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The Lagrangian Interpolation Formula.




Section 1. Introductions

"‘b
Assume we are given n+l values of a dependent variasble “t™
corresponding to n+l values of independent variable e, .
Denote these variables respectively
f(aj} ) &j for j:1v2900n9n+lc v o e {1)
Then it is possible to construct a polynomial of degree n.
f(X)'—“-AQ + A:}. X + Ae 12 + c00 + Ar' xnu 00 v (2'}
Such thats
£{x)e f{aj) at X = 840 swis b3
For numerical application, a more convenient form for the
polyncmial £{x) ie needed, which is derived in the following
- %
section.
ok,
Section 2., The TLagrangian Interpclation Formulas
From equations 2 & 3 we get the fellowing n+l equations
. 2 ; n
f(aj) = Ay + Al aj + A2 aj + se0 An aj S
‘j =4 3.929 9009n+:i40 o o0 \“i':‘
The system of n+2 equations given by equation (2} & (4)
are conzistent if & only if
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Expanding the above determinant columnwise we have
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in the right<hand side of equatiii T,
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Notice that /A, (x) is a polynomial of degree n, and hence can
J 9
: . - =,
in general be expressed ia the form
A» = s ¢ -~ B 1 w0 o (x. - & ) o ooco &
J(x) CJQX 81) (X = 65) ooo (X = &) se (9)
From the determinantal definition «f gif {x}, it iz seen that
L3
&j (.x} = 0 000 ('10}
at the n values of x given by
X = a, dsésy e ki)
From (9) , (10} & (1l1) we can put
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Or in other words

G n+l
A G=—"1 .- T x—u) s (17)
J (z-a.) o J
J j=1
G
il a e cer (18)
(x-a.)
J
where
n+l

Hj
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o —TT_- (% - aj) e i)
J=1

Consider the determinant A,. By analogy it can be expanded in
a similar way as [lj(x) and this can take the following

forms

A, =605 [[ (8 =ep e ACLGD

i=1)j(n+l

where i = 1) j (n+l stands for i = 1,2, cesy J=ly Jtlyeee, n+l.,

From the above definition of pn(x) it can be seen that

d P (x)
Aomcj [_._EI?_—] =cj P (aj) A7)
X = ay
From (14) & (17) we can put
Aj(x) = Ey ) )

I':J'(x) % B (x-a5) ; pr(as)

Substituting the above equation in equation (6) defining the
function f(x), we obtain the following convenient expression

. for the function f(x).

n+1

£ = J, | By@® £ cven 1)
J=1



This formula is the wellknown "Lagrangian Interpolation

" (1)

Formula®.

Section 3 : Computation procedure:

The above Lagrangian interpolation formula had been progra-
umed: on ‘the 'I.B.M. 1620 using Fortran Language.

Section 3.1 gives the symbols used in the Fortran program
and the way the data must be prapared.

Section 3.2 gives the block diagram.

Section 3.3 gives the program itself in the Fortran
Language.

Section 3.4 gives a numerical example,

The program available can handle interpolation by Lagrang-
ian formula provided the number of points at which the function
is given is less or equal to 100, If we have more points, equal
in value to the integer J1, then we must change the first dimen-

sion statment in the source program tc the following statment
DIMENSION A(Jl), F(J1)

and of course we have to compile the program again to get the

object program.

1) See Kopal, Zdenek
Numerical analysis, 2nd. ed. NoaYoo Wiley, 1
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Section 3.1 ¢ Symbols used in the Program and the

UL U préparation of - data, e
The formula ig

n+l

2@ 7

5 J(x) f(ad)

where

Lj (I) &= (I—al) (x"ae) LR X (X-ﬂj_l) (t-a:f +1) eeop (x-an )

A nel)
(adf.l)(aj"az)"‘(aj' d-l)(ad- J+1)"‘(’J'an+1)

Reosy” “bois T gine Syo-
n+l N1
J b
8y A(J)
f(aj) B(J)
5 etk o
£(x) FX

The pregaratgon of data:

integer form.
XX.XxXxX floating form.



After the first card we have N1 cards each corresponding to
one given value of the function.

The data in these N1 cards are as following:

) ¢ colomn 1—3 XXX integer form
A(T) s colomn  4—»17 +X.XXXXXXXE+XX =R form
F(J) $ colomn 18—31 #X, XXXXXXXE+XX E form

After the N1 cards, we have cards, each corresponding to
the value of the argument X at which we want to determine our
function, '

The data in these cards are as followings
X : colomn 1—14  &x.xXXXXXXE+xXx E form

So if our problem is to interpolation for Ml Values, given

N1 values of the function, then our data cards will be

SIS IR [
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section 5.2
Block diagram

of Lagrangian.

