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PREFACE

This is the first draft of my lectures on 'Production Theory
and Tachniques?! prepared on the suggestion of Professor Bent Hansen with
whom I had the good fortune to teach the so-called Advanced Economic
Theory, As Prof, Hansen so righily pointed out, Production Theory forms
the backbone of all Growth Theory and the Growth Models differ from each
other according to the Production Function they use or imply. (There cannot
be any growth theory without production theory). Thus the Production
Theory. accupies the same or even more crucial position in the Post World
War II 'Growth Era! as the Consumption Theory did in the Inter-War
'Business Cycles Era', Unfortunaltely the pure economists cannot be expected
to be at their best in Production Theory as they, along with statisticians,
were in Consumption Theory. Any really worthwhile inventicn or disco&ery
in Production Theory is more likely to come from engineeré and physicists
rather than from economists or econgmetricians. And it is for nought that
the former gromp has‘been often moré successful in programming and planning

than the -latter in the recenw years .

I am extemely grateful to Prof. Hamsen for his continuous
ecomragement and suggestions. He has kindly glanced through—all the
manuscripts and poihted out gross errors. Many smaller errors remain which
I discovered later, Also in one or two cases the derivation is incomplete;

T shall correct and complete them if and when I revise these lectures.

I am not giving any bibliography. For this, reference may be made
to the foliowing two excellent survey articles, the first of which I was

able to avail of, but the second I could notyas it appeared'too late,

1) A.A.Walters: "Production and Cost Functions: An Econometric survey®”
Econometrica 1963. '
2) F.,H.Hahn and R.C. Mathews: "The Theory of Economic Growth: WA Survey"”
The Economic Journal 1964 -
My thanks are due to Mrs,A.Habib for herkindly undertaking the

typing of all the Masters and the appropriate insertions and deletions which

were required quite often and also to Miss Faten Fouad for typing my hand
written manuscripts.If some errors remain,they are due to my own megligence.

A.Qayum.



Sa

Dr. A. Qayum _ » ‘e ... PFor Internal Use

1

MICRO-PHYSICAL PRODUC?ION FUNCTION.!

(I) Definition of production function ¢ 1 . (II) Production surface, plane

sections javerage and marginal preductivity, product elastieity, 2. ‘
(III) Isoquants and isoelines o 2 . (IV) Elasticity of substitution , 8 .
(V) Homogeneity of production functions ¢ 1L . (VI) Varying returns to-
factors and varying returns to scale , 1% , (VII) Product transformation
curve s 18 o (VIII) A numerical illustration , 20, .

2

Production function is a technically extrsmsl concept. It implies
that either the maximum amount of cutput is preduced with the givewm amounts
of inputs or the given amount of output is produced with the minimum amount
of each of the fmpuile,tie other inputs being given, Symbolically we can

sxpress a production functien as
(1) b f(uQTQWQ oo oo oa}g

where x is the amount of ocuiput X and uy ¥y Wy ooco are the amounts 6f
inputs Uy Vy ¥y 0000 @be Thare are twe cruciasl assumptions about the fech-
niques and the inputs which play a great role in the development of the
theory of producticn., One iz the zssumpiion that the techniques are continu-
ously variable which means that the inpuis ceh be combined in amy proportion
we desire in producing the output,i.e., £ is a comtimuous function in u, v,
Wy o000 In Peality this is not always true, The technigmes or processas of
production are not ceatinucusly wvariable, that is, the inputs cannot be con-
bined in any proportion desired, to produce a certain output. This means that
in reality f is not continuous, It must, however, be stressed that there is
a difference between the warisbhility im the combination of ihs commeodity in-
puts and variability in the combination of the basis facters of productiong
labour and capital. If we retrase the variability in combination of inputs
in the producticn of final output to the variabiiity in the combination eof
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inputs in producing the inputs whieh will go to produce the final output andl}
se backwards till we reach the stage when the origimal facters labour and
eapital are cembined to produce imputs at the first stage, we can visualizs
easily that the variability in the combination of the basic factors of pro-

