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PREFACE

This is the first draft of my lectures on 'Production Theory
and Tgchniques? prepared on the suggestion of Professor Bent Hansen with
whom I had the good fortune to teach the so-called Advanced Economic
Theory. As Prof, Hansen so rightly pointed out, Production Theory forms
the backbone of all Growth Theory and the Growth Models differ from each
other according to the Production Function they use or imply. (There cannot
be any growth theory without production theory). Thus the Production
Theory accupies the same or even more crucial position in the Post World
War II °Growth Era! as the Consumption Theory did in the Inter-War
‘Business Cycles Era', Unfortunalely the pure economists cannot be expected
to be at their best in Production Theory as they, along with statisticians,
were in Consumption Theory. Any really worthwhile dinvention or disco%ery
in Production Theory is more likely to come from englneevs and physicists
rather than from cconomists or econgmetricians. And it is for nought that
@he former gromp has been often moré successful in programming and planning

than the latter in the receni years .

I am extemely grateful to Prof. Hansen for his continuous
ecorragement and suggestions, He has kindly glanced through all the
manuscripts and poihted out gross errors., Many smaller errors remain which
I discovered later. Also in one or two cases the derivation is incomplete;

I shall correct and complete them if and when I revise these lectures.

I am not giving any bibliography. For this, reference may be made
to the foTlcwwng two excellent survey articles, the first of which I was

able to avail of, but the second I could not,as it appeared too late.

1) A.A.Walters: "Production and Cost Functions: An Econometric survey®
Econometrica 1963. '
2) F.H.Hahn and R.C. Mathews: "The Theory of Economic Growth: WA Survey"
The Economic Journal 1964
My thanks are due to Mrs,A,Habib for hezkindly undertaking the

typing of all ‘the #lasters and the appropriate insertions and deletions which

were required quite often and also to Miss Faten Fouad for typing my hand
written manuscripts.If some errors remain,they are due to my own negligence,

A.Qayum.
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MICRO-PHYSICAL PRODUC?ION FUNCTION.!

(I) Definition of production function ¢ 1 . (II) Production surface, plane

sections javerage and marginal preductivity, product elastieity, 2. ‘
(III) Isoquants and isoelines o 2 . (IV) Elasticity of substitution , 8 .
(V) Homogeneity of production functions ¢ 1L . (VI) Varying returns to-
factors and varying returns to scale , 1% , (VII) Product transformation
curve s 18 o (VIII) A numerical illustration , 20, .

2

Production function is a technically extrsmsl concept. It implies
that either the maximum amount of cutput is preduced with the given amounts
of inputs or the given amount of output is produced with the minimum amount
of each of the fmpuile,tie other inputs being given, Symbolically we can

sxpress a production functien as
(1) i’ = f(upTQWQ oo oo oa}g

where x is the amount of ocuiput X and uy ¥y Wy ooco are the amounts 6f
inputs Uy Vy ¥y 0000 @be Thare are twe cruciasl assumptions about the fech-
niques and the inputs whick play a great role in the development of the
theory of producticn., One iz the zssumpiion that the techniques are continu-
ously variable which means that the inpuis ceh be combined in amy proportion
we desire in producing the output,i.e., £ is a comtimuous function in u, v,
Wy -s00 IR Peality this is not always true, The technigmes or pracessas of
production are not ceatinucusly wvariable, that is, the inputs cannot be con-
bined in any proportion desired, to produce a certain output. This means that
in reality f is not continuous, It must, however, be stressed that there is
a difference between the warisbhility im the combination of ihs commeodity in-
puts and variability in the combination of the basis facters of productiong
labour and capital. If we retrase the variability in combination of inputs
in the producticn of final output to the variabiiity in the combination eof
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inputs in producing the inputs whieh will go to produce the final output and ,
so backwards till we reach the stage when the origimal facters labour and
eapital are cembined to produce imputs at the first stage, we can visualize
easily that the variability in the combination of the basic factors of pro-
 duction, labour and capital is likely to be much greater than that in the
combination of inputs in producing the final inputs. It is not suggested here
that labour and capiizl ar: continucusly variable er pérfe@tly substitutable
but it is maintained that the reality can be roughly approximated by assuming
that 2 continucus variability exists in the cembination of factors. Because
of this and becauss of the fact that the bulk of the theory so far developed
and almost all of the theory developed earlier iz based on the assumption of
comtinuous variability, we shall discuss the theery imn a major part of this
series of lectures on the assumption of centinuous variability of factor
cembination, In ehegggﬁélnding lectures we shall discuss the case when the
processes of produstion are not contlinumeusly variable, but diserete.

The socond erucial assumption relating to the development of the‘u
theory is that the inputs are continuously divisible. Thiz is again not a
wholly realistic assumptiom, Howevex ,as regards the divisibility,the commodity
inputs fare better than seme of the factors such as built eapita1§ entrepra~
peurship and organizational capacity. The assumption of divigibility as
regards the commpdity &zputs 438 largely realisticy tmt very tough preobless
are faced in conpection with the mon=divisibility of the fastors of produstion
mentioned above., In the sariier discussions, we shall assume that the factors
and inputs are continmensly divisible, we shall take up the problem of non-
divisibility and rigidity of facters in later lecturss.

IX

Our discussion will be much simplified if we include two factors

v

U end V in the preoduction function and this will alse epable us to use graphigiu

illustrations. Let the produstion function,tihamibe

(a) x = £(u,¥)
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Plotting for different values of u and v taken along the axes OU and OV and

for x taken aleng OX vertically, we can construct a production surface, as

shown below,

The production surface can assume numerous forms, For the sake of simplicity
we suppose that it takes the three dimpatienal form as éhown in Fig.l. By
using the method of plane sections, we can derive several useful. results
from (2). If we keep one of the factors, say U, constant at ®, we can study
the variation of X with respect to the other factor V., This is shown by the
vertical section of the produstion surface by a plane parpendicular at Tys

Uso etCoy, the resulting curves are given by

(3) X

i

f(ulav) 9'1(9'.‘1

4) x

i
i

fluyov) = B,(v)

The curves for different vwalues of u can be represented in the two dimensional
plane v,x as in Fig.2. The curves in Fig.2 express output x in relation to
variable v when u is held fixed in different quamtities, Similarly we can
hold v fixed in different quantities and demonstrate the variation of x in
relation to u, In Fig.l, the dotted lines represent a vertical plane section
at Uy giving respectively the foot of the plane and the curwe in'which it cuts
the surface, Curves: like tHe dotted one in-Fig,l can e repregerted iin twd
dimensional-plane jas dome 'in Figi2y: 1 0 oo v lv. b Shrsienl smoeiasd
Slopes of the individual input-output curves shown in Fig.2 at

points corresponding te different values of v give the physical marginal.
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productivity of v at that point, For exampls, let us suppose that the value
of v is fixed at U,y SO that the middle curve im Fig.2 is the relevant curve
giving the varistionm in output = with the variable v, The slopes of tangemis
at different points of this curve give the margimal productivity of v at its 2
cerresponding values, In‘Figoa the slope of AB gives the margimal preductivisy.
of v at its value equal te Vgo Similarly we cam draw imput-eutput curves

relating to the variable uw, with v held fixzed at certain levels, by drawiag ¢
a plane section perpemdicular te the ¥ axis at poimts corresponding to those
levels. Symbolically the margimal productivity ef v at ¥, vhen u is fizpd at

ua is

a,,(v)
(5) 2L ogyv) o (ezwy)

Similarly we can express the marginal productivity of .

Amether quantity which may be of seme imtersst especially im
analysis relstins te product imputatiem, is productionm elastleity. Equations
(3) or (4) express the wariatien of I with changes in V when U is fixed at
Uy Or U,o From these we can derive the elasticity of produetien with respect
to v, the fermula of elasticity of production is

<

&

sl <lg

e =

(6)

i
BT
e
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e >/« 1, according as increasing, constant or decreasing returns to

fadtor V prevail in production. And similarly for factor U,
LI

A second relationship of great importance is obtained through
intersecting the production surface not by plane sections perpendicular to
the coordinates representing the inputs but by a plane section perpendicular
to the ordinate representing the output, i.e., to OX in Fig.l. The plane
section will intersect the surface in a curve, each point of which will
represent a combination of the two inputs yielding the same level of output,
j.e. the level of output at which the perpendicular plane-section has been
erected. By drawing plane-sections perpendicular to the vertical output axis
at different level, we can have a set of curves, every point on each of which
represents a different combination of inputs yielding the same level of out-
put. In Fig.3 we draw the contours of these curves by projecting them on the

horizontal surface mapped by the inpul coordinates.

FigoJ,
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Im Fig.3 we have drawn only 5 ef the infinite number of the )
contour lines corresponding to each point on OX in Fig.l. A8 each point om
a curve represents the sane level or amount of output, they are called
isogquants or product i.stc:vqu.a:rl;s° For example, each point on curve x5 repregents
different combinations of input u and v, but gives the same level of output
zéo Symbolically, the curve X, can bs expressed by substituting x5 for x in
(2), d.e.

(7 3, = £(w,v)
Similarly we can express the function for other isoquants.

The slope of an isoquant at a certain point indicaites the marginal
rate of substitution (or MRS for short) of ore input for the other, if the
output is to be maintained at the specified levei. Im #omaal cases, when the
isoquants are curved as they are shown in Fig.3, ths rate of substitutiomn of _
one factor for the other declines as mere and more of this facter is replaced
by the other,

It means that more of the first imput will have %o be given away
for the ssme additional amounts of the other, The MRS cam be derived from (3)
and is expressed as i ‘

2
du “y
av. . fu
o _ 22(u,v) _ 3f(u,v)
where fu = 5% and fv = 5%

Ia Figo3 the HES is given by the slope of the tangent CD at point €ﬁagv2}e
To get the sxact velue of MRS from the fuaction at (uaov?) relating to iso-
quant x, we will heve to substitute u, emnd Yy for u and v in (8).

Fe can use amother typs of plame ssctions of the production
surface with advantage., These plames may be taken through the vertical eutput
axis OX at different angles between OU amd OV relating tc¢ different ccembina-
tions of U and V, For instance,.if s plans is tsken through OX at an amngle 30°
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/ from OU, amd so 60° from OV, the ridge line that we get from the intersection
of this plane and the production surface gives the growth of output when U

and V are combined in proportion 2 to 1 at each magnitude of production.

1 Thus, if a point ai the foot of the plane is (ul.vl), then any
other point at the foot of this plane through OX can be expressed as ( kul,
)xvl) and the production function corresponding to these points giving a pro-

portionate change in inputs can be written as
(9) x=£(dupAvy) = o0 ))

(9) is a function of the variable x only., We can get different functions
like (9) by taking planes through OX and passing through points other than

(ul”vl)°

As indicated above, the slope of an individual isoquant varies
=" from one point to the other. If we join the points on each of the isoquants
at which the respective isoquants have the same slope, we will get a line
wich passes through all the successively higher isoquants of the set at points
where they have the same slope or they are equally 'inclined?, These lines
may be called isoclines., They are shown in Fig.3 by the dotted lines, These
isoclines aiso connect the points on the production surface where the marginal
rates of substitution between the factors are equal, hence they trace (and
also they are called) expansion paths, That is, they show the path of expan=
sion on which the economy will move, if the factors at the margin are combined
in such a way that their rates of substitution remain unaltered. In a compe-
titive equilibrium, when the ratio of factor prices tends to equal their
marginal rate of substitution, this means that if the prices of factors are
- given and remain constant, then the production in the econemy will expand

1

along the corresponding isocline or the expansion path. The isoclines can

be expressed by
5

1) When the -rices of output and,factors are given, the cost can be . mimi-

sed 7 if dc a(P @ + PV +b ) P, <L #
dx = - —— =) AL === e m— 3
ax P, du



du

e )
%= k

(10)
where k' is any constsut, repressnting the rate of substitution between the
factors.

A word may also be added to the wrange of the isoquants that are
relevant to economic analysis. In nomal circumstances, product can only be
maintained if less of one imput is used by increasing the use of the other,
Alternatively, as the substitution of ome input for the othser proceeds,
increasingly larger additions of the first input are needed to sompensate
for a given reduction of the other, In other words only that portion of an
isoquant is interesting and relevani, along which the isoquant is convex to
the originb%) In Fig.3 we have shown the range of the isoquants which are
convex to the origin by thick lines. A% all points beiween these two lines,
each isoquant satisfies the followings '

du

= 2
(11) dem> 2
dva,

% /

CLAY S

We have alresady stated that the MRS measures the rate af wﬁich
one resource, say U, is substiiuted for the other, viz. ¥, in the pr dnetlon
of output % from the given combination of rasources ai an asrquantofﬁhe posgi=

tive value of MRS can be dencted by r, so that = i
v U )
(12) rERAY 2

Now one more interesting point to determine iz how fast r chaunges im relatiom
to the rate of change in the ratio of the resources at an iscquamt. This will

1) It is just pessible that the isoguants are convex to the origin all along
their course.
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give us what is called the elasticity of rate of substitution and can be
denoted by 5’, so that

=

d
+ &
¥

(13) .

LK

1)

The value of g)can be expressed in an alternative form.

£f £ (uf + vE))
W i
(14) S v 2)

2
=u¥(fuu fv - quv fu fv + fvv fu

(14) shows that the elasticity of substitution is symmetrical for the two
resources. This can be readily seen because interchanging u and v in the
right hand side of (14) does not change the expression. In other words,
whether we consider substitution of U for V or V for U, we get the same
value of the elasticity of substitution.

In diagrammatic terms if P is any point on the isogquant xz, in
Fig.3, then cfis the ratic of the relative change in the gradient of OP to
the relative change in the gradient of the tangent.at P to the isoquant,
for a small movement of P along it. Alternatively we can illustrate éf by
the following figure
%¥

Figol. el

0

5 Za_,

dv

1) RoG.Ds Allen, Mathematical Analysis for Economists (London 1960) p. 342.
(14) can be derived immediately by substituting for g% and dr in (13).

u _ viu = udv _ Br r <

d; = ————:§-=“ and dr H'EE du + §§ dv. But du =~§; dv = rdv
u__¥r+u o

a2 = 2 gy and dr = r-(%; Ei) dv.

v



In Fig.4 the ordinate represents the ratic of factors and the
shigcissa the rate of substitution between them. The curve represents the
relationship between}%gﬁvariableso At point T, the slope of the tangent QTR
gives the marginal rate of change of -:-, the ratio of factors, with respect
to r = %%, the marginal rate of substitution between them, so that

u
8. 5
OR ~ dw
u
IS5 -
Further we have g = ——QE
dv
But 06 = OR and oR = QR

25 _ IR oo o SR _ IR:00

0S ~ 9R £ DR.QT - OR.QT
=
el S !
St g
v
_99 05 Q9T

Thus the elasticity of substitution can be treated like the elasticity of
any two variables by considering one of the variables as the ratio of the
factors and the other rate of substitution. An alternative éxpression fer 6’
may be

é

e (22
T T

whare cfgi.ves the elasticity of substitution between U and V, Or we can
express the same in logarithmic terms

d log%

=gl

d log'&-;

which is the same as (13).
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s As shown by Allen , (13) can be also written in the form

A

A

(15) G:Lu"‘w*u

2
=T %% = E@%a which is the curvature of the isoquant at (u,v)

of the isoquant at a spggific point., The magnitude of ¢~ indicates the ease
with which the output can be maintained by substituting ome resource for the

Howaver, r -

other, If gig is zero, which will be the case, if the isoquant assumes the
: dvz ;

form of a straight line in the neighbourhood of (u,v), é?’will be infinite

which means that the product can be maintained by substituting ome resource

for the other in a constant proportion. If dau is 0o which will be the

cagse if thérisoquant has a right angle at (u,v) then ¢“= O, indicating that
U and V are needed in fixed proportion, amd no substitution is possible, and
an increase in ome of the resources without increasing the other will leave
the output unchanged.
V.
In production theory as in other branches of economic theory,
the homogeneity of Functions is of great significance. A production function

in variables u and ¥ is homogeneous of degree n if for any value of A 9
(16) £Ch w, AV) = \*2Cu,v) = \"x
If n = 0, £44s a homogeneous function of degree zayp, so théf

f(}mn Av) = f(u,v) = x

This means that if £ is = homogeneous functibn of degree zero, then the value
of the function doss not change, if the variahles are ckhanged in an equal

3
proportion, say A o

(17) B (.5
v BAW"
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where m may assume any real value. In (173 the value of x remains unchanged
when u and v are chﬁ@ed- in the same proporticm. Function homogeneous of zero
degree are of great importance in the theory of demand and supply, though not

so in production theory as such.

