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Interpvetatlon of Linear Programming

On. Beononic Problema

Usually, linear pregrsmming problems are in the form of
meximizing or minimizing an objective function under certain
restrictions. Such meximum end minimum proclems 0ICUD frequently
in mary branches c¢f pure and app-ised nathsmatics. Also, such
problems cecur naturally when discussing gconomic proklems, e.8.
social plenners abttempt to maximize the wellare of the community;
also, consumers wish to have ths moas use of their income to
maximize their satisfactiocn. We shall consider some of the
examples ifor the use of 1l LQRJ progrmaing in economic applications,
and show bhow suck problets caxn be tackled by linesxr programning.

A way of the interpmetation of linesx programming is by the

use of duality principle, whick will be explained laber, In this
paper we shall discuss Tirst the dnality principls, and then how

to apply it in some linseX pPIrogre
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— Duality of Linear Programming Problems:

- It is known in linear programming, that each maximum or
minimum linear programming problems has a corresponding minimum
or maximum problem, known as the dual of that problem.

e.g. If we have the linear programming problem:

o
- Maximize : z Aj .Xa. (Lel)
3%
( = 142, +es,n)
-Subject to !
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d=tog )

— Therefore, the dual to that problem is as follows:
- Minimige:
. m i 5
2 B (1.2)
i=I

(i-—'—' 132' o--,mj
- Subject to:
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(e.g.) If we consider the example:

- Maximize 3 .2 X +'4';2 e X, = maX. ...,(l)

- Subject Go :

X7 * I%, oy
2xl-+ xz g 3 0000000(2)
iy xé.+”4'x3 + . X, = 35 . |

— Therefore, fthe dual of this problem will be;

—.-Minimlze? l{- y'l+ 5.,.Ya+ 5,y3= m.il'l» oooo-ooooc--oo-ea(5)

—Subjéct to &
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— Mesnning ofDuality:

It is seen that when transforming from a standard
linear programming problem to its dual thab:
1) The bounds %o the sbandard problem had been changed to
be objectives in the dual problem.
2) The objectives in the standard problem had been

changed intc bounds for the dual problem.



o

This means that we look to the problem from an gpposite

point of view, as will be explained later when considering some
linear programming problems.

— Some facts about dualify:

(I) Assumings Xq s X5 5 ece 3 Xp to be a feasible solution

of the standard maximum linear programning probleim,
relations (L.1), and Jq » Jp s coo » Ty to be a feasible
solution of the dual problem, relations (1.2) , (2.2) ,

then @
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multiplying the jEE term of relation (2.1) by yj and summing over

j, therefore:
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Also, since:
m

B
=y 1d

a_.
multiplying the i%2 term of relation (2.2) by x; end summing over

3 >/A,j relation (2.2) ,

Js therefore:

BT TR T ) e Do, AT 4
j=1 d J =1 U |
: ==
Lle® _j%- Ajo xj\ j_’;j bla. Xj. yi e @00 00 (B)

Therefore, from (A) and (B), it can be seen that:

n < 35 .3
eI T TR R e

(IT) - If there exist feasible solutions X5 Xy seey X and Yy

Tor seey I for the maximum problem above and its dual, such

thats
n

m
A ° x. = B . @ "
A . B TR A
then these feasible solutions are optimal to the respective
problems.
- HDOGL'S
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Let: isxéuonxr_: be any other feasible solution of the maximun

problem, therefore from (1) we have:

n " m
fomghis T, B w5y
=1 J J b b= ! - =
n n
and since it is assumed that D A . x.= 2 B; . y;

j=i Y Jd i=1
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Showing that xés are the optimum solution., By the same

method, the optimality of yss can be proved.

(III) If a standard maximum or minimum linear programuing

problem and its dual are both feasible, tnen they both have optimal
solutions and both have the same value. If elther is not feasible,
then neither has an optimal solutlon.

Thig is considered as a fundamental duality theorem,the proof

is not simple and it will not be considered here.

Now after stating the duality principles, we are going
to discuss some applications of duality to some of the economic

problems.



(I.a) The Diet Problem:=-

Such problems appear when trying to select a diet for
a group cf persons, an army say, satisfying certain nuvtritional
regirements while by the same time regarding the most economical
conditions.
Confronted with different foods, Fl ’ F2 § e Fn, a dietitian
is to select a diet by choosing Ghe amount of each of these different
foods 0 be consumed annually. The diet chosen must contain for
exerple some nubtritionel elements such as proftlens, calories,
minerals, etc. Assuming that Tthere are varieties of these nutrients,
Nl ’ N2 gy o0s 3 Nm and assume that each person is o consume Aq
units of Nl’ Ae units of Nz,...., and Am units of Nm per year.
To meet Ghese requirements, the dietiticn must determine the amount
of each nutrient contained in each food.

Agsuming The amount of The iEQ nutrient in Ghe jEE food to

be a. ., where j=l,2, eee, Dyand 1=1,2, ..., D.; we can write the

1d

natrix of coefficients of the problem as follows:
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The problem

matrix of coefficients.