' duction, labour and capital is likely to be much greater than that in the
combination of inputs in producing the final ipputs., It is not suggested here
that labour and capiizl ars continuously variable er pérfostly substitutable
but it is maintained that the reality can be roughly approximated by assuming
that a continucus variability exists in the combination of factors. Because
of this and becauss of the fact that the bulk of the theory so far developed
and almost all eof the theory dsveloped earlier is based on the assumption of
centinuous variability, we shall discuss the thesory in a major part ef this
series of lectures on the assumption of continuous variability of fastor
cembination, In thogggﬂélmding lectures we shall discuss the case when the
 processes of production are not comtiaumeusly variable, but diserete.

The second erucial assumption relating to the development of the-u
theory is that the inputs are continuously divisible. Thiz is again not a
wholly realistic assumptiom, Howevex,as regards the divisibility, the commodity
inputs fare better than some of the factors such as built capital§ entrepra=
peurship and organizational capacity. The assumption of divisibility as
regards the commodity imputs I8 lapgely realisticy tmt ¥ery tough preobless

are faced in conpection with the mon—divisibility of the fastors of production
mentioned above, In the sariier discussiens, we shall assume that the factors
and inputs are ceonmtinuwensly divisible, we shall take up the problem of non-
divisibility and rigidity of facters in later lecturss.

11

Our discussicn will be much simplified if we imclude two factors

w

U end V in the production function and this will alse anable us to use graph&g’_

illustrations. Let the produstion function,tham.be

(3) x = £(u,v)
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Plotting for different values of u and v taken along the axes OU amd OV and

for x taken aleng OX vertically, we can construct a production surface, as

shown below,

Figolo

The productien surface can assume numerous forms, Far the sake of simplicity
we suppose that it takes the three dimemticnal form as shown in Fig.l. By
using the method of plane sections, we can derive several useful. results
from (2). If we keep one of the factors, say U, constant at =, we can study
the variation of X with respest to the other factor V. This is shown by the
vertical section of the production surface by a plane parpendicular at Tys

Uso etc,, the resulting curves are given by

(3 x = £(uy,9) = §,(v)

4) x

i
i

£lu,ov) = §,(v)

The curves for different values of u can be represented in the two dimensional
plane vox as in Fig.2, The curves in Fig.2 express output x in relation to
variable ¥ when u is held fixed in different quamtities, Similarly we can
hold v fixsd in different guantities and demonstrate the variation of x in
relation to u, In Fig,l, the dotted lines represent a vertical plame section
at uy giving respectively the foot of the plane and the curve in'which it cuts
the surface, Qurves like. the dotied one in-Fig,l can be represerted iin twd
dimensionat plane jas done 'in Figi2«4: 1. - oo v Ly b shrsicod soeciand
Slopes of the individual inpub—output curves shown in Fig.2 at

points corresponding to different values of ¥ give the physical marginal.
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productivity of v at that point, For exampls, let us suppose that the value

of v is fixed at Uye SO that the middle curve im Fig.2 is the relevant curve
giving the varistionm in output = with the variable v, The slopes of tangemis

at differeat points of this curve give the margimal productivity of v at its
cerresponding values, In‘FigoZ the slope of AB gives the margimal preductivisy.
of v at its value equal te Fgo Similarly we cam draw imput-eutput curves
relating to the variable uw, with v held fixzed at certain levels, by drawiag ?
a plane section perpemdicular te the v axis at points corresponding te those
levels. Symbolically the margimal productivity ef v at ¥, vhen u is fizpd at

ua is

9

a8,,(v)
(5 2L .2 gyl o O mwy)

Similarly we can express the marginal productivity of o

Amether quantity which may be of seme imtersst especially im
analysis relgtins te product imputatien, is production elastisity. Equations
(3) or (4) express the wariatien of I with changes in V when U is fixed at
Uy Or U,o From these we can derive the elasticity of produetien with respect
to v, the fermula of elasticity of production is