However, a very important case in production theory arises when
n=1in (16), i.e. when %ic production function iz homogereous of degree onej
for in that case

(18) f(,\ Uy Av) :/\f(u,v) = )x

(18) states that when f is homogeneous of degree ome than the output x is
changed in the same proportion in which the factors u aﬁd v are simultaneously
changed. That is if we double u amd v, i.e., when \ = 2, x will alsa be double
and so on, This is the ease of constant returns o scale which means that
production or output is changed at the same scale at which all-%he factors

are changed,

But if in (16) n # 1, then we cannot get constant returns to
scale but we get varying returns to scale, If n > 1, we get increasing returns
to scaley, for in this case s b

(19) £( huo Nv) = N£(ue¥) = A > Ax ¢ A >1).

It is evident from (19) that when n > 1, and A Sl, then the resulting output
increases more than the proportion in which the factors are increased. In the
reverse. case when n £ 1, we geit decreasing returns %o scale, for then

(20) £§ huy Av) = Ng(u,w) = M%< ,\:1:o

It is obvious from {20) that when n <1, (xbl)g then the resulting output
increases less than the proportion in which the factors are increased.

We see then that when the production function is homogeneous

we can easily detemin&f%.ﬁe function depicts increasing, constant or decreasing

2
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/ returns to scale. All that we have %0 notice is the degree of homogeneity i.e.

the value of n. The function characterises,

increasing returns to scale according as n 2 1
constant returns to scale i wea =1
decreasing returns to scals " . B - |

The determination of the returns to scale is mot so ®asy or clear=cut when the

production function is mot homogemecus in whick case thers may ‘be increasing

returns to scale in ome interval and decreasing returns in another.

In production theory homogeneity of degree one is very important
for another reason., The well-known Euler®s theorem states that the following

1

condition iz satisfied by a homogeneous functiexn.
(21) u fu v fv = a flu,v) = Bx

in the case when f is homogensous of degree one we have
{22) - m - f? = f(u,¥) = x

(22) states that the sum of the factors multiplied by their marginal products,
i.eo u fu + v fv equsls the total output %x. This property emables us te impute
back the total outpub to the factors that produce it.2’ Under ideal circum-
stances, it should - acsording to the marginal productivity theory = bs possi-
ble to reallocate the total output back te the factors employed in the produce
tion, Tha following are & few of the exampics of homogeneous functions of
degres one:

(23) CHTERE_SE . R T

(=]

-0
=0

v Iy

i

1) For this and other properties of s hoanogsneous function see R.G.D, Allenm
Opocito PPo 317""180 ;

2) The total output can always be imputed back te factbrs under long term com-
petitive equilibrium, whether the production function is homogeneous of de=
gree one or not, c¢f, PoA.Ssmuslsons Foundations of Econowmic Analysis 1947,

p. 85=86,




=l

m
(%) X = mmlu Y = s m any number
: au + b v
(25) x=(au +b Bl S #=1 4 n v™F ; u any number.

The equations from (23) to (25) which represent a wide variety of homogeneous
production functions of degree one and all other functions of this tvne can

be expressed in the following form.
o AL
x—uf(u) o

Some welleknown and commonly used production fumctions will be discussed

later,

VI

We have touched upen varying returns to factors and varying
returns to scale, but we have not studied fthem in juxtaposition. This is
peeded for two reasons. Firstly because of the gimilarity of the two expres-—
sionsy especially exeluding the last terus whigh are often omitted in dis-
cussions, the beginmers are not infrequently confused about their exsct meaning.
It ought to be stated, however, that the former is also called the “law of
variable proportions" and if this term were consistently used in the literature
and discussions, the confusion might have heen lesser, The other resson is that
recently an interesting discussion has taken place as to whether an increasing

returns to a factor is compatible with a constant returns to scaleoa)

The law of varying returns to a factor states that as the input
of a certain factor is increased, the inpufs of other factors remaining cone
stant, the resulting additions %o output may increase, remain constant or de-

cline according to whether the factor is eiperiencing increasing, constant or

1) Let x = f{uyv) be a homogeneous function of degree one, then

X=1u f(lo%) = f(%)o

2) ef. American Edonomic Review, September 1964,
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diminishing returas at its successive values and the givem levsl of other
factors, In other words, if the margiral productivity of a factor increases,
remzins constant or diminishes, they show increasing, constant cr diminishing
returns to that factor, in that imjpwal, it being understood that the margimal
productivity of a factor is derived on the assumption that the amounts of othsr
factors are kept fixed, It is evident that as long as the marginasl product of
a factor remains positive, the total preduct will increase but at an increas-
ing, constant or diminishing rate ascording as the law of increasing, constant
or the diminishing returns are applicable te that factor in the region under.
consideration given the level of other facters, In our symbols, as we have
already stated, %23 or da; "Z/<= 0 according as the factor w or v is
expariescing an gicraasigég goenstant or dimiaishing rsﬁurnsuLE

Returss to scals, on the cther hand, dessribes the behaviour
of the total product when 211 the factors are increased iz the same proportios.
_ As stated earlier, the output increases ir a proporticz mors then, equal to or
less than thet in which the factors ineresss according 59 the predustion funce

tion dspicts increasing, constant or diminishing returns to seale.

Returns to a fachor caa be illustrated with the help of the
following diagram, Iz Fig.5, the total product curve per unii of u is pletted;
the product per unit of u taken verticaily and v per unit of u horizontally.
In this illustration u is fized at a level, =ay u,, and v is the variable
factor, Fig.5 shows the toial curve, TP, average ﬁroducﬁ curva, AP, and ths

marginal product curve, MP,

1) The law ef wariable propertienz or the law of returmnz e fastors kae-
been defined by several text=book writers by rslating the changss in
ore factor, other factors being held cometant, to the movemant in the-
total product; ef. R.H. Leftwich, The Price System amnd Besource Allo-
ggtion 1960, p. 109, It (the iaw of dimimishing returps) states that
if input of one resowrcs is increased by egqual imcrements per unit of
time, while the inputs of other resourcus are held comstant, totsal
product output will increase, but beyond some polut the rasuliing
cutput increases will become smaller and smaller,
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hkecording te our definition increasing returns to factor ¥
occur till point A, constant returns till point B, and diminishing returns
after that till point C, After point C; no sensible producer would like to
apply more of v, given the fixed level of u at Up8 for it will not lead to
any addition te the total product. TP is concave upward for earlier units of
v, for the given units of u atb Uy because small amounts of inputs are too in-
adequate and that output rises at an ever faster rate as the units of v are .
increased, and thus till point A, increasing returns to v are obtained, Then:
from A to B the output increases at a constant rate characterized by constant
returns to the variable factor v. However, the TP keeps rising but at a dimi-
nishing rate till point D%; where the AP attains its maximum value, This point
can be easily spotted by drawing a tongen: to TP passing through the erigin.
For on no point other than the point of tangency, .8, DV will the slope of
the line joining a point on TP to the origin which gives the average product,
will be larger. After D, TP increases furiher, but at an ever slower rate till
it reaches its maximum point at E where the MP becomes zero. Beyond this point
no producer would like to go because any addition of the variable.factor v will
not only mot bring about any additions of total output, but on the conirary
will lead to the reductions in the total output.

Now we can return to the interesting discussion whether in=
creasing returns to a factor are possible under conditions of constant returns
to scale., We know that constant returns to scale are obtpined when the pro-
duction function is homogeneous of degree cne, Accerding to Euler’s éheorem
then
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x (o2 2 ax
= du dv
x _dx _dx u
(26) o v dv " du ¥

As x is output and u and v are inputs, they are all non-negative

and so = and = are non-aesabive. From (26) it is obvious that whenever %% is
: R o dx a3y . Zi o

negative qu 1S positive and.aa is negative only when v 15 positive and
greater than‘%rc’o This means that whenever the marginal product of v is greater
than its average product, the marginal product of u must be negative. The
excess of marginal product of v over average product implies that the marginal
product of v has been increasing over part of its course, i.e, it has been

Y

increasing returns to a factor are not incompatible with constant returms Zo

experiencing an increasing returns to itself. Thus it can be shown that
scale, or more correctly, with linear homegeneous functions, This seems to
contradict the assertion of some text-books that only dimimishing returas te
individual factors are compatible with constant returans teo scaleoz)
if we add the restriction that the marginal productivities of the factors do

However,

not become negative, then we can immediately see from (26) that %-must be

greater than<%§ all through hence %%-must be positive but diminishing from

the very beginning, By changing places we can say the same for the other factor,

1) In some cases the AP curve may be above
the MP curve even if the latter is rising.
This may happen when MP curve rises after
falling a certain distance,: but mo® =~ . °
enough to cross the AP curve and then falls
again, as shown in the opposite figure,

2) A, Stonier and D, Hague, A Text-Book of Economic Theory, New York 1961; -
Po 229, Erich Schneider, Einfilhrung in die Wirtschafistheoris, Vol.I1I,
T#bingen 1958, p. 197.




~ A8k

A definite conclusion, however, depends on how far the above restriction is
legitimate, Intuitively it seems that the restriction is in ordcr.l) Further
we have to be on the guard that the range within increasing returns to a

factor are obtained, the total output is not negative or is not falling.
VII

So far we have considered that several factors or, as in our
iliustrative cases, two factors combine together to produce one output., Some
production processes are such that one or more factors combine te  »duce
more than one output., Examples of joint production where two or more outputs
are produced in variable proportions are wool and mutton, grain and chaff etc.
A process is characterized by joint production only when the quantities of two
or more outputs are technically interdependent as in the two examples mentioned
here, A firm may be producing two or more outputs, but if the factors going
into the production ¢f each cne of these sutputs are independent of the other,
then the situation will not be one of joint production.

In order to maintain the simplicity of the exposition we shall
consider the case of two commodities X and Y and one factor U, The production

function can now be expressed as,

(27) u = hix,y).

Product transformation curve joins the points giving the minimum
possible combination of the smounts of the outputs with a given amount of
factor input., If the value of u in (27) is fixed at u°, we get a product
transformatien curve associated with that level of output; for higher wvalues
of u, we shall get higher transformation curves and vice versa as shown in
FPig.b.

1) For various comments and discussions on this problem see American
Economic Review, September 1964,
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The slope of the tangent at a point on a product transformation
curve gives the rate at which more of one commedity can be obtained im place
of the other, given the amcunt of factors or resources, The negative slops of
a transformatiom curve is defined as the marginal rate of (product) transferm-
ation or MRT:

dx
(28) MRT = d?ff
From (28) we can derive
L
(29) MRT = = ? = 3
5
(29) states that the marginal rate of transformation of x te y is the ratie
of marginal factor resource requirement of y to that of x, Product transform-
ation curves are concave to the origin, i.e.
ax N
- 0
dy
2
d :2c <0
dy

If, em successive transformation curves, we join points where the marginal
rates of product transi‘armation are equal t¢ a certain comnstant, we get what
may be termed again as the expansion path under the cemdition that the two
commodities are produced in such a proportion throughout that their MRT's
are equal to the constant assumed. In Fig.6 OE shows such a patho
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In order to illustrate the concepts mentioned above, we can
take a concrete shape of the function £, We shall take a homogeneous function
of degree one with two variable factors and ome output. The form of the func-
tion is ;

1
(30) x = (a uv + Bu® + ovo)Z
where a, b and ¢ are constant technical coefficients. In order tv ...d the

variation of output X with variations in one factor, say U with V fixed at a
certain level, say v;, we just substitute v, for v in (30) to get
1

2 it w6 sts
(31) x, = (a uv, + bu" + cvl)

(31) gives the section of production surface formed by plotting the right
hand side of (30) by a plane perpendicular to OV at v, Similarly we can get
a function giving the variation of x with V, for a certain fixed value of U,
Differentiating (31) with respect to u, we get the marginal productivity of u,
g0 that

= 1
e 2 2 ‘
a uw, + bu~ + cvl) (avl + 2bu)

1

(32) 1
: hd du

nﬂ?

Similarly we can get the mgrginal productivity of v, The production isoquant

representing the level of output, say x°, can be obtained just by inserting
x° for x in (30) so that

1

(33) X, = (a uv + bu2 + cva)2
1k
5 o =AY //+I(a2 - 4cb)v2 - ub(x°)2

2b

The above gives one of the sets of isoquants associated with the output lewvel
x°, The whole set of isequants is derived easily by putting different wvalues
of x in place of x°, The whole system of the isoquants is thus given by
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1
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‘ (34) T /!(; Zﬁ4bc)ﬁ2 = ubx

The elasticity of production of x with respect to u is, substituting from
(32) in (6)

-1
2 2 2
(35) :e_—.-‘;- . &—-“i = %%{avl + 2bu)(auv, + bu® + cvy)
%u(avl + 2bu)
(auv1+bu2+cv§)g

and similarly we can get the elasticity of production of x with ;aspect to v,

The marginal rate of substitution of U and V at a point (u,v)

along an isoquant, say (31), is

(36) du _  (au + 2¢v)

T==3v ~ ~ (av + 2bu)

An isocline equation can be arrived at quite simply by equating r with the
constant substitution rate desired. Let the latter be k', so that the isocline
which passes through the successive isoquanis at points where their slopes or

MRS are equal te k' is given by

. _Qu _ au+ 26¥ _ .,

2c + ak!

o S a + 2bk!? 8

For different values of k' we can get a set‘of isoclines or expansion paths.
It is interesting to note that whem the production fumction is homogemeous of
degree one, as the example taken up by us is; the formula for, 6 , the elas~
ticity of substitution is greatly simplified. For according to Euler’s theorem
%7 we have,

x = uf + vf
u v
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Differentiating the above with respect to u and v respectively, we get -

Ly eiian g e

e | o ¢
fﬂu = u fuv and fwv e fuv

Substituting the above in (14) we have
£ £ dx  dx

(14°) g’ = =X or §p§~"23
x L A
el *dndv

Therefore the clasticity of substitution of our illustrative function is

(av + 2bu)(au + 2¢v)

o

={av + 2bu)(an + 2cv) + 2ax2
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Lecture 2

MICRO=COST FUNCTION

I. Tetal cost fumction, 23 . II. Isecost lines, 25, III. Short-run cost
function, 26 . IV. ATC, AVC, AFC, MC functions, 26 . V. Long-run cost
functions, 28. VI. LAC and LMC functions, 30 . VII., Internal and extersal
economies, 33. VIII, Numerical illustration, 34 .

