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BSTRACT

and during computational procedure
P problems reduction prior to optimal solutions finding/is dis-

'ussed in this paper, So, the .notions of redundant constraints
5§ . 2 3/ o conditionall’y redundant constraints and condi‘bionally
redundant variables :/§4/ are. introduced,
tedundant constraints are defined as these not ezhanqing feasible
solutions set X vhen removed- from its definition. The constraints °
of the second .type are ‘those, 'which are mot active in optimal so=-
utions set xo of LP problem, |
3y conditionally redunda'nt 'va'riables ‘we understand these having
ero value in optimal solution. Removal oi' the redundant variables
md constraints from further considerations does no‘b effect optimal
solution choice, but frequently leads to a significant reduction
f LP problem size. . R .

In §§ 2,3 ’ sufficient conditions for redundant constraints and
in §4 for conditionally redundant constraints and .variables detec=
tion are discussed. ' ‘ '

Two- methods ‘of LP problems reduction presented in ['I] [‘}] are

analysed as well,



“»',_‘1_‘.'-:IN'J.“RODUcnou".f!/;___ .

. Speaking about the LP problems red tion we have. on mind
- _ the diminution ‘of problem size prior %0 numerical procedure
o leading to optimal solution,- :I.f one exists. By the size of
: LP problem we understand the. number o:t sigziificant constrai
_. li.e. all constraints different from nonnegativity conditi

B deﬂning feasible solutions set x and the ‘aimber of dec:i

. variables in this pro’b].em. o o
x It :l.s wel]. known that too big mmber of the constraints dei

;,set 3‘.: is- incomrenient when looking for optimal solutdont

Z:'because it ’.I.engthens computing time and effects accuracy ¢

~ ocoupied by

- the nesults. G:Lven an’ ob;)ective funot:l.on and a. type of

"'Optimization /maximiza'cion or u:,lnimiza_;ti_on/ , only some con
- tpraints defining the set X , d'efiné also optimal solutio:
set’ X, (_'X,oc X ). Neglecting LP. conatra:l.nts Jor some of th
'1.'.i:“‘ not deﬁning X, set can reasonably shorten the computati
| work leading to X, determnation. .

';'_'.Dhe ‘special place among all constraints deﬁmng setm
+these which do not inﬂuence 3‘ e whi le removcd

1/ This report is, in a large part, based on papers preser
by the author and others at SGP!.S seminar on "Numerical
thods of large scale optimization mode].s" chaired by

. W,Grabowski, The seminar was. Sponaored by the Institul
E‘Plann:l.ng at the Council of Mi.n:l.sters, and its results v

. | published in /6/ . Some unpublished theorems and notion:
troduced by de We Dubnicld. are used 1n this report as 1



4 .

the problem. Such constraints we cal‘.l. redundant, We shall

' introduce the notion of: conditionallx.redundant constraints

iie, the constraints of x not - determining the set" 35

. Figure 1

Fig. 1 presents set X of‘some LP problem, where objective .
function is maximized. Constraints pf this problem, numbered )
4 and &4 are redundant. Conditionally redundant are constraints
numbered 1, 3y 5, Te : : -
Let’s assume that Lp problem will be solved by some speciiic
,type of simplex method. In this method'nonnegativity oonditions
: iﬂﬁnot introduceﬂ into

are’ automatically satisfied, so th:
computen §t9rage, and they do not increase Ehe size af LP pro."?,

blemov ‘
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Considering redundant or conditionally redundant constrainta,
o we shall take into account all ‘but nonnegativity conditions.
In some cases’ nonnegativity conditions can plg-y important role
in the determination of X or X, therefore it is, reflec
ted in the notion o:f.‘ redundant or conditionally redundant va-
riable. ' ' ' '

2; Redundant inegualities’ -

A. Our further considerations will deal with the following LP
problem ’ form\ﬂ.ated here in canonical form.' T

L O :" : . ‘,‘
N - ' & J

* - *

€x —> omax | 11/

_S..to ' ' | ‘
¥ £b; (=Yeym)  f2/
2 0, /3/

where ¥, ¢, az,& are vectors in Rr.l. .

