in general each of them hes the designation k.
We distinguish between the consumption of those maserials in op--
der to produce a certain arvicle,and the total consumption of k,
besides this we formulste the coefficient, i.e. the input of

k per unit of an article :



oLk

B, . = input of article k to produce article j,
K]
?k = total input of k,
Bk , : . .
T = bkf: Input of article k Lo produce one unit of article J.
j K

4180 these figures will be written in the matrix;, or vector

form :

. Bll BlE “ee Blﬂ 180 24 0 0
E = o @ o o6 & o o e o o oo = 5{:’ 1912 J-E.:ﬁ' 0]
Brl EIE e Bru 300 O 0 0
hll blE eh hlu 0.9 0.4 0 o]
E = & 8 @ o o e o e @ a o ® "= Dnl:_} 0152 D-nE" G
hrl brE o0e brn L35 0O O 0

Vl 204

E = VE- - 151.;2
?r 300

a) Mathematical formulation of the first basic problem,

We remember the first fundsmental problem was to calcu-~
late final production (Y) and the vector of direct lnputls (V).
The matrice of indirect and direct input coefficients (A and B)
as well as the vector bf total production (X) are given,

We get the final production by subtracting the entire
self consumption from the total productions



This set of equations can be transformed as follows:

CL

= 854

Written in

- ay,)%)

+ (1

= ay,%,

)X

™ Bagd A

I

aAx

(E

Ax =

=

the farm of matrices:

4

W B111 I

8oty

+ (1 - a
and

]

1l

I

The internal interlacement of the partial system is now
cterized by the matrix:

(l—all)

(E‘éj =

G- |

= Il

- YE

= YD.

Yl |

s

Iﬂ.

chara-
o 0
i § 1.3
0 1 /



Fach column of the matrix conbtains the input-output
relations of a department of the partial system. For example
the last column expresses, that the production (output) of one
unit rolled steel requires the input of 1.3 unlts steel, but no
inputs of pig iron and cast irom. The positive elements of the
main diagonal stand for the outputs, the negative elements desi-
gnale the inputs.

4nalogous reflexions lead us to the vector of direct in-
puts frow other branches, V 3

hnxl + hlaxé + soe 4 blnxn = ?1
hElxl + bEEKE + sos + bEnxh = fz
S N R R w® Be . A4 me.. sa e s 0

bnlxl 2 hnExE + see 'k hnnlﬂ M Y

or, shaped as matrices:
Bx = ¥

It is suitable to form the matrix (-B), the matrix of direct in-
puts, so that all input figures are negative :

—bll ""-blE & 8 @ 1:'. ""'D n-9 _D l:l'q' 'D G\
(_E} — & & . e a @ a B & B a0 s _Dnl5 MID“"EE "“Duﬁ D

ubI'ﬂ. - ra 80 ""brn _l 15 D ﬂ ﬂ/

~D
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S50 the matrices (B - A) and (- B) have the same number of columns
we are able to put both of them together:

o

The composition of the formulas gives us the mathemastical model
to solve the first fuﬁdamantal.Prgblem :

I

Applicat to our numerical example 3

l hGI? '-'ﬂ &5 D ll"E

o 3 0 0 60

0 o0 1 2 200 64
60

O 0 O 1 X = 120
220

0.9 =04 . 0 0 120 ~204

<0,15- <032 0.6 'O ~181,2
=1,5 'O 0 0 / \—mu

b) Mathematical formulation of the second basic problem,

The second problem was to determine the was given,
That means we know ¥ and we want to know X. In a pure mathe-
matical sense we so.ve the problem as follows:

We multiply the formula (E - A)x = ¥. Wwith the inversion of the
matrix (E - A) in order to get a formula for x i

E-DT E@-Dx = E-»r y

<1
Eagr T (1)

=




iy

In order to calculaste v, the vector of direct ilnputs, we start
with the formula
BXx = Y,

and substitute x by the result of our first step, by (E - ﬁ)-l P
in accordance with formula (1) @
B(E-A)T v = v (2)

The composition of both the formulaes (1) end (2) gives us the
mathematical model to solve the second problem 3

(B~ P X
]l g
- B (E- A ~V

% —-—

e

Applied to Tthe example :

1 0.7 0.5 0.65 200

C 1 Q 0 48 / 60

0 0 L L 60 220
0 O 0 1 > 4 = 120
-0,9 -1.03 =0.45 -0.585 &4 2 Ol
-0,15 =0.425 -0.675 =0.878 20 -181 .2
~Lls5 =l.05 =0.75 -0-9?5/ ~300

The most time-consuming task by solving the second fund-
amental problem is the calculation of the inverse matrix of the
coefficients of direct interlacement in order to get the matrix
of the coefficients of the total interlacement. The calculation
normally requires electronic data processing equipments. In our
simplified numerical example we solved the task step by step, we
repeated the multiplication of the coefficient matrix by the pro-
duction vector until no further inputs were required.
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Fron the mathematicsl point of view the calculation of
our example 1s based on the socalled NEUMANN'S progression, which
proves the identity of the following mathematical expressions

E-4"1= E+a+22483 ...,

Thls identity is given under certain conditionsy which in
praccice always exist. Though the progression consist of an in-
finite number of terms, the calculation normslly comes to an end
Very soon, &8s a8 rule afiter three or four steps, because all the
elements of the mscrix approach to zero. The following example
may make 1t visible :
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