7

In the preceding lecture we expressed the facters or the imputs
in a way as if their quantities were variable. This may be true if we con-
sider the part of the services of the facters that -are actually utiliza& in
the process of production. Even then, there are comceptual difficulties in=
volved, since there are certaln fixed facters which can yield their services
at a certain time up to a particular limit, me more, while under most eircume
stances, 1f the services which these factors are able to provide gurrently are
mot fully used, there is no guarantes that the currently available but un~
utilized services can be stored for future utilization. The size of thHese
fixed factors have to be decided with a consideration for long term schedule
of production (i.e,) taking into view the maximum possible amount of eutput
that is desirzed to be produced during the lifetime of the fixed factors ine
stalled, Thus the fixed factors are variable in the wery lomg rum, i.8. in a
period exceeding the life-time of the currently imstalled fixed factors., But
in the short rum they are fixed and do mot vary with changes in output, The
1ife of these factors is mostly and generally independent of the amount of
output produced at a particular time, so lomg as the level of output is below
the upper limit that the fixed factor inputs can preoduce.

For a fimm, thus all costs incurred on account of fixed factors
are invariable and fixed, it is the cost of other factors and imputs that
vary in relation to cuiput.

The entreprensur’s fotal cost of produstion cam be given by a

linsar equation



(1) C=pu+ P,V + b

where C is total cost, P, is the price of variable factor U and P, the price
of variable factor V, and b is cost of the fixed factors or inputs., It sheuld
be noted that b is not the total cost of the fixed inputs, but only the cost
of the fixed input that can be dimputed fo the current volume of production,
In theory, alternative ways are possible %o evaluate the fixed cost and in
practice, mmerous methods are adopted by individual firms to earﬁark the
Zixed cost. Broad comsiderations that matter in the calculation of the Fixed
costs are the total purchase cost of the fixed inputs, the life of the inputs,
the average interest charges on the cost of the inputs over their life span,
risk of absolescence and the probable appreciation of the walue of these in—
puts, Generally fixed gost pertaining tec output of a preduction periocd should
approximate total purchase ' cost plus total interest cost divided by the =+
number of periods over which the fixed irputs last in working condition with
allowance for absolescence and appreciation.

There are certain items of expenditure in the nature of fixed
inputs such asg training and research departments, recreation, housing and
other facilities for workers and their children, construction of roads, rails
and bridges etc., which bring benefits not only to the fimm undertaking these
expenditures, but to other firms in the loeality and also in the country, not
only in the current period but even in the distant future. The benefits of
these expenditures are so diffusedover area, ameng firms of the same and other
-types and in fubture that it is very difficult if not Impossible for a fim
to meke even a rough estimate of the cost of these items to be included in
the cost function of the current production of the firm, In actual costing,
the firms mostly follow some customary methods giving only broad consideration
to the items mentioned above., It seems, however, that these items may cause
a little less difficulty when we set to constructing macre production function
for the whole country.
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Returning to equation (1), we can derive what is termed .as
isocost line, This is defined as the locus of the points giving various com-
bination of inputs that may be purchased for a specified total cost. Let the
specified total cost be c°, then the corresponding isoceost line giwen by (2)
is a straight line in u, and v, given their prices, and the value of b, By
specifying different values for C we can get a family of isocost lines as

shown in Fig.l;‘;Q SR SR D
: 0. ; : = &l I et gt ; 5
(2) , =iven deis pﬁﬁut pvﬂn'& Y SN o TRt S T M E s Ry -
. i fit i G 1 ole
Figole J

0 U

Orm P
(3) ug%—bwgy.vo
u : o

Differentiating (3) with respect to v, we can immediately see that the slope
of the isocost lines is the reciprocal of the ratios of their corresponding
prices with a negative sign. In Fig.l, we can get the intercept of the isocost
lines with the U or V axis easily by putting v or u respectively squal te zZero
in (3). The greater the walue of Co, the greater the intercepis on the axes,

and 4+4ha hiohan +hoe toahsncod 13Iwmac
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In lecture 1 we described physieal production function, and we
algo derived what we call the isocline or the expansion path., We have just
introduced the cost equation, From these three seis of equation we can derive
the cost function, These three sets of information are sufficient for derive
ing a general cost function. The main idez underlying a cost function is that
the entrepreneurs are assumed %o economize as much as possible, giwen the
priees of inputs and the output they produce. If they do so, it can be easily
shown that they will move on the opiimal expansion pathul) The thres equations
required for the deriviation of the cost function are:

= £(u,v)
= g{uy,w)

&+ Y+ b
wpu ¥ P

QO K
B B

The above system of three ecustions can be reduced to an equa=- - =

tior expressing cost in terms of ouiput and fixed cost (given the input prices)

&) Cs¥(x)+Db.

1V,

From equation {4) we can easily derive awsrage total cost (ATC),
average variable cosi (AVC), average fixed cost (AFC) and marginal cost (MC).

/ ATC = “mfdmw + b
&

AVC = %ﬁi
(5) ﬁ
g -
AFC = =
l MC = Vi(x)
- d.fjpuu + pvv?i N R
o Ity A T R ) L et — i g°
1) Cost is minimized when ol T ) OF dv = p i



/ Cost functions may assume various forms. Fig.2 gives the shapes
4 of a cost function and other related functions mentioned above which are

normally assumed by economists.

Fig.2o
C Ny
2 {‘\(’/ &
)
| 2 AFC
g X, 0 X, %, X

Potal cost curve is a cubic function, but ATC, &VC,‘_ and MC are
second degree parabolic funcitions, MC reaches its minimum\before AVC and AVC
before ATC. AFC is a rectangualr hyperbola which can be easily seen from the
third equation above, MC passes through the minimum points of both ATC and
AVC curves. Differentiating ATC with respect to x, and equating to zero we have

- x Vi (x) = 2{’*(:{) + b}: 0

b4

(6)

‘ -h_(i) R o de(x)

which shows. that the extreme lowest point om ATC (and similarly on AVC)
curve isrreached where ATC equals MC,

" 4 In order to show that in the ‘short run %he output of fim is
affected by only the variable cost and not the fixed cost, we have to analyzs
its main motive, i.e. profit maximization, Given the price of the output, the
profit of the firm, p x «W(x) - b, will be maximized if

(7) D =P (x).



- 28 =

(7) implies that the entrepreneur has to oquate his marginal cost to the price
of the output to maximize his profit, As the marginal cost depends on the
variable cost and not om the fixed cost. !he entrepreneur may go on producing
a eartain eutput in the short run, even i he does not cover all or any part
of the fixed cost so long as he covers th: variable cost in full,

Vo

In the long=run the firm has not only to cover the wariable
cost, but also the fixed cost, for it will not risk an expenditure or the
fixed imputs, if it considers that this will not be recovered., In the long-
ran, the firm has not to decide only the output with the given fixed inputs,
but also the size of the fixed inputs itsslf, The larger the size of the
fixed inputs, the larger the amount of output that the firm can producé in
any period. Henmce the firm will install t1at size of fixed inputs which maxi-
mizes its profits not only taking the wariable cost inte consideration, but
also the fixed cost, Let us then suppose that a size k of the fixed inputs
will enable the firm to maximize its profits. Then the production function,

the cost function and the expansion path vill be

£(u,v,k)
C=pu+ P,¥ + @(k)
0 = g(u,vyk)

£
]

In the middle equation above, the fixed cost is an increasing or linear
function of k, as that #° (k) >0 or ¢ (k) = P o k where ¢ (k) = p,, the
price per unit of fixed inputs, Eliminating u and v from above we can derive

(8) C = P(x,k) + & (k)

(8) describes the family of total cost curves, for different values of k.

For each size of k we get a cost function, but this function will be relevant
for short term analysis, In the long run we reqﬁire a cost function which
minimizes the cost of produstion of the firm whatever the level of output and
the corresponding size of k. For example, as shown in Fig.3, the output OR
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can be produced in any of the plamts with fixed impuis of sizes K(1), k(2)
and k(3). But his cost will be RS in the plant with fixed imput of size k(1),
RT with k(2), RQ with k(3). The plant with k(1) size of fixed input gives the
minimum cost, amd OR¥ amount of outpui can be produced at the minimum cost by
a plant with k(3) size of fixed inputs., As we have to find the function which
produces any level of output at the minimum cost, we differentiate (8) with
respect to k and equate it fto zZero, so that

(9 £ EB) 4 ge x) =0
Bliminating k from (8) and (9) we get

(10 C= ;(x)

as the long=run cost function, Thus the long run cost function is the locus
of the lowest points on short-run cost functions corrssponding to different
sizes of fixed imputs at each level of output. The long=run cost curve is the
envelope of the short=run curves. It touches each but it intersects none.

The main difference between the two is that irn the case of the shori=run cost
curves the size of the plant or the magnitude of the fixed inputs is kept
constant and the minimization of the cos¢ is related to the variable inputs,



but in case of the long=run cost functions, the size of the plant itself is
treated as variable and the minimization of cost is effected through the
minimization of variable cost per unit of output corresponding to each
successive size of the plant, If k is supposed to be continuously vaiiable,
then long=run total cost is the locus of the points on the short run cost
curves which correspond te the ecptimal output with respect to each size of
the plant,

Vi,

Average cost (or AC) equals teotal ¢ost divided by output level,
The shape of the long=run average cost (LAC) curve is determined by the
position of the successive shorterun average cost (SAC) curves corresponding
to respective sizes of the plant, The LAC can be derived either by dividing
the total cost at each level of output by the level of output or by corre-
structing an envelope of the short=run average cost curves, The LAC shows the
movement ©f the average cost whem the size of plant waries in such a manner
as to yield the lowest possible cost for that output,

This can be shown by the following figure, In Fig.4 three short
run average cost curves SACl, SACE, SAC'3 have been drawn corresponding to
three plant sizes, In the short run the firm has only one of the plant sizes,
but in the long-run it can buiid a plant of any size and can shift from one

to the other, The firm will always want to produce an output at an average
cost as low as possible, If the firm has to produce an output equal to X9
1 rather than SA02 {or
SACB) for in the second case the average cost per unit will be higher xlB
29 then the plant
sizes represented by SAC1 and, SAC2 are equally efficient, for the cost in both
x39 the firm will, for the
reasons stated, will want to shift to a plant of the._size represented by SAC

it will build a plant of the size represented by SAC
instead of x,A. If the amount of output to be produced is x

the cases are the same, For an output equal to
3°
If only three sizes of the plant are possible to be built, then the LAC curve
will be given by the line formed by tracing the lowesi parts of ali the
successive SAC curves representing the different sizes of the plants, This is
shown by the thick line in the diagram, the broken lines are irrelevant for
the LAC,
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In reality, in the long run, a firm can build a plant of any
gize it wants, in féct, the number of possible scales is infinite., A series
of infinite number SAC curves can be drawn as shown in Fig.5. The long rum
average cost, as before, can be obtainmed by tracing cuter parts of the
successive SAC curves. Whem the number of SAC curves is infinitely large, the
LAC curve touches at each peint a SAC curve, which happens to be lowest im
relation to the output corresponding to that point, This is the saﬁe as saying

that the long run average cest is an Yenvelope curve® te the SAC eurves.l)
Fisoée C
L

SAC, E;A<;

SAG
L

(TS

1) Leftwich, op.cit. p. 155,
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In the beginning the LAC curve falls, which implies that
successively larger sizes of plants are more efficient than the smaller onmes, |

The LAC reaches its minimum pointy, as at x° in Fig.5, and then it begins to
rise, which implies that beyond this point, larger sizes of planis become
less and less efficient,

The long=run marginal cost (LMC) function can be derived by
differentiating the longerun total cost with respect to output level, or it
can be derived from shorterun MC curves. It should be pointed out, however,
that the IMC is not the envelope of the SMC curves nor can it WYe derived by
selecting and joining the points on the SMC curves which correspond to the
optimum output for each plant size, The LMC curve may be defined as .ne locus
of those points on the SMC curves which correspond to the optimum plant size
for each eutpuﬁoi) As can be seen from Fig.3 the long-run total cost curve is
tangent to each short-run total cost curve at the output for which the latter
represents the optimum plant size.

This can be explained by locking at the lowest points of MC
and ATC curves in Fig.2, Obviously the curves in Fig.2 refer tc a given plante..
size, This plant size is optimal for an output level equal te OXO, but the MC .
is minimum at eufput level Oxlp This shows that the minimum peint on MC curve
related to the optimum plant size corresponding to a certain output level is
not relevant to the IMC, The LMC curve will, thus, be locus of points like H
rather than G corresponding to optimum plant sizes related to successive
output levels. Thus portions of SMC curves may be below the LMC curves, How-
ever, from Fig.2 we canunot be certain that for an output lavel equal to oxo
the plant size implied in Fig.2 is the optimum, For this we will have to turn
to Fig.3, where tﬁg?§3§%? gost curve is tangent to the short=run curve repre=
senting optimum plant size at the corresponding output lewvel., Thus the LMC
curve is the locus of the points (not the minimum) on the shorterun MC curves
for each output level corresponding to the optimum plant size and not vice

versa.

1) Henderson & Quandt, op.cit. p. 60,
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b VII.

In Fig.5 the long=run AC curve move downwards reach its
minimum point and then rises up. The descending phase of the curve is charac=-
terized by internal economies of the producing unit resulting from larger
scales of production., The well=known economies of large-scale production are
due to advantages derivel Iicm the reduction in cost per unit of output by
employing bigger but more efficient machines and equipments, the possibility
of effecting greater specialization or division of work of men and machines,
greater facilities and better terms in purchases and sales of larger inputs
and outputs, utilization of by=producis, possibilities of production of
accessories and raw-material and other inputs, availability of easier and
better financial arrangements, opportunities of astablishing research departe
ments, transport sections and legal wings etc, These advantages may not be
available to a unit producing at a small scaley bhesause many of these items

> are indivisible and they will not pay their way if they ave combined with a
small scale production, It may be nofed that all the advantages mentioned
above are connected directly or indirectvly with fixed inputs. Hence i; is
seen that the larger the size of plant upto a 1imit, the greater the economies
of scale and the lower the average cost per unit of output.

The rising phase of the LAC curve iz explained by the internal
diseconomies which begin to be more effective afier the lowest point has been
reached and grow in effectivensess as the scale of production increases., The
diseconomies, in turm, arise due to the increasing cemplexity of problems and
lack of coordination. The main reason for the disecenomies is the fact that
management is not perfectly variable. It ic true that up to a certain extent
the management group can be increased and specizlization and dividion of
labour can be introduced in the management as sush, but beyond that problems
of coordination beccme increasingly difficult, giviag way teo inereasing
bureaucracy and red tape.

& Apart from imbernal econumies snd diseconmmies a fim’s total
cost and so all other costs are affected hy the outpuf iewel and productive
activities of other firms., External econamies are vealized, if the productive
activity of any cther firm or firms lower the cost of the firm and disecono=

mies are realized if it raises the cost. It is possible that apart fram
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internal economies and diseconomies, the average cost curve of the firm
descends in the early phases due to the external economies realized from the
entry of other firms and diseconomies are realized in the later stages befiause
either too many new firms have entered the field or fresh entry of new firms
has stopped, VIII, j
We can illustrate the concepts described above by taking a
concrete production function as we did in the preceding lecture,
E - cva)%

(11> x = (auv + bu

n

where ap, b, and ¢ are constants as before. Total cost function is

(12) e

P, &+ i S b .