-Canonical formulation of LP problem is- equivalent to standard
"and mixed forms, what results.

from the equivalence of transformations. .

a-;xtsb;'-z QX+ X = by /
. 0 . xv\\-& P O
and , . ' .
AR ,gb.
aX=b, = ' v
b; __< O <-bs ) /4v/

Writing /1] = /3/ form, we want to stress that in initial form:
lation of LP problem, all constraints different from./3/. were .
written as.inequdlities. Tt will ‘be ahown rurther. that ditfdrh



.~rules govem redundancy determination in case of inequalit:.es; ‘-
‘ than :I.n case o:E equations. The £ollowing notation results :Erom
'/1/ /3/ formulation. '

&&\xs R™ x> 0} 3 {42-- ‘M} 3/u {“}
3€={X('|)k.'é-R+') ax<by (e,
x/'( {X(\Xé Q ) @*L \bu (L 6 3/\‘)}

,5 {X(l)ké‘z ) ax < by } and ke'J
ToalelneRY, xe a5l

From the above definitions it follows ‘immediately:
| S X C‘x/k omd- Dec'sk /5/
| eﬁnition ;]ﬁ
lConstraint "k“ of system .:/.»2/'15'_red‘\.u.ndiatnft‘:' 15, .x - iff
R 35@‘ sk-' o |
From the def,1 and relation /5/ the :following holdss

Theorem 1

_——-—_

The following relations:
ViV x/k <S¢,
/i1 ¥, ¢ X >

iii/ 'x/k x )

can be: used in the redundancy definition oi’ nkh constraint, beca-

use they are mutually equivalent.



In the definition of the set X, it is convenient to intro- | L
duce the notion opposite to redundant constraint, i.e. asse:_:\';
inal constraint, We assume that the set :}5 will be=changed by -

the removal of a essetﬂ:al .constraint.

Definition 2

,,,,,

'The constraint "k" in system /2/ 13 mnt:al in '36 , ii‘f P

o _ ’39k¢ Sk"' _
‘From the definition 1, theorem 1 and definition-;
. Theorem 2 - A ' |
'The following relations.
/',"/ ‘x/k ¢ SK L
'/ii/ 'x/k '-'ré 35 y .
sl T Qe

‘can be used in the number- g ggsedts constraint .;definition

o "because they are nmually equivalent- L

{ l2/ Theorem 3. aa wel:l. as necessary condition in'theorem 4
R fomulated and proved by N.Dubnick:l ‘at; SGP:LS seminar and i;hey ':;"f;
 will be published, Proof of the. sufficient condition. in theo -
' rem A is given by the author, as a modificatlon of this con- 3
. ditn.on, as presented in /4/. L



. ._____Theorém"‘ - : . | ) j*_;'A~'?" .
The constraint "k" in system /2/ :L's, »rec_lnndant in X ,"‘iff:-: _

0«<Z_,V (D., ‘\

\/' = V [V]L vedne o
L by 2 vk F @

' ‘ Lé lk )
" S w0 o
Having in. mind the numerical importance of the sufficient cond.i..f‘ i

tions in theorem 4, here we present its proof. ' o
Let s assume that \//K?f¢ For any&e:}&/k and ve \/,k we get |

(Z Vuu, )x:
: H,JV (O—Lb’!) 4 Z_}Sv b,

50
| vi by & }ak BRatel
6 _
From‘f 2 ’ 3 we have()keDE/kQ)keS,‘)@ 3€,kc. Sk ).
g 4 undant 1 36«.-:.Th e :@n-
so the constraint k" is red t n A _e ol cgssh?{r;&eco

and's
dition in theorem 4 describes a rule o.f practical determination _

constraint "k" redundancy in 36

Corollarv 1 v , ,
I.f.‘ the following system of inequalities has a solution

ZI o, Ve D @a = (Z_&LA | > O.% (A-‘\ ;“3)»

TATH TRV

L IZ’);,V; £ on 16/
LE» »

‘ >0 (iedn ) |
! tien, constraint "k" is. redundant in 36 .