THE FLOW CHARY FOR INTERPOLATION BY LAGRANGIAN FORMULA

GIVEN THE VALUES f(aj ) OF A FuncrioN f(X) AT GIVER

POINTS aj FOR J =1,...,N 1, TO DETERMINE
(X-3)... (X=ajq) (X=2jpq)... (X-3n4y)

RS, _— J4 J41 nel

3 tapay) e (3=3j-1) @5-2j41) - (=2na1)

f (a5) FOR GIVEN X

PUT f(aj)=F(J), aj= A(T) AND F(X) FX, X=X

(/EkAD&PRwLJJwJLAU)J:L"”N+1

READ X |

FX= 10,3 =8 >

B = B*¥(X-AtN B=B* F(J)
C = Cx(A(D-A)

l

YES 1-N-1P3 '={§ED

FX=FX+B/C
3 PRINT X, XF

e s

END
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THE FOLLOWING IS A FORTRAN PROGRAM TO INTERPOLATE BY LAGRANG!AN FORMUL
THE NUMBER OF POINTS USED [N INTERPOLATION !S LESS THAN 100
DIMENSION A(100),F(100)
READ 10,N1,CODE |
10 FORMAT(I3,F7.4)
DO 11J=l N1
11 READ 12,3,A(J)5F(J)
12 FORMAT(13,2E14,7) _
PRINT 13 .
13 FORMAT (534 THE FOLLOWING ARE THE B
XATA)
PRINT 1k
4 FORMAT(52H J A(D) F(J))
DO 15J=1,N1
5 PRINT 16 J,A(J),F(Ja’ -
? FORMAT(20%713,3%,E14,7,3X,E14,7)
7

C
¢

i READ 17,X -
FORMAT(E14,7)
FX=0,
J=1-
57 B=i;
C=1,
|F{J-N1)30,30,35
30 |=i
70 1F(1-J)55,60,55
55 B=B#*(X-A(])) el
C=CR(A(J)=A(L))
74 f=l4el
IF(1-N1)70,70,75
75 FX=FX+B/C
NENES
GO TO 57
60 B=B*F(J
GO TO 7
35 PRINT 36,X,FX -
36 FORMAT(20X 2HX=E14,7,3X,5HF(X)=E14,7)
PUNCH 37,X,FX,CODE .
37 ForMaT(El4.7, 3%, ETL,7 BIX,F7.4)
GO TO 1 | ;
END
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X= 5,0000000E-01

- 11 =

THE FOLLOWING ARE THE DATA

2 A(J)
1,0000000E+00
9;03800005—01
8:092000p5a01
7;287oooogmoz
6,6790000E--01
5:84700005m01
ulszsoaoozma1
3;?1000085u01
2., 48 0D000E-G1
7; 6500000502

- F(3)
0, 0000000E-99
2.203 000001
k, 213 0000E-01
5,793 0000E-01
&,7560000E-01
7.6730000E~01
§.,5650000E-01
3., 2660000E~01
9; 718 0000E~01
9, 3445 0000E~01

F{X)= 8,4171143E-01



Aitken's
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Interpolation Formula, -
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Section 1. Introduction:

Aitken's Algorithim for the Lagrangian Interpolation Formula:

There is an algorithim, due to Aitken, for computing Lagrangian
interpolation formula, which is suitable for digital computers
% even desk calculators. Given the function f(aj) at the n+l

points a, (J=l,2,.0.,0+1), Aitken's algorithim for computing

J
the lagrangian interpolation formula f(x) whose numerical values
at that is satisfied at the point x:aj(sz..., n+l) coincides

with the values f(aj), proceeds as following:

The-magrangian interpolation formula of degree r :

(x| 81y 8oy ooey Bng at) ntl 2 t > v+l P

which numerically is equal to the function f(x) at the points:
X=8ys B85y eeoy By B sneniG2)

can be obtained from the two Lagrangian interpolation formulae

of degree r-l:
A vos (D)

(x| a1y 8oy eeey B 7

that passes respectively through the two following sets of
points:e

eee (5)

8.19 3.29 'EER) ar__ls aI' °

& &1, a29 L ] &r_l, a_t o o o9 (6)