The isocline for a certain constant, k' is as given in (23) of the preceding

lecture,
' ?
(13) T 26 + gk

=& + 2bk? ¥

Finding the values of u and v in terms of x from (10) and (13) and ignoring
the negative values, we have

e x(a® + 1% c)uﬂ/2
e (a8 + b@a + c)':%

=
i

_ 2¢c + gk?

$hers a + 2bk?

Putting the values of u and v in (12), we get the short-run cost function
(14) C = P, ex(ae + be® + c)E% + pvx(ae + DOZ + c)sﬁ + b,

It is trifling to deriwve ATC and AFC3 the marginal cost function, MC, can be
derived by differentiating C with respect to X, so that

(15) MC = P, e(al + b@e + c)"% + pv(ae + b92 - c::}“.}l2
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which, in this case, is constant as ©, Py and p, are constant,
For the derivation of the long-run cost function, we shall have
to introduce a production function which contains the size of the plant k as

one of the variables. One simple form may be the following:
(16) x = (akuv + ‘bu2 + c’va)‘}é
The cost function will now be

17 C=pu+pyv+pk

where Py is the price of k per unit; we shall assume that the cost of fixed
inputs varies in proportion to the size of the plant and is equal to the size
multiplied by its (imputed?) price. The expansion path for a constant k' ig

the same as (12).
From {12) and (16) we can get the value of u and v in terms of

x and k,

ox(ake + 6% + o) %
{2k + 6% + c)é%

where © has the same value as the above. Putting the values of u and ¥ in
(17), we get the total cost function in terms of x and k, i.e. the output

level and the plant size, so that

ko

(18) C.= (pvx + puex) (aBk + b92 + G)A% * Pp

In order $o0 find the long-run cost function, we have to minimize
C with respect to k. Differentiating C with respect to k for given values of

X, and equating to zerc, we have

=

. 2
s%(pvx + puex} (aCk + b8~ + ¢) - =@ + Py = 0

ro

de
dk

2 2
(19) 47 k —%5 {(Zpk) 3[‘(;‘:&9"1}.‘r + qu}] Gl (b@2 + ci}
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: ~  Substituting €19) in (18) we get the long-ar\m cost function,
'LAC !inetm can be derived by dividi.ag the lcng-run cost function by x and
,--tho mc fnnctiun hy differentiating it wl{:h respact to Xe

o R .t . _ ) :
J.Hoﬂonderscn& '

. ReBy Quandt m_w (MeGraw-«Hill) 195& Chape3.

R.Hs Leftwich o tio (Holti-Rivnhart)

1960, cms. vn anm'vm.

'S. Carlson ' » A St m op _the Theory of 'Prc;duc;iag (Kally and M:Lllan). 1956,
Bs0, Heady &
Jolis Dillen s, (Iowa)s 1961, Chap. 2.
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Aggregation of Micro-Production Function.

In the last two sections we have described production and cost
functions in a way as if there were perfectly exact relationship between the
quantities of inputs or factors and the magnitudes of ocutput and cost.
Unfortunately, this is not so and for several reasoms: (1) qualities of in-
puts or factors are not perfectly uniform and the resulting output does not
correspond exactly to the amounts of factors and also the quality of the
latter is not uniformg (2) in a number of cases it is mot possible even to
determine the uniformity of the quality of factors, nor the coumensurability
of their different quantitiss, and in some cases it is net possible even to
measure their amounts, (one has just to consider the skill, managerial and
entreprenenrial ability of different grades of workers, to be convinced of
these facts); (3) a number of inputs and factors are not divisible and quite
frequently it happens that ome or more of the factors are not fully utilized
in the process of production, leading to absence of exact correspondence
between the amounts of factors and the resulting cutput; (4) even if we assume
that thers sxists an exa@§ relationship betwesn the amounts of factors and the
copsequent output, there may occur certain sccidents or unforeseen develop-
ments which may disturb this relationship, e.z., vagaries of weather in agri-
cultural production or breakdown in industrial production etec.; (5) it is mot
always possible to incliude all the elements thet contribute to production of
a producing unit, (For example, the climate of certain places is particularly
suitable for the production of a certain good, but it is simply impossible to
quantify climate and include 3t in the productioz function). Hence the pro=
duction function of an individual producing unit i, can more properly be

written as
&
(1) xg = fx(uiq V) + e,

where x, is the quantity of the commodity produced by the i,} produssyr and
wis

i

Uey Vyo aYe the amountsz of factors used, ¢, is the residual quantity that

represents the disturbance due to the causes mentioned above.
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For an individual producer, it is the individual micro produc-
tion function (or the micro cost function) which is of main concern. An eco-
nemist or social scientist, on the contrary, is interested, more often, in a
production function at the macro-level, such as the total production of an
economy or an industry with aggregate amounts of factors of production,
Obviously these macro-production functions can be derived only through and
on the basis of the micro-production functions by applying a systematic pro-
cedure of aggregation. As Dr, Benxzd1%2shgsipbdﬁtndt9ut§ntbenpr@hlgﬁ of aggre-
gation in.production theory involves aggregation over goods, over Iactors of
production and over firms, a triple aggregation. Further the problu: of
aggregation which arises in equilibrium analysis should be distinguisied from
that which arises in dynamic analysis. The following are the conclusions at
which Bent@el arrives.

In the analysis of the behaviour of a single firm one cannot,
in the general case, lump together iwo or more factors inte a group and apply
the propositions of productiom theory te this group. This procedure is possible,
however, in the case where ihe prices of the factors concerned vary propor—
tionatély. Similarly in a firm which produces several preducts an aggrefation
of products is not generally permissible, But in the special case where the
prices of two or more products vary proportionately, these products can always
be aggregated., And with proportional price variations, simultaneousnageregation
of goods, factors and firms is always possible; ea@h type of aggregation is |
possible by itself and they can be performed successively without conflicting
with each other. We shall déscuss below the simplest possible case of aggre-
gation over firms,

The problem of aggregation is mainly statistical in nature.

We can, at best, give an outline of this procedure based on one of the ela-

mentary cases treated by Pref, Theilea)

1) Ragnar Bentzel, "On the Aggregation of Production Functions®,
International Economic Papers, Ne. 8.

2) H., Theil; Linear Ag

oregation of Economic Relations, Amsterdam 1954,
Other references on this problem ars L.R. Klein, "Macro—economics and
the Theory of Rational Behaviour®, Econometrica, 19%46; K. May, "The
Aggregation Problem got a One-Industry Model¥, ibid; and A. Nataf,
®Sur la Possibilite de Construction de certains Macromodeles®,

“Econometrica, 1950,




The simplest case arisss when we sssume the praduction fumetion
to be of the following limear form

(2) Xi = 0{ g fi2 Pimﬂ. %+ (ivi + Oi i= 19290" I

Ia (2) u{ig/5 , axd Y, are microparameters and the disturbance e, iz supposed
el

to have zers means, Secondly, sll macre-variesbles are assumed to be sums of

the corresponding macro-variables:

14
&

T3 ¥,
=

i=1 -

This assumption can Ye made more general by taking the masro-veriables as
pot simple sums of the microeveriables, but weighted awverages of the miero-
varishles. This may be preferabls in cases when thers sre censidarable diffee
pences between the sizez of fndividual produeing enits, Fer the sske of brevity
and with 2 wiew ¢o aveiding %co much use of sgmbols, we sbhall nod introduse
weights here, Their fantroductiom, however, dves no% raize any logleal fiffi-
culty.

Thirdly, it is postulated that macre-variables satisly a rela~
tion of the similar form 28 (1), so that

(&) ﬁién(ffgﬁ;% Twveeo

The macro-varizbles X, /5 , and Y can be obtained by applying the classical

least square method te the valves of the masroﬁfariabias for a time series.
The maip problem is to f£ind the relationships between thelmacrOé

parsmeters O{,(g n/and'the sorrasponding micro-parsmeters. In other words,

%o do this, we consider ths misro-inputs Uy and vy a8 linear functions of the

macro=inputs of u and v which can be gomputed by the method of lsast squares

for the tims =srizs, #o that we bave 2, I equationss
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uj = AL + Buid 4 C&x%‘ + Byla

(5) | "y i i 1
v: = A ri + B-"l.'. 1 + c ri v o+ E" it 1:13 oo I
1T e T e 1 Ve

where E's are residuals with zero means and uncorrelated_ﬁith the values
assumed by $he macro-inputs for each period of the time series, Substituting
(5) in (2) we get

b(-l-/é\i*YV.

(6) x

where

I I
el (A%ﬁ i v

) A
Y

From (7) it is obvious that the macro~parameters depend on the

I
551 (ys:i B%g.+-\/ h-Bg;)
¥

g Vicgefyap

i=1

it

micro=inputs for the time series, because the coefficients, A's, B's and C's
in (5) depend on them,

The macrOnparameter°< does not depend only on the “corresponding
micro=parameters? &, T but also on the other non=corresponding micro-para-
meters ﬁ s and a"’so '

The magro=-parasmeters ﬂ and Ydo not depend on the micro=para-
meterso< g0 but they depend not only on the corresponding parameters (?i and

Y1 respectively, but on both,

The three statemenis made above can be immediately verified by
looking at the equation in (5).

By showing thatl)

I I
(8) S Api=d, T Avi =0
i=1 %&i i=1 kWi

and

1) H. Theil. op.cit. Chape IXQ Pha 186='189¢
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Biii = 1, Byvi = 1
izl %3 i=1 Vg
(9)
I I
e Cui=1,7 5 Cy =l
i=1 %4 =1 Y3

when the number of explanatory variables is the same in (5) as in (2), but
all the 4 sums in (9) icisg squal to O if this does not hold, (7) cam be
reduced to the following:

A zIex +1 {cov (ﬁi A%i) + cov ( Y&.‘.A%i)}
(10) £ = é + I {cov (6% B&.‘f’) + cov ( Y% Bg%)}
X =

Y + I {cov (ﬁﬁ Cﬁ%} + GOV {J’i C‘-:g,i)}
i

From (10) it is ssem thai the macro-imtsrcept of iz the sum of
the micro-incepts ok . and the macro-cosfficients {or the macre
¥ ars equal to the aergge valus of the correspending misrpe cosfficients
(or micro-slopes) (E 1. and ¢~ 52 both apexrt from csrisin covariance corrac-

tions,

So the whole matter in the linesr aggregetion of micro—produce
tion functions just as for any other ecopomic rslatiom, hlnges om the quanilie
fication of the covariance corrections. So far, it sesms, 20 headgay has
besen made in studying the limits or restrictions on thess @@wa;fiamées.}‘

And so long as our statistical knowledge about these covariances does not
improve, the idea of deriving aggregate or macro-production fuaction from
micro function can hardly be rewarding.

The exsmple of aggregation illustrated above fs the slmplest
that can be used, It relates to units producing the same conmodity with the
szwe factors and their micro functicwms are linsar ia the microe-variables.
Prof. Theil has discussed other cases when the micro=functions are pelynounial
in the micro-variables and also aggregation over-time, But the dbasie approach
is the same as stated abeve. Even thess results have besn poszible because

the functions used are additively ssparable which must ba the case for a

] AN R R 5 e
P I TR - AT Y il =t

1} A.A, Walters,"™Production and Cosi Fumctlions: An Econcmie Survey®,
Econometrica, Jan.= April 1963,
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sensible aggregation as was proved earlier by Natafol>
When we gonsider non-additive production functions, aggregation

not over the same commodities but over different commodities, with changing

micro-parameters and micro-variables and varying changes in prices of goods

and factors, efforts to establish relationships between the micro-parameters

and macro-parameters appear even less satisfactory.

References: %
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Econometrica, 1964,

H. Theil ¢ Linear Aggregation of Economic Relations, Amsterdam 1954,

Ragnar Bentzel,'On the Aggregation of Production Functions® International
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Some Well<Known Production Functions

and their Properties.

I, Introduction, o II., Capital-cutput ratios, o III, Cobb-Douglas

production function, o IV, SMAC production funciion, o V. Derivation
of cost=function, o VI, Appendix, ° i
Lo

As stated by Heady and Bi110n1>9“Justus von Liebig’s ®"law of
the minimum™ was the first attempt to define the fundamental relationmship
between fertilizer and crop yiéldsoe) He stated that soil containing all
nutrients necessary for plant grewth except one is barren for all creps for
which the lacking nutrient is indispensibvle,? Thus each rutrient that is

_neaded for the production of a crop iz = limitational factor to the others.
" The production surface would reduce to a simple "knifes edge® with 2 con-

stant slope to the maximum per ascre yield,’ The purpose for mentioning this
earliest attempt at describing a production functionr is not historical
curiosity, but the fact that a tremendous smount of theoretical and eapirical
research work carried ocut during the last two or thrse dscades from the
simple Harrod-Domar type models to the Leontief’s imput-ouiput models is
based essentially on the agsumptions of strict complimentarfty which charac-
terises von Liebig’s definition. We shall discuss inpui—cutput models later,
but it will be interesting %o comment upon a special type of ratiec, called
the capital-output ratio, which is the backboms of the HesrodeDokgyrotyde of
growth models and is very frequenitly used as a production funetion.

1) Heady and Dillom, icultural Production Funvtiansp Iowr State University

Press, 196%:. Por Histodical aecoint &£ 8he" daweﬁ@pﬁé&% 69 yrﬁduatidn

., fonctions refer .to Ghapter 1 of this beake i, --1.- 3 AT

2) vomn. Lisbig,. Justuss Die GrundsBizg: dez. Aggéaulﬁgrﬂﬁﬁeui mgt R@Hkgicpt auf

die in England stellten nn%nrsasLungeno T"‘f”‘ésd:f'ic:b V ewig und Sohn,
' ‘Braunschweig, 28B5¢ @ - | © . .-

4
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Capital-output ratic is the ratio of capital to output, % ;
where K is the stock of capital and P the output, produced by it. The ratio
is related to a certain period usually a year, If %_= 6’ o then the produc-
tion function can be expressed as P =~% K. The concept is not as simple as
it appears nor is it easy to estimate, Measurement of any economic variables
is difficult, it is much more so in case of capital., If there is one simple
type of capital and the resulting output is one of homogenous quality, the
ratio between the two can be easily found, In reality a firm combines capital
items of vastly different types and grades to produce several joint and by-
products of differring qualities, Hence in the evaluation of capital and out=-
put even in case of a single firm index number problems are involved, When
we consider an industry as a whole or the economy as a whole, which are more
relevant cases for planning and policy making purpose, these problems assume
huge proportions, We shall not discuss the estimation problems here, But
apart from these, there are sevsral conceptual clarifications needed for
computing the ratio more or less accurately.

The ratio is derived by diviging the value of capital stock
needed by the value of output produced. For example, if residential buildings
are included in capital, their rents should be included in the output. In
certain cases it is not easy to do this; for instance, public expenditure on
parks or highweys, etc., can be quite properly included in the stock of
capital, but there is no way of evaluating or imputing a value to the services
produced by these items, On the other hand certain nonmphyéical capital, such
as the stock of knowledge, improvement in skill etc. has to be excluded
simply because we do not know any way of evaluating it so far.