Solution of the above system of" unear 1nequalities for v,
solving cf
can be reached b;r\the LP problem

z —>mex -

Seto



u..\‘t{, ‘ " . | . /8/
2. bivitz = by | o »
vedyy

O (L 63/1)

‘I in the optimal solution[¥” z,] - o2 /7/ - [8/ we have |

220, 80% € V/k » What. indieetee the redundancy of ngo
constraint. The problem /7/ = /8/ is solved until basic solution
satisfying = : |

[w, 2 ] [GT, o]

is met, R :, . .
If in the optimal’ solution of /7/ /8/ z <.0, then according to
& necessary condition of theorem 4, the constraint “k“ is not

redundant.

B. The set V)  is defined by n + 1 inequalities. Taking into

account the system /2/, generating the problem /7/-/8/, usuelly |
it is true that 'n > m, Hence, @M’ constraints ’in syatem 2/ |
created numerical difficulties, there is no usefulness in apply-
ing problem /7/ - /8/._

Fortunately the situation is not 'so bad. Considering a solution
of system /6/ it is possible to aseume that some v, Vi = 0, what
practically'cauxﬂns, a possibility to reduce the number of inequa-
litiee in system /2/, searched for a redundant constraint. |
It is easy to prove,

Theorem 5 | ,,f - f . o \
If a linear inequality is redupdant in relation to a given set

of m linear inequalities, it is also redundant in relation to
this set expanded by p additional inequalities. ’



Utilizing ‘theorem 5 we present some modifications of corollary 1,
‘resulting in an efﬁ.cient numerical procedure of a redundancy de—
"termination, app].ied in relation to the whole or partial system -
/2/ Le’b@ﬁ:} @/k’ and’ r bea quantity of subset'JM '
(r = cardﬂ(k}) ‘ . ,

: Theorem ‘l’ - I

If for some@(k) the following inequalities hold ,
| O-\g -.'"\'--'..w o ' .
§ € Z::‘cu) $ 'v-'. ) SR

Q’V‘ >/’1'Z: bv,

R 1edll)
! then constrain‘lﬁ 9k from system /2/ s redundent in X .

'To prove the theorem 4-I it is enough to see, that it is a apeoial

R case of corollary 1, where \17 € V/k 15 a veotor with ooordi-»
| makes L for 163

, O -R—O"’ ve 3/;, 3(\4)

rfi{;Theorem 4-11

7. 1£ for some '3M the foilowing iﬁequalities ‘hold

a"‘,.\ < Zl Qﬂ. A «1 ,W) ’

’ t—bb(,lc) ' -
S ub:(,lc) ‘
then constraint Akt from-system /2/ is redundant in x P

| "Justification of thepren 411! is mlogous to theorem A—I.

110/

As the components of . vector V , one takes

: .-Vi - . o

0 I,av ie 3 309
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It is easy to check inequalities /9/ and /1o/ and they can be. .
used for large systems of inequilities. For theorem U1 we. use
ari thmetical means, It is convenient 12 coefficients. for parti-f_ :
cular variables and RHS“in oonstraints 1 é ]{k} are of ‘the sa-:"
me order as those in comstraint akw, Application of theorem 411
is proposed when significant disproportiss between constraint "k
coefﬁ.vients and reference constraints 1€ Ik} are observed.
The signiﬁcant property of the set Vk definition is a sign
; discretion of ooefficients appearing in its inequalities, i - 18 '
in inequalities /9/ and /10/ . For positive values bi of - RHS
system /2/ can be written ina corresponding fonn

RPN G

_ X >/ O) , : /3°/
where '313 = ai;j t by

Application of theorem 4~I to the system /2°/, /3°/ results.
in ohange of an inequality in /9/ to idontify 1=1, So we get:

'l'heorem h-III

1If in the set X defined by /2 '/, /5'/ for some :l(k) it holdss -

O—ug S—!,— é.‘ )a.,,d (§=14)-yn) 2y,
go, the. constraint k" 1s redundent in- % .

1f the set J{kJ consists of one element for given. ks‘.'[, then
theorem 4-II1 can be reduced to previously proved by . —
W.Grabowsk:l. [2] sufficient condition of inequality k" dele-
tion from system /2/-/3/ » because of 1ts redtmdanoy in referen- .

ce to inequalities ie. ‘J(k}, vhen b >0, bk> 0.

* RHS -_right, hand side |
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fhis condition is formed by the system of inequalities:

(6 o W . .
- -Ifl < —i;l (354w |

or 13 , v : . ‘/117/
o— ] L -~‘ ‘- -
By £ By (fho )

what equals formula /11/ .or r=1.