&

sl <lg

e =

(6)

i
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e >/« 1, according as increasing, constant or decreasing returns to

fagtor V prevail in production. And similarly for factor U,
LI

A second relationship of great importance is obtained through
intersecting the production surface not by plane sections perpendicular to
the coordinates representing the inputs but by a plane section perpendicular
to the ordinate representing the output, i.e., to OX in Fig.l. The plane
section will intersect the surface in a curve, each point of which will
represent a combination of the two inputs yielding the same level of output,
j.e, the level of output at which the perpendicular plane-section has been
erected. By drawing plane-sections perpendicular to the vertical output axis
at different level, we can have a set of curves, every point on each of which
represents a different combination of inputs yielding the same level of out-
put. In Fig.3 we draw the contours of these curves by projecting them on the

horizontal surface mapped by the inpul coordinates.

FigoJ,
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In Fig.3 we have drawn only 5 of the infinite number of the )
contour lines corresponding to each point on OX im Fig.l. &8 each point om
a curve represents the same level or amount of output, they are called
isoquants or produbt isoquﬁntso For example, each point on curve x5 repregents .
different combinations of inmput u and v, but gives the same level of output
Xyo Symbolically, the curve x, can bs expressed by substituting X, for x in

2
(2) 9 io.o
(7) Sy X, = £(a,v)
Similarly we can express the function feor eother isequants.

The slops of an isoquant at a certain point indicaies the marginal
rate of substitution (or MRS for short) of ore input for the other, if the
output is to be maintainmed at the specifisd level. Im sormal cases, whem the
isoquants are curved as they are shown in Fig.3, ths rate of substitution eof _
one factor for the other declines as merc and more of this factor is replased
by the other. -

It means that more of the first input will have %o be givem away
for the same additional amounts of the other, The MRS can be derived from (3)
and is expressed as i ‘

140
du _ v

(8) dv - T F
“u

o _ 22(u,v) - 22(u,v)
where fu" = and fv" o
Ia Figo3 the ﬁﬁs is given by the slope of the tangent CD at point (magva)o
To get the exact value of MRS from the funciion at (ua,vé) relating to iso-
quant X, we will have to substitute u, amd Yy for u and v in (8),

Fe can use amother type of plame sections of the production
surface with advantage., These planss may be taken through the vertical eutput
axis OX at different angles between OU aud OV relating ¢ differsnt cembinas-
tions of U and V., For instance,.if a plans is teken through OX at an amgle 30°
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/ from OU, amd so 60° from OV, the ridge line that we get from the intersection
of this plane and the production surface gives the growth of output when U

and V are combined in proportion 2 to 1 at each magnitude of production.

1 Thus, if a point ai the foot of the plane is (ul.vl), then any
other point at the foot of this plane through OX can be expressed as ( kul,
)xvl) and the production function corresponding to these points giving a pro-

portionate change in inputs can be written as
(9) x=£(dupAvy) = o0 ))

(9) is a function of the variable x only., We can get different functions
like (9) by taking planes through OX and passing through points other than

(ul”vl)°

As indicated above, the slope of an individual isoquant varies
=" from one point to the other. If we join the points on each of the isoquants
at which the respective isoquants have the same slope, we will get a line
wich passes through all the successively higher isoquants of the set at points
where they have the same slope or they are equally 'inclined?, These lines
may be called isoclines., They are shown in Fig.3 by the dotted lines, These
isoclines aiso connect the points on the production surface where the marginal
rates of substitution between the factors are equal, hence they trace (and
also they are called) expansion paths. That is, they show the path of expan=
sion on which the economy will move, if the factors at the margin are combined
in such a way that their rates of substitution remain unaltered. In a compe-
titive equilibrium, when the ratio of factor prices tends to equal their
marginal rate of substitution, this means that if the prices of factors are
- given and remain constant, then the production in the econemy will expand

1

along the corresponding isocline or the expansion path. The isoclines can

be expressed by
5

1) When the 'rites of output and,factors are given, the cost can be . mimi-

% dc pu+pv+b) P d i e
sed it a(*u B R e L e
ax P, du



gdu = It

el dv ~ : ‘ A

where k' is any constsnt, repressnting the rate of substitution between the
factors.