A normal proporticon of inventories may be included in the stock
of capital, but there maj arise certain digcrepancies as to the determination
of "the amount of capital needed itsalf.? If there is no such thing as
"capital exhaustion® then production can be carried on in thres shifésghi.’ -,
but the capital needed will correspondingly increase if preduction is executed
in less than three shifts. Certainly, some idea about normal working hours
of factories and fdrms will have to be fixed before "capital nedded? can be

estimated.
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The depreciation and replacement corsiderations raise additional
but well=known and frequently discussed difficulties in the estimation of the
stock of capital. A systematic method of evaluation will have to be evolved
to estimate the value of the capital stock in successive years of its life-
time till it is retired, Prof, Kuznets presents several estimates of capital-
output ratio; gross capital cutput to gross natiomal produst, gross capital
stock net of capital retirements toc net national product, and net (of depre-
ciation) capital stogk *: =zt national pr@du@t013

Capital—output ratios can be further disiiaguished according as
they are ratios of total capital stock to total cuiput during a year or they
are ratios of increments to capital steock te imsrsases im the cuitput during
a year, The latter are called margizmel sapitzl sutput ratios, and the former
average capital-ocutput ratios, In the field of development polisy, the mar-
ginal ratios are more uszsful, though in their computation the underutilization
of new capital stock created must be accouuted for., Unfertwustely in most of
the underdeveloped countries, it is the margingl capital-sutput ratics alone
which can be computed with higher or smaller degrse of relimbility. But the
problem of under—utilisation of capital is rather confusing amd cemplex, for
as we have stated, it is mot known how msmy hours per day & capital item can
"be worked and certainly the degree of under—utilization canmct be determined
without soms sppropriate idea about this fact, Evenm so, it will be extremely
difficult to estimate the value of capital actually in any given year., This
drawback is very serious for deprsssion years, The series computed by Prof,
Kuznets generally suffer from this defect.

As can be easily understood the average capital output ratios
have besn more stable than the marginal capital output ratios. Annual incresses
in capital stocks and resulting outputs form a very small proportion of the
aggregate capital stock and annual outputs and kence when the former are added
to the latter, the over-all average changes in much smaller degrse as compared
with the variations in the incrsmental ratios, Ard if there is comsistent
tendency in the latter, the former will alsc tend to move towards the level
attained by the marginal ratios.

1) Cf. E.D, Domar, *The Capital=Output Ratio in the United States: Its
variation and stability® in The Theory of Capital,
edited by E.A. Lutz and D, Hague, (Maemillan} 1961,
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A charscteristic of capitaleoutput ratios that has been dis-
covered empirically is that they are fairly stable, with larger varistions in k!
the marginal ratios thah in the average as is to be expected, The following
two tables give an idea of these ratiocs in case of the United States.

The use of capital-ouiput ratio in planning future output or
growth does not imply that capital alone does the whole trick unaccempanied
by labour and other factors, The other facters are, however, supposed te be
present in quantities shes might be mssded, Thsy may be in excess supply but
they are assumed not to be in short supply. Aecording to this approach capital
is all important, other fastors are neglécted or they play, a secondary role,
and thus the approach is, at best, partial., In advanced sountries, there may
oceur shortage of ordinary labour and in the underdeveloped countries, gkilled
and managerial labour is in as short supply as capital,

It is evident that the reciprocal of the average capital-output
ratio gives the average productivity of capital and the reciprocal of marginal
capital-output ratic gives the marginal productivity of capital. As these
ratios include only one factor of production, it will be idle to %talk about- 4
the rate of sustitute, or the elasticity of rate of substitution er the 4

derivation of the short or the long term cost funmstions, based on these ratios,

111,
The equation which is probably the most popular produstion
1)

and is popularly knmown as the Cobb-=Douglas productien function. Actually it
2)

function, was arrived at by Paul H, Douglas in assocciation with C.H. Cobb
traces back te Wicksell

who stated in & footnote the function as

(1) P=a¥BPcY

1) C.W, Cobb and P,A, Pouglas, The Theory of Wages, Macmillan Co.,
New York, 1934,

\‘ N

2) Knut Wicksell, Den "kritiska punkten® i lagen fUr jordbrukets aftagande
produktivitet, Ekonomisk Tidskrift, J916, pp. 585=292, cited by Heady,
Dillon, op.cit. pps. 15=16,
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Ratio of Capital Stock to Annual National Productj
United Stateg, 1869=1955, based on totals in u
) 1929 prices,

Ratio, Gross Capital Ratio, Gross Capital Ratio, Net Qapital
; Stock to Gross National Stock Net of Retire-~ Stock to Net Natio-
Date of Period of product ments to Net National nal product
Capital Naticnal product
Stock Produsct Kugnets Department Kuzpe#s  Department Kuznets Depari-
Flow Concept of Concept of Concept ment of
(Variant  Commerce (Variant Commerce (Variant Commerce
I11) Concept 1I11) - Concept I111) Concept
_ (1) (D) 6 . ) (5) (6)
Total Stock and Product 1 '
(including Military)
le 1869 and 18?9 1869'5&878 4 502 5o 406 L|‘n6 3.5 305
2., 1879 and 1889 1879-1888 4o5 4o5 369 308 2.9 2.9
3, 1889 and 1899 1889-1898 B.3 552 46 4o5 305 3ok
49 1-899 and 1909 1899“’390@ 594 ’ 55‘3 ‘!1'06 4‘05 304 39"-5-
5, 1909 and 1919 1909-1918 6,0 559 5.2 5.0 3.7 306
6, 1919 and 1929 1919-1928 6.2 ' 0.0. - 5.2 500 366 365
7. 1929 and 1939 1929-1938 7.6 T3 6,0 i 51 d Lol 369
8, 1939 and 1949 1939=1948 6:5 5okt 4o6 3?8 3.1 2.5
9, 1949 and 1955 1949-1955 640 5ok 4.0 3.6 2,8 205

Source: Simon Kuznets, Capital in the American Bconcmys Its Formation and Financing, National
Bureau of Economic Research (mimeographed), Table IILI=5, pp# I1II=35=36(s The figures
for 1946-1955 were kindly supplied by Daniel Creamer,

Cf. EeD., Domar, op.cito p. 101,

m&-}'w
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Ratio of Changes in Capital (Capital Formation) to Changes in Annual
National Product, United States, 1869-1955, based on total in
1929 prices,

P

3 S = T g T e N AT e T B R A S

Ratic, Gross Capital Ratio, Gross Capital Ratio Net Capital

Intervais over which Stosk o Gross Natioe Stock Net of Capital Stock to Net National
changes ars comparad nal Product Retirements to Net Product
(dates are for end R N o National Produch ;
of year, unlsss Kuznets  Department Kuznets  Department Kuznets  Depariment
otherwise noted) Concept of Concept of Concept of
i (Variant Commsrce (Variant Commerce (Variant Commerce
L) Concept III1) Congept 1II) Concept
G TSRS PRI TR SO () | SOOI . S (4) (5) (6)
Total (inciuding Military) 3 _
l. 19731883 3.6 3.6 340 3.0 203 2.3 pi
; ; @
2; ?_1.88‘3“1895 ?05 ?02 60? ) 61:4 2 5. l 499 ]
-3¢ 189,_3@1903 5a6 504 466 4°5 3°I-!- A . 302
4, 1903"'1-913‘ o7 ?04 6.8 6.4 4.6 L 4:»3
2. 1913=1923 6.7 6.3 5.3 5.0 P Bed
6. 1923<1933 30.2 25,6 20,1 16,2 11.8 9.6
?o 193.3='1943 'll'el 208 108 2 1 | 1.1 Oe?
8o 1943=1958 4.8 503 241 204 InG. 1.8

Sources Simon Kuznets,; Capital in the American Economy: Its Formation and Financing,
National Bureau of Economic Research (mimeographed), Table III=6, pp% III-=4l=i2,
Cf, E3D, Domar, op.cit, pe 102,
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and said that & , (¥, and ) should sum to 1,0, In early 1927 Douglas com-
puted indexes for American manufacturing of the numbers of workers employed
from years 1899 to 1922 as well as the indexes of the amount of fixed capital
in manufacturing deflated to dollars of approximately constant purchasing
power, and then pletting these on a log scale together with the day index of
physical production of manufacturing and cbserved that the product curve lay
consistently between the two curves for the factors of production and tended
to be approximately a qravter of the relative distance between the curve of
the index for labour, which showed the least increase over the period and that
of the index for capital which showed the mastal) At the suggestion of C.W.
Cobb, the sum of the expenents was made equal to unity in the formula

(2) 2'a ant gl

The value of i and 0( was found by the method of least squares
and as was expected because of the relative distance of the product curve
from those of the twe factors, the valne of X was found to be .75, Using
this value of{}{ the theoretical value of the product was estimated for each
year from (2) and it was found that divergencies between the actual and
theoretical product were not great giving due allowance for the imperfect
nature of the indexes of capital and labour and the use of index of capital
measuring the guantities which were available for, rather than their relative

degree of use.
Later the authors introduced two new features in their investi-

gations. David Durand, in an article published in 1937, urged that the restric-
tion that the indices of labour and capital'sum to unity in the function be
abandoned, He argued that ‘the use of O and 1=® in the function, assumed the
existence of an economic law which &t should be one of the tasks of science

to test, namely, the assumption of true constant returns’, The authors

adopted Durand’s suggestion and decided that they should try to find the

values in terms of the formulas

(3 xaLo( K(bn

1) Cf, Presidential address delivered at the Sixtieth Annual Meeting of
the American Economic Association, Chicago, Ill., December 29, 1947.
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In (3) if the exponents of capital and labour were independently determined,
it would then be possible for the sum of the exponents to be wither greater
or less than unity and henrnce to show true increasingg decreasing, or constant
returns to scale,

Hitherto the authers had 'dealt only with time studies and had
found the values of their exponents from index numbers of labour, capital
and product within a given economy, with each year serving as a séparato
observation.' Now they broadened their field of investigation and mads cross-
section analysis batween industriss in a given economy for spscifie years.
'In these studiés, differences between industries in the quantities of their
net value product were presumed ¢ be a function of the total nuﬂber of
employees and of the total quantities of fixed and working capital with each
industry serving as a separate observation’, The productien function based om
cross-section studies is s somewhat different production function fraﬁ that
which is based on time series, Since the product is aipressed in walue items,
its value in the individual imdustries is not the result of changes in the
increments t& the total physical product but also of changes in the exchange
valus, or the relstive price per unit of the products of am industry. °The
net valuazs turned out by the respective industries will, therafore, be affected
in these cases not only by the quantitiss produced but also by the respective
demapd curves for the products’, The produstion fimction derived from crosse
section‘studiesg thersfore, may be eriticised om the ground that it "does nou
measure productioz at all and 18 in no sense a test of marginai productivity
theory'. Prof, D@mglasgl) however, meets this criticizm by stating that! I3he
marginal productivity theory has always implicitly dealt in terms of values
as well as of physical quantities since it assumes that the supplies of labour
and sapital in each of the wvarious industries are regulated by the principle
that the respective marginal labouwers will produss equal amounts of wvalue
as will the marginal units of capitall. In other words facior allocation in
a market economy takes placs mors according to the marginal walue productivity
theory than that in any other way.

1) P,H. Douglas, ibid,
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The important properties of the Cobb~Douglas productien func—
tion ares

(1) If one of the factors L and K assumes a zero value, the
total production becomes Zerod.

(2) oL and ﬁ ave the elasticities of prédustion with respeci
to labour and capital, since

=B,

= O and

M e
=iy
ui=
il

this means that the ratio between marginal and average production i& constant
and the two change always in the same proportion.

(3) The function is homogeneous of degree % +ﬁ o IfA + /3::»1.
there are increasing returns to seale, if o +ﬁ < 1, decreasing returns to

‘scale and X + }3 = 1 indicates constant returns to scale,

(4) Marginal productivity of labour and capital declines as
a;eir respectiviaamounts inr'r»asezif A<1 apid ﬁ-‘ le 1.2, %% = 0,
= S0 adFz &0 ad 35 L0

( 5) Marginal productiw.ty of labour increases when the amount

¢f eapital is increased and vice«versa £50.0

32

Sist = O

(6) The marginal rate ‘of substitution between eapital and

A K

isbour is B Z1°
(7) The elasticity of substitution between the faciors is

unity.

Cobb=Dougla@? production function has been cribicised on several
rounds, Somé of these criticisms are related to (1) lack of adequate data,
(2) fhilure to use quantities that are exactly relevanty, eo.g. failure to use
the values of quantities of capital actually;utilized instead of total capital
avelabla, (3) the use of quantities of factors without differentiating
according to quality e.g. in case of labour, and (4) other shortcomings in
the measurement of the varisbles and the statistical estimation of the para—

meters etc., These defects of Cobb=Douglas function are more or less coammon io
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all quantitative investigations in almost all sconomic fields, There are,
however, a couple of criticisms which seem to be more serious. One has been

1)

put forward by H, Menderhausern™’ whe found a2 high degree of multicollinearity
between the variables in the time series data. "He presented a three-dimen~
sional figure to show that the product quantities lie practically in a straight
line over the input plane rather than forming a surface dispersed over the
resource plane?, What this criticism smounts to is that the function, instead
of establishing any fundamental production law, describes the fact that the
" logarithms of the three variables happen to change at constant rates with
time so that it is difficult to say whether any causal relationship exists,
between the variables as such. Evidently this critieism is net spplicable %o
cross=section studies,

A second line of criticism worth mentioning here has come from

2 and Smith3)o Reader points out the lack of comformity between the

Readsr
Cobb=Douglas production funcition and the production function postulated in
theory. His main peint is that in theory the physical production function
shows the functionsl relationship between the input quantities and the output
of a fim, The functions derived by Douglas are the loci of input—eutput
quantities of all firms used im the particular study’. Im wreply to this
eriticism Brenfanbrennexﬁ} has pointed out that "under cempetitienm, the slope
of the productien functior under eguilibrium should be the same between in-
dustries and firms?, Smith has raised several pertinemt pointsy, twe of which
can be mentioned here, Theeretisally, the relevant input is the annual dse of
capital, but in fitting in function ordinarily the capital investment is used.
If the two bear a conétan%'ralationg it will mot b2 very objectionable, for
the elasticities will be the same, Otherwise, there will oscur a discrepancy.

1) Horst Menderhausen, On the Significance of Prefessor Douglas? Production

Function, Econometrica, 1938,

2) MW, Reader, Anm Alternastive Interpretation of the Cobb-Douglas Production
Function;, Egonometrica, 1943,

3) V.E, Smith, The Statistical Production Function, Econometrica, 19%45.

4) M. Bronfembrenner, "Production Functionss Cobb-Donglas Interfimm,
Intrafimm®, Econometrica, 1844,
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Secondlyy fims in a cross—section study may employ different techniques,
partisularly due to fixed plants imherited fvem the past, and ths long run
pmductioﬁ functions so &nrtved ngy represent "mongrels® or ®hybrids¥.

It seems fair to state that a general productisa function of
the Cobb=Deuglas type describes at best the cemtral overwall tendensy in the

' mevemenit of factors and the resulting ouitputs it is unjustified to try to

find a prototype in the actual world, exscept perhaps im the idesal economy
vith perfeet present =i future knowledge abeut everything with perfect
mobility of factors and with perfect divisibility ete.