Theorem 4-III can not be abpiied’to‘delete the equations®
_ formed from inequalities, by 1ntroduction' of nodnegaiive:
~ slack’ variables, Let inequalities “i“ ‘and "K". frnm ' system /2]

satisfy conditions /11:/. The correspondi"g equatlons are.
Q'LX( * X Q/ (b >O)

Qu X% + Xper = by, (Qau P4 O), '

These equations do not satisfy conditions /11°/, though
= G’kvu-o < b nwel ‘ !

— cnmm—

- .. )
b;

however

—4!;-..3 kynrk 704-“”‘:0.

3
¢, We shall discuss two other approaches when theorem 4-III,

applied to the two inequalities:in system /2/, does not lead

to determination of the constraint;"k" redundancye. Note, thet
theorems 4-1, 4=-II and 4-II1 are the eimplificatibﬁs;ef theo-
v, b, They form sufficient , but not necessary conditions for

conztro ut "k redundancye

First caée,:VWe consider two inequalities from system 12/,

mumbered "k" and "i" respectively. Thelr coefficients do not
satisfy condition 111/, because ‘
- “A,..

O & e )
kA . O"’\ \S# P
Q,v.? > Q'Lp O /v/

Therefore, one can not say that the constraint "k" is redun-

/el

while
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dant. Let us try to apply corollary 1.to these .f..ns_q'ualiﬂes, )
i.e, we ccheck if exiéts v satisfying inequalities:
&Jv > a ' ‘!';‘).-./M,

TR T T Y
PV ) aup : ‘ /d/
O¢ v €1, | e/

Because of the third t:nequality, the above ‘system has a solu- o

tion, if the following: possibilities are excludedz
1° ou.‘? >0,

2° . Gyp® Beup é O.

3°- A= 8sy >0,

- From: inequality /a/))%'%g%ie_)/

vV V"W‘{O \0"*370} L. a2/
Whereas from inequalities /b/ ’ 1° and 2° we get
\a,.‘,\>lcuw|>,o /
_From /b/ » /d/ end Jo/ 1t holds .

B B
v £ 'éfﬂ 1L ‘ /13/ .

: Finally, if the inequality
L W

is true, then the constraint "k" is redundant. because by the

" terms./12/ and /13/,. system lol = 1ol has a solution,

'Suppose now, inequality /b/ holds for more than one p. The

" set of such p we denote by®, By corollary 1 the ‘constraint

")t is redundant, vhen the syatem of :|.nequalities | ’

'o';t:\v > Gy y ey Je® et
CupV >/ G'P | /d'/
v Mup. ¥ le?l

O< v¢l
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has a solution, This solution.exists if the following three
possibilities are excluded;

12 Bip ¥ O ¢ P,
20 a‘?’ alu?Lo ?6?

In parallel way &as previously, we get

V)W{O aﬂ‘“\e"~3>0} L
v ¢ miw{%ﬁ: \P"?}E Mo

Satisfaction of 1nequa11ty L ¢ U is sufficient for the constra-

and

int "k" to be redundant.
Second case.. Ix_x’;th‘e system'la */ we aﬁalyse by double checking
of /11°/ the redundancy of constraint "k" in reference to the
two other comstraints nyv gnd "h", As a result we get '
' &o" "aw . -{ ,--,\A.
v ..\ ., . ,,‘\ 3 $é
ak‘ 4 a . 3:" - -, W,
\ ‘?- W ie @
p> Ouip P& omd Bowg, 7 i q 6 ¥
where P and % are the sets of ces’ Ytthched to relations
pot satisfying /11°/, vhbile the oonstraint vkt 48 succesively
compared to the constrain nt #i® a.nd later to the constraint "h".
The above preaented results do not enable to define the constra
int “x% as redmdant."'\we app‘.l.y corollary 1 to analyse the

. conatraints ) "h" and ui®, So we 5‘73139 -that the constraint

oo 18 redundant 12 the following LP problem “his & - sotution’]

3/ It :I.s enough to have any feasible solution of this problem
80, 11:8 cpnaistenoy is sufﬁcient.