A word may also be added to the range of the isoquants that are
relevant to economic analysis., In nommal circumstances; product cen only be
maintained if less of one imput is used by increasing the use of the other,
Alternatively, as the substitution of one input for the other proceeds,
increasingly larger additions of the first imput are needed to compensate
for a given reduction of the other. In other words only that portion of an
isoquant is interesting and relevani, along which the isoquant is comvex to 4
the originb%) In Fig.3 we havs shown the range of the isoquants which are d
convex to the origin by thiék lines, At &ll points beiween these two lines,
each isoquant satisfies the followings '

du *
e < 9 iz,
(11) d2u>0 g :
S e
dve' }
v 1
We have already stated that the MES measures the rate af which
one resource, sa&y i, is substituted for the other, viz. ¥, in the PT duet;on
of output ¥ from the given combination of rasources ai an asrquantofﬂhe pogi=
tive value of MRS can be dencted by ry, so that i
z ¥ ;
v UOE, ) % |
(12) rEeos E :
Now one more interesting point to determine iz how fast r changes in relationm B "

to the rate of change in the ratio of the rescurces at an iscquamt. This will

1) It is just possible that the isoguants are convex tc the origin all along
their course,
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give us what is called the elasticity of rate of substitution and can be
denoted by a" s so that

4 |

(13) e

Y s 8r
2_ ) 7
v

1)

The value of cﬂ can be expressed in an alternative form.

£f £ (ut + vf)
w v u W
(14) G = 3

2
dﬂwffuu fv - mer fu fv - fw fu

(14) shows that the elasticity of substitution is symmetrical for the two
resources. This can be readily seen because interchanging u and v in the
right hand side of (14) does not change the expression. In other words,
whether we consider substitution of U for V or ¥V for U, we get the same

value of the elasticity of substitution.

In diagrammatic terms if P is any point on the isoquant X9 in
Fig.3, then & is the ratio of the relative change in the gradient of OP to
the relative change in the gradient of the tangsnt.at P to the isoquanmt,
for a small movement of P along it. Alternatively we can illustrate 6) by
the following figure
%

Figolto el

0

-
5 2 ),

1) R.G.D» Allen, Mathematical Analysis for Economists (London 1960) p. 342,
(14) can be derived immediatzly by substituting for ¢& and dr in (13).

u _ vdu = udv o r =

& = ——-—---—--va and dr = P du + Iv dv. But du —wfu dv = rdv
u_ _¥r+u Y e 7).

d-; = - 5 dv and dr = r-(-g; E;) dv.

v



In Fig.4 the ordinate represents the ratic of factors and the
shigcissa the rate of substitution between them. The curve represents the
relationship between}%gﬁvariabloso At point T, the slope of the tangent QTR
gives the marginal rate of change of -3-, the ratio of factors, with respect
to r = %%, the marginal rate of substitution between them, so that

u
8. 5
OR ~ dw
u
IS5 -
Further we have g = ——QE
dv
But 06 = OR and oR = QR
_'1_‘_$___2§_0Q _ TRe0
0S ~ QR OR-QT =~ OR.QT
=
2 @-ioL
Ty
v
.98 05 QT
~ OR- PS5 = AR

Thus the elasticity of substitution can be treated like the elasticity of
any two variables by considering one of the variables as the ratio of the
factors and the other rate of substitution. An alternative éxpression fer 6’
may be

B (92 ¢

¥~ ‘dv
whare dgi.ves the elasticity of substitution between U and V, Or we can
express the same in logarithmic terms

dlogg
R

d logta-;

which is the same as (13).