IV,

Ever sinee CebbeDouglias funetion was discovered in 1927, it has
received a remarkablg degree of attention from x_%sewah.tarkera. egonomists,
statisticians, econometricians and mathematical ecememists. Besides the basic
properties of the fumstiom, one resson for its sugeessful carser has been that
there was ne serious slisrmstive te this fumstion, Rsseamily a mew preduction
functien hags beem arrived at by Arwow, Chenary, Mimhaa-and‘Solow and for
Provity it has been labled as SMAC. The basie chanéa introduced by this
function is %o allow the elastisity of substitution to be constant at a value
other than ene as in case of Cobb-Douglas or zero as in case of facter com-
bination in fixed proportiecms. The func‘"&ionl) i=

(&) x= Y{JKGC + (1 5 )%

¥

(4) is a homogeneocus function, it is linear when v = 1, It has an efficiency
paramater Ywh'iuh of courss ean be tacked on to any predusction function, The
distribution parameter 59 (0= =< 1) determines the division of factor
inceme. The substitution parameter, f’ o is the simple function of i‘.ho elasti~
eity of substitution, thus, € = T-%E . Bhen G”is infinite, = 1; and when

8 = O P =00, ]

: The properties of SMAC function as conimrad to the Cobbe
Douglas ares ' | |
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: ﬁa} SMAC i3 @ more geveﬁdi functmwﬁ in the sﬁnse that by v
shoosing sppropriste values for 7 it sas be specisliged to the Pized fa@tér
proportion of the input-sutput typs or the Cobb=Douglas production function.
When [ —> o0, it represents the fuormer and when /O‘--DO' it represents the
Jatterst) ' _' :

' {b) Cobb=Douglag is more general in two senses: elasticity of
production of labour and capital mey be different in the Cobhubouglas wﬁeng
as is obvious, <l # (3 o This posgibility hasz not yet been introduced in
" the sMaC,?’

factors as has been done quite frequently in empirical research, if has yet

Secondly, the Cobb-Douglsz can be generalized to any number of

to be seen whether SMAC san be exiended to meve than two factors,

(e) The production is not reduced to zZerc whem one of the
fagtors is abt zero level in the SMAC, as 43 the cass im thé‘cahbmﬂguéﬁasg
This is, however, umet a serious defeet of the latter, as we san hardly
visualize a situation where one of the fastors; labouw amd capital, slcge is
employed all alore in production. In all cases the two facters are combinsd
together whatever their proportions might hao

{(d) The function iz homogeneous of degree Vo If ¥ > Ly thare
are increasing returns %5 secale, if v <1, decrsasing returns %o scale, if
v = 1, constant returns to scale, ‘

{e) When v = 1, the marginal pr@du@t of capital iz w
and that of labour is (1 - S)}Y € 'i‘l*e'
increases at an inereasing, %Zers or dscreasing rate acsording as xae./’/Ko

o The maginal produst of capital

The marginal produu& of &&bU* inarsases at an increaging, zere or dscreasing.
rate according az x={1 3‘“3%&Lm In this respsei the Cobb-Deuglas conforms -

nors readily to the theoretical requirement of genvexity tham the SMAC,
{f“ The ‘marginal rate of substitution of the factor in ths

1= JWG*% which is now a function of the factor and the elasticity

SMAC is s
of substztution and income division factor. In Gobbmbmuglas it ig a function
of factor ratic and the ratis of production elasticities,

(g) The elasbticity of substitution of the factors iam the SMAC
is Gf = im%?r-u It is unity in case of Cobb-Douglas. This is the chief merit
.of SMAC that it releases the restriction on the gf which can noy differ from

unity.

+

e
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We have briefly discussed the propertiss of the SMAC function.
As for its ecriticisms, it is almost epen to the same criticisms as the Cobb=
Douglas, as regards the measurement of cufpud and factors and the applicabi-
lity of statistical methods. We have pointed cut in what senses Cobb=Dougias
is more general and in what the SMAC, Cobb=Douglas turns out to be a special
case of the SMAC, It remains, however, %o be seen whether the special case
typifies economic reality and conformz to the reguirements ¢of ecomemic theory
more than the other caccz, In a2 cempetitive sconemy, given the income distri-
bution, the factors are used in proporticsn %o their marginal productivities,
and this conforms to the elasticity of substitution being unity than other-
wise, Abeut a non-campetitive economy little is known, but in ewder that SMAC
may be accredited with some superiority ever Cobb-Douglas, it will have to be
tested that O remains constant and that it is substitztionally different
fron unity.

Vo

It is not possible to derive cost funetion from the sapital-
output ratios as such, For we do not get any idea of how much labour (or any

" other factor) is combined with sapital. Hemse it is impossible to find out

the marginal productivity of labeur, Though we know the capital per unit of
output in the over-all or the marginal sense frem the capital-cutput railos,
it is not possible to derive the marginal productivity of capital from these
ratiosol} Even if we counsider Leontief's type, fixad proporiion factor cambi-
nation, and assume that capital and labouw are used in a constant proportion
%@ we cannot derive the marginal productivity of these faciors, The derivation
of marginal productivity of factors by itself does noi enable us to estimate
the cost function, But if we make the further and the omnipotent assumption
of perfect competition, these marginal productivities would equal their
repsective prices and then the estimation of cost of production would be
possible, As the capital-output ratios or the production systems combining

factors in fixed proportions do mot furnish absolute or relative prices of

1) In the literature, marginal productivity of capital has been sometimes
confused with return on capital or outputecapital ratlo, which is unfortunate,



factors endogenously under any condition, we cannot compute cost functions
therefrom,

In case of Cobb-Douglas production functiom, under assumptions
of perfect competition, the price of labour

W:ax vPﬁamlﬁdebP

where P is the price of output of the production function.
(1) T=la Ll

A
(2) noo ‘%’ = “ﬁ'%’

1 i
L = :Lg. (é;‘ °,£i! d~+f5
= LW a’ ot R
15 of
x:[()"‘ og-i K+
The cost_functian is
(3) e =, v W'a KR
1
°< e

substituting the values of L and K in (3)e
The supply funcition can be obtained by equaxing %Q to P, and
rearranging so that

i
) == JaCRaREe AT
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Iz $hs sase of SMAC, the cost fuaction caz ba derived similarly
by suitable substitutions, In the case of perfect cempstition in factoer mar-
kets, we have

;o
V= g-;f- g %’PK."% § «,S)-L"e]"i S P TR (T S

1
R=2X- «%Ex“h Q ,5;;,—?]-;«-1 bS6 «pyxt e

o3

ofs
i

o

%h‘

&

s L HEIRGITG

[R(1 -$)) P+l
(5) L—i,-,——g-l] . K

substitubing {5) &n the expressiasn for cost funchiom

C = WL + KR
we have
Pt 1
(6) Ce [w{-g%%‘-s-l) fad RJ X

(6) gives the long rum cost curve with sapital as the independent variabls,
If we substitute L in the SMAC functiom, we have |

(7) =

K= : )
v[.{o € «d) (5%_;3&)': ;%{] “‘%

Putting the value of K from (7) in (6) we can get the cosk functicn in temms
of entput, The cost functiom is a lingey funsiien in eutput as is to be
expected from a linear homogeanecous function, The supply function éan he
obtained as in case of the Cebb=Douglas funzsiion,
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Lecture 5.

Derivation of Pvoductien Function$

I. Type of data required, 59 » IIL. Statistical techniques,gd o
III, Least-squares method, 1. IV, Tests of significance , 65 o
V., Some defects of estimation, &g, ‘

I,

As in other fields, two types of data can be used for the deriva=
tion of production functions; time series or cross section. The time series
ssmples may consist of periodic observations of ocutpute aad inputs for a single
firm, an industry or the economy as a wholeo For an economy the appropriate
measurement of output would be in terms of gross national product measured in
constant prices, For an indusiry the conventional and easily available index
of industrial production may be used. Labouf inputs can be measured in terms
of labour hours employed. As for capital stock in the industry or in the econoumy,
it has to be measured in terms of index of $1ts value obtained from series on net
investment and initial assets. In case of a particular firm related to a time
series adalysis, the variables may be measured in terms of physical quantities.

Crossesection samples comsist of oupput and imput statistics for
individual firms in an industzy or individual industries in an economy or indi-
vidual regions in an economy or a larger part of the world at a particular time
or during a given péricd, In cross section studies, of course, indexes of
variables have not to be used.

In an intra=-firm study of an indusiry, physical amounts of output or
outputs of each firm can be used if data about their quantities are available,
In the absence of such data, gross value of production of each £irm can serve
the purpose in view of the fact that withis an industiry firm to filrm variations
in value of output are good indicators of physical output at a given point of
time or during the production periocd. As regards fuel, raw materials and other
intermediate products, they can be measured either in physical units or value
terms; in most cases value data will be more easily available and it can be more
conveniently used, Measures of labour can be expressed im man-hours and that of

‘capital in value terms,
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In an inter=induatrial study, physical data can hardly be used since
output and inputs vary very greatly in their composition from industry to ine-
dustry. In svch studies, valve data have te be uvsed even though they are net as
good indicators of movements in physical output as they are in case of inter-
firm studies.

The data about an individuszl firm can be obtained directly from the
reports of the firm, The dztz for an industry to be used in cross-—section inter-
industrial studies are generally published in compilations like census of manu-
facturing., Such publications contain such data about industrial groups as gross
output, number of employees or manhours worked, wage bill and asset values,

The research worker: has. to derive from these rough statistics the data he
wants to use in constructing the production function in a way which conforms

as closely as possible to the definition of the variables which has been chosen
or agreed tc in advance in relation tc the purpose for which the function is
likely to be used,

IX.

After a brief account of the type of data that will be needed and
will be available9 we turn to the statistical teofiniques that can be used in
dexrlving the production function we wish to estimate. Two basic approaches fo
the estimation of a production function are possible: (1) simultaneous equations
approach and (2} single equation approach., In the first approach the production
function is treated as one of the several relations that describe the economic
phenomeng to be studied. In the second, the preduction function is considered
as an independent relationship, beiween the output and the Inpuis, uninfluenced
by other relationships that characterize the economy in which the productive
activity is conducted., While the first is a more comprehensive approach, it
requires mozre scophisticated statistical metheds and 1s nct easy as regards col-
putations, The second approach requires well-known statistisal wetheds and the
corresponding production functicn can be more easily czomputed, As the second
approach has been generally adepted in deriving the praduciicn functions, we
shall confine ourselves to this only., I{ Jan, however, be pointed out that if
we can include all the factors that influenze the output 24 a systematic way,
and add a disturbance factor to represent all other influences sush as thoss

of social milieu and other imponderables, the single equatiea apprsach may give



nearly as good result as the simultansous equations approach. For the sake of
simplicity, we shall outline a method for deriving a linear production function
only, This is firstly because the two production functions that we have dige
cussed can be transformed into linear gauations and secondly because that the

derivation of non=linear equations proceeds on similar lines,

III,

Let us suppose output is a function of three variables which repre-
sent three factor inputs, I number of observations are made of the outputs and
the corresponding inputs. Let Xi(i = lyee00,1) represent the valiues of outputs
for succesive observations and ﬁi(i % 1 odngd) Vi(i = 1,e0e0,1) and Wi(i =1
sosoyX) be the values of corresponding inputs observed, In a cross—section
study i's will represent individual firms or individual industries at a parti-
cular point of time or during an accounting period such as a year, So that X3
-will denote the output of the ith f£irm or industry which uses U3, V% and W% .
of factors U, V and W respectively. In a time series study, i's'meay represent
successive points of time or periocds of production such as a year. We can

record thess observations in a tabnlar form

Observation Number Qutput Ioput
U v W

1 ,

1 ll Ul v, Wl
2 ka U2 Vz W2
i Xi Ui Vi Wi
o0 & 00 eoce a0 L
1/ XI UI ?I WI

In our examplie thers arve four variables, The WU@ber of observations
must be greater than or egqual %o four, l.e. I > 4, Our problem iz to find
a linear function in which U, V and W appear as explentory (or independent)
varishles which explain or predict the (dependent) variable X %o De explained
or predicted, It is to be understood théﬁ the observations that have been made
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and recorded are but a small sample out of a large number of observations
that are possible,
Let us then postulate a linear relation between the varisbles as

follows:

(1) X, =B, +BU, +B v P W +E

(1) states thag X is linearly dependent on U, V and W, that /50, /Suf /5vj
and/@ g 2re the coefficients to be determined, that /50 is the intercept of the
line and is zero when the line passes through the origin, ﬁ i /Sv” and ﬁ =

are respectively the grandients of the line with respect to U, V ahd W, and
give the increase in X due to one unit increase in each of the latter respec-
tively, and that E is the disturbance, residual or the error between the actual
value of X observed and that computed frem the relation (1), so that

(2) Xi - x; = Ei
where x‘i’ is the value of X, computed from (1) leaving out the distprbance E,.
In statistical or econometric theory much depends on the assumptions about dis-
turbance or residual term, We have explained earlierl) that this distpybance
is caused by several reasons whose effects cannot be recorded in the causal
factors included 3n equation (1), The usual assumptions about E arg:

a) Mean value of E, (iél,.onl) is zero

b) Co=-variance of Ei and Ej is Zero for 3 £ j and 6§ for i=j.

The smaller the values of Ei and lesser the deviations the mors
the chance that the estimated values of {309 (3u° {av,and (3w will give such
valuas of Xz which will differ from Xi as little as pessible, In other woxrds,
if we minimize the standard deviation of Ei and find the wvalues oi‘ﬁsfs that
bring about this minimisation, we can get a linear equation which f£its our ob-
servations as best as possible. The mean of Ei“s being zero, their squared.stan-
dard-deviation or their variance’ * is (summation being all through from 1 to I)

v vy

1) If we can minimize the variance, the standard deviation will be minimized,
It is better to do the former to avoid square roots. In fact the two
alternatives are the same, ‘

-
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(3) g5 = $(x; - XD° =& & =B, =01 L1 )
As already stated, we want to find such values of‘/bo,(e u.(s_v, and./?"lr thag

minimize (3). For this we differentiate (3) with respect to each of these

paremeters and equate to zero, to get

/gxi =1, +f S0 +B SV 4 b EW,

SXUy =B, S0+ B EV + o GV A, LT
<gxivi Y RN AT A RV A AN
kgxiwi =5, £V + P TN, + 5 SN, + /5.8 w"_,f

)

Equations in (4) are galled normal equations. By golving the four equations
above for ﬁo’ ﬁu’ ﬁ ) and Aw we get the value of these parameters that
minimize the difference between the actual observed values of output and the
computed values of the outputs, Let the values of the parameters found after
solution be bo’ bu’ bv’ and bw respectively, then the linear production func=-

tion thetwe wanted to derive is
(5) X=b +bU+ bvv + bW

It should be noticed that the above mekhed of deriving the function
through the principle of least squares is centred upon X, the dependent varifﬁ
able. Such a procedure implies that the estimates of the values of the para- '
meters would have besn different, if instead of minimizing the squares of the
differences of the observed and postulated values of X, we would have minimized
the corresponding squares related to one of U, V and W.l) Thus the above esti-
mated regression equation is an jrreversable relationship in terms of causal
influences., It seems, however, more appropriate to work out the regression
equation centering upon X rather than on any of U, V and W except when we are

especially interested in one of them. In any case given the values of b?s, X

1) This is one of the criticisms of the estimations of Cobb=Douglas produc—
tion functicn,.
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and all but one of U, V, W we can predict the level at which the remaining
variable was fixed in producing the given level of X,

The solution of the system of equation can be simplified in the
following way. The fimst of the equations can be written as

X=/5°+/5uﬁ+ﬂv7+/ww
so that (6) b°=/5° =Z—{/5“5- /évvnﬂww

Substituting (6) in (3) we get
. 2
2
s =tbay - - g 0 - W = p, =T -, - n3
; 2
7 Z'(Ki -ﬂuui A ] "’/swwi)
where xi_:Xi-i, uizUiaﬂ, viavimﬁandwi=wimﬁ

The last 3 equations of (&) leaving out the first one can be

written now in the following way

( g (x;u,) ﬁu fCug) + ﬁv ¢(ugv,) + /Sw & (uyw,)

(7) { g(xivﬁ (3, £Cusv,) + e Z(vi) + ﬂw Z(viwi)

k Sxmy) = By Eugmy) + o, Tywy) + A, & ()

(7) can be written in matrix form in the following way, let
(i v2 Cu,V iu w
i 11 A= digid
gviwi /:
Zu w Ev.w éwz
; L ; i i

4

G?e

]
-~
M
™
[
=
|
)
5/

i i xiwi

¥z

B

!
e
D
<
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we can now write the ?quation (7) as AB = G ¢©X

(8) e e

\8) gives the values of b u? b and b w? corresponding: to the values of (3

(¢ and f_. L K

Iv,

The statisticians or economeétricians are not generally satisfied
by just getting the values of the parameters, they go a step further to ascer-
tain the reliability of their estimates, The usual techniques for doing this
ara the tests of significance and the cél@ulation of confidence limits. The
best that is, perhaps, possible to do is to determine whether the variables
whose coefficients or parameters are derived do affect the output, i.e., these

__parameters are significantly different from zero., The formula for the well-

kncwn 'student! test is

t=""—'—__b-2:'"m i=u9V,W¢
Jwar b,)

r Y
O
s’

The var (b ) can be obtained from the inverted matrix A i.e. A_l. If we denote

the elements of A™" by Cy 3 (igJ = uy vy W), then
\ s @
(10) var (b,) = C ii ¢
where Cii is a dlagonal element of the mairix A~ -1 and a3 is the variance of

2)

Tables of £ tests ave svailable., They give values of t correspond-

the error torm,

ing %o degrees of fresedom (which is defined as the number of observations minus
the number of varisbles; in our case it will be I-4) at 5%, 1% and 3%,

1) Some esasy methods known as do-litile methods have been defeloped to solve
egquations like (8) which involve inversion of matrices..j cf. Anderson and
Bancroft, Statistical Theory in Research, (McGraw Hill 1952), pp. 192-197
and 197=199.