8 cosooRoOO O
c saeec0B00 O

Ni 4 3 Q - aij - - o
; or
Hm anl %2 s as olaols se) # S @ amn Nutrltlon ma.tI'lX

Tf the diebtitian chooses a certain diet composed of the
amounts Xy of Fl s Xo of F2 g eieres puranid x5 of Fj , Gherefore,
the amount of nutrients in xj units of Fj containing a__.l_j units
of that nutrient is egual to(Xie aij).considering the condition

o
that egch diet must contain at least Ai units of the nutrients Ni’

this can be stated mathematically as follows:

Xlﬂ all"‘ x2‘ 8.12 + X§Qa13+ oo 0 + Xla alj+ooo+

doemmen s+ Ky By 24 ( for nutrient W)
and

]&,&21 o+ xe, a22 ot X3 . 8_23 i e -+ Xj,aej + seot
§ ~amesi e R oy ;;' 32 ( for nutrientN2)

. o@eoee0o0CRe
e eooOoRO000
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Xl.ail + Xzoaiz + X;naia +.=.+Xj.aij ‘l"u-o"i’
TR - = Ay (for nutrient Ni)
: 3
Ay vt X5 am2 + x5 = am5 + eoe + Xj < amj + oo +
Bomsm o B o Ay (for nutrient Nm)
or this set of relations can be stated as follows:
n
xj . aij 2/ Avi ® 9 5 09 0O 00 9 0 00 89 oWV OO0 SO (l)
J=1
for nutrients : i = 1,2, ce. , .

diet.

The diet satisfying conditions (1) is termed as a feasible

Such feasible diets ate all satisfying the required

conditions, however they have not the same cost. Then from the

set of feasible diets, the dietitian is to choose the most economic

one, i.e. that diet satisfying the conditions with the least costs.

Now considering the economic part of the problem, assuming that

J

will be given by:

Ctx + cnx + cﬁx +.°°+ c- X' +..I+
1u =y 2 % s o R

+ esee + C X 0= cost of the diet.

C. 1is the cost of one unit of Fj’ therefore the cost of the diet
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;z_ cj. x; = cost of the diet.

J=d
and for the economy of the problem, the cost of thé diet chosen

must be the minimum.

n
ioeo 1 Gl X — minimum_ 6-090100300(2)
g g d

Now, our problem can be described as :
— Minimize s = Cj' &3
el

— such that: (3 = 1,2435 ees 4 n) soobee(F.I)

n
i 255+ Xy 2 Ay
3: ( i - 1’2,5, coee g m) "'."‘?(Il}II)

The diet satisfying both I and IT is known as the "optimal diet™.

It is clear for such a problem, that a feasible diet exists if each

nutrient Ni occurs in at least one of the foods Fj, i.e. by using
a sufficient amounts of that food we can satisfy the nutrients
requirements. Now the problem can be divided into two parts,
first find the feasible diets, and then choose from them the

optimal diet.
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(Isb) Interpretation of duality

for the Diet problem :

As was explained before, the dual to equations (I.I) and
(I.II), will be:

m

.-B-'iax.imizez z Aj . yi @ P00 SO O0OCOVSEOOOOOA DO (I‘III)
i=1
m

_._.Sth that z aia.- yj-.__<‘_ c:} ..""""°”'."€IQIV)
=

€3 =123, oo , n.)a

Now, Considering the left hand side of relgtion (I.IV), since Cj
is expressing a cost, i.e. it is expressed in money value, then,
the right hand side, which is (aij . yi) will have the same units
i.e. it will be expresged in money value too. But since

aij is representing the awgunt of nutrient "i" in the food "j"
then I represents a cost for that nutrient.

Now we are going to discuss what the dual problem here
economically means. The Original problem, was the problem of
the dietitian who is trying to find a diet containing certain
amounts of thé different nutrients, relations (I.II), and by
the same time will have the minimum cost, relation (I.I). Now
for a diet salesman, assume he did find a way to provide the
diet with the required nutrients the latter needs, e.g. if he is
to provide the dietitian with some vitamin pills, iron capsules,

sso €bCce ; to substitute for scme kinds of the vegitables or meat.
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Then the diétitian whose aim is to minimize the cost,will
willingly substitute the pills for the other foods provided that
he will save money. Now suppose that the salesman sets the

prices of a unit of Ni at some value J; regarding that:

Ei; aij. T3 §; Cj for all j where aj_t_)i in this

case is the amount of the nutrient Ni to substitute for thut ex-
isting in the food Fj, This means that the total value of the nut-
rients existing in a unit of Fj will be no greater than the unit
cost of Fj’ which is cj s for all j. Now, the dietitian, confro-
nted with this new offer, he is going to buy pills instead of the
previous foods gince it will be alwys more economical, no matter .
what he was tochoose.By the same time, the pills salesman would like to
chafge the dietitian as much as possible subjsct to (o),
Therefore since the adequatz diet calls for “Ai" units of
nutrient Ni s the salesman would like to set his prices "yi“
such that ( Aj - yi) would be a maximum,.

This may be a discription to what the dual of the diet
Problem may mean. In such a discription we can be some what less
concrete by saying that the nusrient prices ”yi" are these which
enable the pill salesman to realise maximum return and by the
Same time compete with the grocer. This may give an idea of the
competitive prices which is characteristic of the interpretation

of the duality theorem in such a case.
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(II.a) .- The Transportation Problenm.

Let a certain commodity can be produced in any of Hm*

plants Pl E P2 ek Pi,““):gm each supplying an amount of the

Commodity Al 9 A2 9 oo o0 9 A.i % o0 oAm- respectivelyo ASSULme

there are "n" markets I; , My Mj Ml to have amounts of

that product B1 3 B2 5 dies oy Bj g s Bn respectively. Let
cij'be the cost of shipping per unit of the product from plant
"i" to the market "j".
Now the problem can be stated as to find the minimua

total cost of shipping from the different plants such that:
¢ a) The markets' demand must be satisfied.

b) The plants' supply must not be exeeded. ‘
Assuming the amount of the product to be supplied from plant “i"

to the market "Jj" to be x. then a table as shown can be

i Tl
constructed representing the amounts to be Shipped from each plant

to each of the markets as follows:s

M i

l 2 ERN] .Mi o0 6 = s W B’I

n

Y] M Tp et Mg -oe- T Zable( II.I):
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ol B i Rl
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