2) I the true varlanc§ of error is not krown, variance of the sample error,
s°p may be used, § Ef in the present case, Ei = Xi Xi




= G5

we can now write the equation (7) as AB = G €Y
(8) B=A

\8) gives the values of b o? b and b W correspondingi to the values of /3

(3 =n /g 1 s

iv.

The statisticians or econométricians are not generally satisfied
by just getting the values of the parameters, they go a step further to ascer-
tain the reliability of their estimates, The usual techniques for doing this
ares the tests of significance and the c%lcalation of confidence limits. The
best that is, perhaps, possible to do ié to determine whether the variables
whose coefficients or parameters are derived do affect the output, i.e., these
parameters are significantly different from zero. The formula for the well-
kncwn Ustudent® test is

(9) t='“='-=}22;_-_‘ i*-‘-'t‘., Vy Wo

Jwar Eb,)

The wvar (b ) can be obtained from the inverted matrix A i.e. A-l. If we denote
the elements of A”Y by ci (igJ = uy vy W), then

(10) var (bi) =C ii gg
where Cii is a diagonal eslement of the mairix A” =1 and 02 is the variance of

2)

Tables of © tests ave available., They give values of t correspond-

the error taru,

ing %o degrees of frsedom (which is defined as the number of observations minus
the number of varisbles; in our case it will be I-4) at 5%, 1% and 3%,

1) Some sasy methods known as do-little methods have been deW¥eloped to solve
equations like (8) which involve inversion of matrices.} cf. Anderson and
Bancroft, Statistical Theory in Research, (McGraw Hill 1952), pp. 192-197
alld. 19?“199 °

2) IZ the true varlancg of error is not krown, variance of the sample error,
s, may be used, § Ef in the present case, Ei = Xi - I o
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significance levels, If the value of ¢ derived from (9) is larger than the
tabled value of £ at g certain level of significance corresponding %o the
degrees of freedom we have, then bi is significantly different from zero at

that significance level, If bi is significantly.different from zero, then the
confidencs limits can be ascertained by

(11) bi + td ciios

where ¢ in T denctes the degree of confidence limit required. For example,
for 952 confidence Mmit ol = <05, This means that in 95% cases the valye
of bi will lie between the limits given by (11),

We now denote whai is known ag the coefficient of multiple
Corrslation ag

- . <7 K i} | I =y
o ; Ra : z{xc S E)a - buz- X 4 bvzdm 4 bwz'Jm

b=

5 @ 5 =8

- s o

2 & PR e 5 2 :
R™ measures the Proporiion of variability of the Gependent variable X explaine
ed by the e€xplanatory Variables U, V and § in the regression,

Vo

The bries discussion of the method of estimating the Production
‘unstion does imply that no statistical estimation can evér be perfect, Howe
Ver, there are some serious diffieunlties which must be faced hefops any
eliability can be Placed on the causal relationship between the independent
arizbles and the dependent variables, Out of these, two can be brlefly
tated below,

The first one ig multicollinaariﬁy which has been mentioned earlier,
t is, in broad verms, the tendency of many econcic series to move togelher

2 the same trend over time., It ig an e¥Xpression of comman ©auge running through

ANy economic variables, In Gross—-gection data, the Pessibility of multicolli-
arity is all, but iy time=zerieg data, this may happen. In order to illg=
rate, let us consider the probiem of sstimating the production fanetion,

3) X 2:}30 + f%f’*' f%ﬁ + g
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-when U and V are perfectly correlated, we have
(14) yor dsmn =l

whers r denotes the coefficient of correlation, Tpg normal equations can be
expressed in terms of the partial correlation coefficients

for.

(15) ﬂu ruu % ﬁv ruv ux

T+ [3
/‘u vu {’vrrvv Tyvx

I 1 i = = = = -
n (15) if Ton = Ty = 1 = Ty = By then the two normal equations are iden

ticals In other words, we have one equation to determine iwo unknowns /%u and

ﬂbv; hence the values of bu and bv are indeterminate. It can also happen that
U and V may be perfectly correlated, but due to errors in measurement or ob=

servation of U and V, the partial correlation between the observed values is

. ~@ifferent from 1, in that .case the.iwo equations in (15) will not be identical

and we can get the values of bu and bv’ But thess wvalues will, however, be
meaningless as they are based on not the accuracy of data but its errors.

One way of getting oger multicollinearity &s to drop, one of the
iwo wariables which ave highly correlated from the estimation of the produce
tion function,.

Another flaw in the data to be used may be autocorrelation. It
means correlation between successive items in time-series of observations.
Autocorrelation in the observation of one or two @wariables does not invalidate
the estimates of the regression coefficient obtained via least squares, but
if a variable U is autocorrelated, the variance of its regression coefficient
bm will be affected and hence the confidence limites and significance tesis

1)

cannct be directly applied. Some more complicated methods will be needed.
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Lecture 65 . .

Representation of Techniques of Production.

I. Definition and Diagrammatic Representatién of Techniques,69.
11, Diagrammatic Representatioa of Technigues with Two Commodities and Two
Factors, Pl . III, Technical Change vs. Technical Progressy, 73 .

I.

Technique means 'manner of artistic execution, the part of art-
istic work that is reducible to formula, mechanical skill in art'})In economics
the word technique does not cannofe the artistic aspect as much as the mecha-
nical one. In fact, technique of production is related to the method of produc—
tion giving the relative amounts of different factors needed for producing a
certain commodity. Strictly speaking, by technique of production in economigs

is meant the proportion in which different factors and inputs are combined to

produce an output. To take a simple example, if there are iwo factors of pro-
dection L and K and there is only one technique of production which can produce
an output ¥ by using these factors in a certain proportion, it can be represented
by a point Ql in the two dimensionzl plane as in Fig.l. Thus, if there is only
one technique of producing the commodity X, and Ql is the point which represenis
this, it means that labour and capital L and K can be combined in only one

Figels K .
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propertion in producing X given by E_QE- or the cotangent of the angle Q10M1°
Il

It may be pointed out, however, there may be abailable a number (or an infinite
nunber) of techniques which can produce the same quantity of X but using cne or
both the factors in greater quantities than is required by technique represent-
ed by Ql such as Qi or Q; s etce But these techniques will not be adopted by
any sensible manager of a firm, These techniques are really inferior techniques,
For more of X can be produced by adopting technique Ql and using the amounts

of factors needed by Qi i qu etec. to produce the initial amount of X, These
techniques have, therefore, not to be considered since they are inefficient,
even though, they might combine the two factors in the same proportion as Ql
probably doss.

But there may be some cther technigues which ars not inferior or
inefficient but efficient in the sense that though they may require one of the
factors in greater quantity, they require the other in a smallsr quantity. For
exanple techniques Q2, ng Qf+ etec. are such thgt they require the two faclors
in different proportions in such a way that if the amount of one factor is
greater than that in case of Ql” the amount of the other is lesser. ALL these
techniques are non=inferior and efficient.

Let us consider technigues Ql and Q5 in Pig.2 for a moment. 1If
the factors are perfectly divisible, i.e. they can be partly used in techuiques
Ql and partly in Q3, irrespective of the proportion going to Q’l or ng then it
can be easily seen that the amount of X can be produced by any combination of
techniques Ql and QB' and these really infinite number of combinations of the
two techniques are given by the points on the line joining Ql and. Q;o In Fig.2
we can begin with three efficient techniques, denoted by Q1°Q3 and Qﬁn The lines
joining Q1Q3 and Q3Q5 give the efficient combination of techniques Ql and Q3 and QB
and Q5 respectively. The points on the line joining QlQS are not efficient,
though they are on a line joining two efficient techniques Ql =nd Q59 for the
simple reason that some combipation of techniques Ql and Q3 lying on Q1Q3 and
that of Q3 and Q5 can produce the same amount of output by using less of one or
both the factors K and L.

Now if two other sfficient technigues Qzand Q# are discoveredl)

then by the fact mentioned above, all combirnation of techniques Ql and Q3 ;
. A

1) Soms such techniques may be discovered that make the existing efficient
techniques inefficient. Then the older technigques will have to be dropped
out of consideration.
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lying on Q1Q3 will become inefficient, and they will be replaced. by the com=-
binations of Ql and QZ and thoss of Q2 and Q# lying on Q1Q2 and Q2Q3. The same
will happen in case of Qﬁ‘

If there exist or we discover a sufficiently larger number of
Ysfficient techniques Ql, QEv Q3 sessvess o combining the twe factors L and K
in varying proportions, we shall obiain a curve joining these points demoting
efficient techniques. This curve actually traces a productioa function.l) An
alternative definition of a production function can be givenr as a function ..
which represents the locus of the points denoting efficient itechniques in a
systematic way. We add the words 'in a systematic way' to indicate the fact
that if a production function is viewed in a way described above, it will be
ocbvious that it canmot but be coawex to the origli.

CobhDouglas and SMAC function represent an infinite number of
techniques that can combine X gngd L in any imaginaile proportion. The capital
output ratio by itself does not specify amy particular ratio between K and L.
A fixed proporiion factor combination of the Leontief type gives only one
technique denoted by only cme poimt in Figs.l and 2.

Byiplo ¢ A e M T 1 3 e R A SR L LS
~.In 'the asbovég wa hawe rapresgnted ﬁhﬂtbacﬁﬁiquesibsutah&nghexample
of =z glren amouab oﬁucomm?dityutOuba"?radtcedg:We~¢anirepreaentthechniqués aa

1) If the number of efficienit techniques is infinite, we will get a smooth
curve representing a continuous production function.
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of two commodities whose amounts are not glvena Let the amounts of factors be
denoted by L and K and the two commodit1e§49y X and Eehwhe ﬂoﬁlamxng tabldugives

another way by taking the case of two factors™ as given and the production

the amounts of K and L pequi¥ed,in’the production of one unit{ of each of X and K.

X Y
L aLy ALy
K 2kx axy

In the table a1 x gives the amount of L required in the production
of one unit of X and similarly for other a's. Thus the elements in either of
the columns in the table give the amounts of factors needed in producing one
unit of the repsective commodities, thus they represeant a technique because
these elements give the proportion in which the factors will be combined %o
produce the output,

The quantities X and ¥ of the two commodities producible by using
L in full have to satisfy the condition.

(1) xx'&-aLY-L.

By tracing the straight line given by (1) on a two dimensional
plane with coordinates X and Y as in Fig.3, we get all the alitainable peoints
representing various combinations of X and Y. The triangle formed by joining
the points AB and the axes contains all the points giving the amounts of X and
Y that can be produced by all or less of L, while the points lying on the |

hypothengse maximum combination of X and Y.

Fig.3.

-
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Similarly the triangle formed by the axes and the straight line CD traced by

{.a) aKxx‘l'aKY =K

contains all the points that are feasible with the given amount K, and the
peints lying on CD give the maximum combinations of X and Y producible with K,
Az can be seen the two factors are both fully utilized at point H; the coordi-
pates of H give the maximum quantities of X and Y produced by using L and K
fully, if there iz only one technique to produce X and only one for ¥ given
by the columns of the table above.

Let us now consider the case of more than one technique to pro=-
duce the commodities, Obviously if there is a technique which requires more of
the tws factors to produce a given quantity of a commodity than that required
by the original techuique, it is inferior or inefficient. Reversely, if a com=
bination of techniques %o produce X and Y are such that the given amount of a
faé%or. say L, can produce one or both of X and Y in lesser quantities, this
combination will ®ertainly be infericr, In terms of Fig.h, the line associated
with the combination of the inferior technique corresponding to L will lie
below AB all along without intersecting it. In the figure A'BY combines inferior
techniques. But if two aliternative techniques to produce X and Y respectively
ars discevered or introduced, such that by combining them more of both the
soumodities can be produced with given amount L, thyn these two techliiques
become efficient making the eariier or the original techniques inefficient,
as far as the utilisation of L is concermed. In the figure C"D¥ combines
supericr techniques in respest of L.

If a combination of techniques is inferior in respect of the
utilisation of one facior, i% is not necessary that it should be inferior in

respact of the utilisation of the other factor K, it can be even superior. But

frsla

however superior it may be in respect of oneffactorg if it is inferior in re-
spect of the other, the utilisation of the given amounts of the two factors L
and K will yield lower amounts of the two commodities X and Y, if the combina-
tion of techniques #s such that it is inferior in respect of, say, L and .
superior in respect of, say, K. This is because the factor in respsct of which
it is inferior becomes a boitleneck. This can be seen from Fig.4 where AB and
CD represent the full uiilisation curves related to L and K respectively when

the original technigues are combined. A'B? and C®D™ represent the gorresponding



curves when an alternative set of techniques are introduced. A'B' represents
an inferior combination in respect of L, but C"D® represents a superior one.
However, whatever the positions of A?B' and C¥D", so long as A'B!' is inferior
in respect $f L and C¥D" is superior in respect of K, the feasible amounts of
¥ and Y that can be produced with given L and K is given by the points which
must be contained in the triangle formed by A'B' and the axes. Hence an alfer-
native set of techniques can be efficient only if their combination in respech
of any of the factors is not inferior in the manner described here.

Now consider combinations of techniques in respect of L. If the
lines representing them intersect each other, nome of them will be inferior,
they will all be efficient, since if one combination can produce less of X, it
can produce more of ¥ and wice verssa. In Figet g pumber ¢f lines representing
the combination of efficient known or available techniques in respect of L and
K for producing X and Y are drawn. AB’s for L-amd CD's for K.

Figots 9"
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The area covered by the polygon Ocl Ql Q2 B gives the feasible
region so that the quantities of X and Y denoted by each point of this region
can be produced by the given amounts L and X and the available efficient tech-
niques for producing the two comnodities X and Y. The thick linefcl Ql Qa B is
concave in the neighbourhood of Ql and convex in the neighbourhood of Q2 to the
origin. But if we have a sufficiently large number of alternative efficient
techniques in respect of each of the factors for producing the two commodities,
we can visualize that the 1line C, Q, @ B will assume the shape of the smooth

curve shown in Fige5, concave to the origin all along gts coursee This curve
has been galled by differeni names such as, production possibilities curve,

production frontier curve, opportunity cost curve, product transformation curve,
etc. In fact, it is the same curve which we met towards the end of the first

lecture,

Pige6. E

0 - X
Bach point on the curve in Fige3 represents a maximum combination

of the commodities X and Y which can be produced with given amounts L and K.

I1l.

In recent years, .in the context of the developing countries the
choice of technigues, or which is the sams things the proporticn of factors to
be used in production, has assumed great importance. In the literature z aumber
of terms have been coined to deseribe a ceriain type of techniques. For example
terms like capital light or capital heavy, capital shallowing or capital deep-

ening, labour intensive or capital intensive, labour biased or capital biased,
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capital saving or labour saving, capital economizing or labour economizing,
higher labour-=capital ratioc or lower labour=capital ratio and so on, have become
common currency. And all these terms are quite interchangable, In the first

case they mean relatively more of lazbour or less of ¢capital than the existing
techniques and in the other case the rewerse,

There has been an endless discussion as to whether in a labour
surplus and dapital scarce country, the technigues to be used should be labour
intensive or capital intensive and all these discussions have been inconclusive,
primarily because the writers or the participants in the discussiog are not
given, and they fail to get, a set pattern of . consumption over time, so that
results of the discussions are biasged in favour of the former type of techniques
if the present consumpticn is relatively given more emphasis than that in the
future and latter type of techniques are favoursd in the oppesite case when the
consumptions in the futurs are given relativsly more imporitanse. But we shall
roet go into these details here.

Varigtionz of technology, however, have twe important aspects.

One is merely a technological change, in case of which the proportion of fac-
tors for produsing one unit of a commodity change. The other is what is gene-
rally called technological progress. In the latter case, it is not necessary
$hat the proportion of factors should change, but it takes plase when ons (or
both) of the factors used per unit or for a given output is reduced, the smount
of the other factor remaining the same (or this alse being reduced). Ome thing
to be carefully noted is this that while a techmological change can be effected
at a particular pilint of time by choosing alternative techmiques out of ssversl
known and given techniques, technological progress is nescessarlly related to
passage of time., This is because if at a particular point of time such a tech=-
nique exists which uses one or boeth factors in smaller quantities, amount of
the other fgetor being the same or also heing reduced, all other techniques will
becoms inferior. Further a technilogical progress may or may net involve a
technelogical change. If the relative amounts of the facfors remain the same
after a technological progress, techlunlogical change does not take place but

if the ratio of factors differs, then a technological change is also invelved
in technological progresse

The difference between a technological changs and progress can
be expressed in terms of isoquants and transformation curves. A techniecal change
is said %o take place when a certain quantity of output is produced by different
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combinations of factors, but moving along the same isoquante A technical pro-
gress is realised when the same amount of factors cam preduce more output,

iees, when the isoquant curve moves out towards the north-east direction. A
clearer illustration can be given by making use of the total product curve of

one of the factors, say K, the amounts of other factors held constant.l)‘
Fige7e
i ]
%

1
/;{

K

B Ka,

In Fig.7, curve I represents the initial TP with respest io K
for a given amount of b, and curve II #epresents the same after the technical
progress has taken place. Now if we change the amount of K with that of b re-
maining fixed, the proporitiocm of factor changese A3 K increases we can see
total product increases, but if it remains on curve E;F,u through, this invelves
just a series of technigal changes. Fofp if we have an ‘infinite number of (non-
inferior) techniques, we can increase the outpui by increasing 'H. and keeping
L fixed up %o a maximum limit,

In & technical progress, however, the output increases, even when
the amount of [ remains ths same and the amount of fs beimg held comstasnt as
befores This is shown in Fig.7 py the points qi and géx whieh correspend %o
E’;i of the varisble factore It should be noted that this imcrsase in the oufput
has not inyolved smy change in the ratio of factors used as the smounts of the
two x{@iai.n constantes Comsider ancther amount ﬂr@ of K which is combined with the
same fixed amount of fs, In the absence of technical progress, the cutput of X
increases to qé, but with technical progress, the output rises $o qéIo Now the
total increase in X can be divided im two paris

1) This illustration has bscome very commone For reference see A.E. 0B%y
Production Functions, Technical Progress and Economic Growth, International

PR Rl T (oo, AR e s 2. 11
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In the first case, we have first expressed the effect of techni-
cal change firzt and that of technical progress nexbt, and in the second case
the order has been reversed,

Movement® from q% to qéI does not imply any change in the propor-
tion of factors used. Such a technicsl mevement is called neutral technical
progress. But the movement from qg to qgl does involve a change in the propor—
tion of factors also, we call such a technical movement mon-neutral'! technical
progress. We shall devote the next lecture to discussing the neutral vs. non
neutral technical progress in sane getailse

A tough problem is faced in sepsrating out the effect of techmo~
logical changes and technological progress from a techmnological movyement, The
problem is really how far the technological movement cas be ascounted by re-
duction in the amcunts of fasters used per unit and how far 1t is just a sub=
stitution of ome factor for emabier. Obviocusly the latter is not a technolo-
gical progress but mepely a teshnological change. We shall devote z succeeding
lecture te discuss the attempts that have been made in this comnection; their
shortcemings and further scope of research if any.

Yat another prcblem of mathematicg=economic nature arises in
relation to proper representation of the techmological progrsss as such. In
recent years scme abitempts have besn made in finding s mathematical, what
amounts to the same a logical, expression for the techrologleal progress. We
shall discuss theze attempis in a separate lachurs,

During the last three decades a tremendous amount of theoretical
and empirical research has been dome on discrete produsticn functions. Mostly
%hese researches have utilized and are based on linear models. Discrete pro-
duction functions can be diwided intc twe classesz. Firstly, there are single-
technique modelsy by this we mean that there is only one iechnlqus to produce
a commodity or a group of commodities considered together. Lesontief's input-
output models fall typically in this class. The other class can be described
to consist of alternative techniques model. In these models several or more

than one techniques ara included for producing each commodity or group of
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commodities., The approach which is employed in finding the optimal techniques
for producing the given assortabent of commodities is popularly known as
linear programming. We shall briefly discuss the single and alternative-tech=

nique production functions in a later lecture.
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Lecture 7.

NEUTRAL VS, NON-NEUTRAL TECHNICAL' PROGRESS. .

I, Definition of Technical Progress,80. IIl. Technical Progfess Defined in

Terms of Reduction in Cost,8L. III., Technical Progress and Non=Constant Fac-
tor-Prices, 82, IV, Hicks Definition of Technical Progress, « Vo A Simple
Pefinition of Technical Progress in Terms of Production Function, °

VI, Harrod's Definition of Technical Progress, o VII, Robinson's and

Kennedy'!s Discussion of Technical Progress, .

Lo

Technical progress, as we bave defined earlier, must result either
in an increase in output with the same amount of factors or in a decrease in
all or at least one of the factors, the others remaining the same for produce
ing the same amounit of outpui, Now if we define %technical progress in the
first way, we can easily see that i% must maintain the proportion of factors
used in the production as before, Neutral technical progress, as the terms
signify, implies a technical progress which maintains the relative importance
of factors by using them in the same proportion as before, Technical progress
defined in the first way is, therefore, necessarily neutral, Technical pro-
gress defined in the second way may or may not be meutral; if it reduces all
the inputs used in the same proportion, it . is neutral, otherwise not,.

Technical progress as defined above in the altermative ways is quite
unambiguous, Technical progress, however, can take place in a less clear manner,
Taking the case of two factors g Zlabour and capital, it is just possible thaf a
technical progress involves an increase in the amount of labour (capital) but
a decrease in the amount of capital (labour) for the production of the same
amount of output, In such a case we cannot say without ambiguity whether this
is a case of technical progress or a technical change, Howevery; if we further
assume that prices of factors remain constant, we can give a clear cut defi-
nition of technical progress. Let CD = PLLo + PKKo be the initial cost of
production whexe Py, and py are the constant prices of factors L gnd K, respece
tively., A technical progress is said to have taken place if the cost of
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producing the same amount of output at constant prices of factors, is changed
~to C, such that
(1) Cc, = PlLl + pKKl < .G,

(1) can happen in several ways, either L is reduced K remaining constant and
vice-versa, or both L and K are reduced in the same or different proportions,
or L is reduced but K is increased but relatively in a smaller degreey, so %thai

G < Co and vice-versa. The technical progress will be neutral in one case

1
only when f; = Eg In all other cases it will be non-neutral, If E;,>’fg
Kl Ko = Kl Ko
) PR
the technical progress is labour intensive, if E—ﬂtig s it is labour saving.
1" 7o

s

Technical progress can be studies in relation to changes in capital-

_* output and labour-output ratios, by dividing the cost by the amouni of oubpub,

P, so that

Pl % P
o oG B Ly p K
P P L P P

Given the prices of factors, techunical progress will ﬁaduce-%.
This reduction may be due to a reduction in 1abour-outpuu ratio, %3 accompanied
by a reduction in the capital-output ratio, iﬁ or g may remain constant or
may even increase., In the last two cases, it is clear that the technical pre-
gress will be labour savinge In the first case, i.e., when the reduction in %
is accompanied by a reduction in 3 K y Je caﬁ say definitely that the %echnical
progress is labour saving only when K. <:K. o Where Lb and Kl are the amounts
of labour and capital after the technical progress has taken place and Lo and

Ko the initial amounts to produce the same amount of output. Or, to say the

same when
L K L K
0 (o] (o} fa}
(3) 7 it
-AL -AK L o
L S e e oF Ak ° X
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(3) means that when a technical progress is such that it leads %o
a reduction in both the iabour output and capital outpubt ratics, it will be
labour saving only when the ratio of reduction in labour te that in capital
is greater than the initial ratio between labour and capital,

It should be noted that technical progress necessayily implies
that in (2) Py AL + Py AK < 0 for all values of AL and AKX (positive or
negative) given the values of P, and Py.

In the reverse case, a technical progress can take place when a
reduction in capital-output ratioc is accompanied by e reduction in labour-
output ratio or by a constant or even increased lahour-ouipub ratioe Iﬁ the
case when both %and % are reduced, it w:z.%l be labour saving if AL > K—O as
stated above and capital saving if ii; <-ir'o

A technical progress is neither” labour saving nor capital saving
but neutral if

ABL . o

AK

©
that is when the ratio of the changes in labour and capital after the techni-

| o

J

ke

|

cal progress is equal tc the ratio between labour and capital used initially

to produce the same amount of outpul.

111,

The digcussion of the problem becomes more interesting and at the
same time more complicated, as it should be, when we relax the assumpiion of
constant factor prices, Then there will be two aspects Yo consider: 1) Whether
the change in the rsiative amounts of factors represenis a technical progress
or just a technical changs, and 2) in case it represenis a technical progress
whether it is neutral or non-neutral, As we have stated earlier, a technical
movement can be called a technical progress only when the cost of production
for a given amount of output er per unit is reduced, Now if the cost has been
reduced just because the price of one or both the factors has been reduced
for scme reason or the other, this will be neither a technical progress nor a
technical changs. The situation relevant to our discussion is that when factor
prices influence and in turan are infiuenced by the relative amounts of factors
used in a systematic way, that is, when factor utilisation and facior prices

are interdependent, We assume that a competitive equilibrium prevails that the



- ratio of the marginal preductivity of factors tends to equal the xafio of

their prices.
What is meant by a techrisal movement whieh iz just s technical

change that is bereft of technical progress is easily demenstrated by the

following diagrams

D
Figelo

Kaj

In Figel, I represents the isoquant for producing a certain given
amount of outpui x. Initially the ratio of Lthe fachor prices is given by the

slope of ABy, 39 that

L, o
i, T h

After a technical meovsment, the ratio of factor prices and ths amount of fag-
tors used iz changed. The ratic of facltor prices is now given by the slope of
CDy so that

(5) ﬂEV’L c = PO N — R ]

In the initial position L, and K ameunts of factows wers nsed for producing

the amcunt ¢f oulput and now L; o.r,'i ¥, amovnss ars ns2d $o produse Sha sams
2 2 &

L, .
amount; L, € L, bl K, X K, ar.d S0 f‘:: This is cleaxly a case of labeour

Ko <K;;— >
o iz the sams way we Gan -,ay $hat & trensiticn from

saving technical changs

Tz o T:,__ will be a capital saving techunical change,
It has been easy for us o stéats that the tranzition from T, S0 T,

and vice=verss is a caze of hechul changs and ot 2 %

sal e
simply because we had already assumed the shapa of the curys and ths form of
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the corresponding produchtion function, and bad further assumed that it does
not change after the technical change. 1f we know the form of the function,
we can easily derive the isoguants and find out whether the altered amounts
of labour and capital lie on the same isoquant or not.

If we assume 2 linear homogeneous production function so that
factor prices tend to egual the valus of their marginal products, the cost of
producing the outpul with technique Tl will be the same as with technique Ta

L OE J x Z
PLL1+PK,,K1E'C=_*9L le-a_x——-Kl-—x
1 % 1 1
(6)
s

2z

But if we do not know the fomm of the production function after
the technical movement, then il becomes very difficult to find out whether the
technical movement repressats just a technical change or a technical progress.

The situation caz bs explained by the following figure,

K
Figo2e

0 i

In Fig.2, T and T represent two combinations of labour and capi-
tale. A technical moeemen is ;n”olved in a transition from Ti %0 TE and vice-
yersa., But the technical movement is just a technical change, if the form of
the production funchion is such that Tl and T, lie on the same line, But if
the production function is such that its isoquants are not represented by the
continuous linss, but by the broken or the dotted lines, then Il and T2 are '
combination of factors which give different levels of outputs, The picture is
now guite complicated; T. ard T, represent two different combination of factors

and two different levels of cutput. In the absence of exact knowledge about the
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rfonm of the production function it is not possible to state whether z tran-
~ sition from T1 to T2 represents a technical change or a progress (positive

or negative).

1V,
We can to begin with suppose that the amounts of factors Ll and K1
remain unaltered and that a technical movement takes place. Let the original
production function be x = F(L, K) and the function after the technical move-

ment be x = F*(D,;K>QANOW tae mowgment represents a technical progress when
* s L id
(7) X = P(Ly, ) > x = F(Ly, K.

The above is very clear and shraight simply because we have supposed the
factor amounts to remain the same as did Hicks in 1932 Q. Hicks further stated
that Mlabour-saving® inventions increase the marginal produf* of capital more
* than they increase the marginal product of labour; “vapital saving® inventions
increase the marginal product of labour more than that of capital; “naubral®
inventions ingrease them in the same proportlonz) If, as under assumptions of
perfect competition, price of a factor equals its marginal productivity and

the value output is imputed back to the factors, we have from (7)

?é#

\Y)

¥
%

EESE = D - 2

2
LE QKx
Eﬂiﬂ °x éﬁéﬁ = 2% £SO

In (8), if both the brackets are positive, the inequality necessa-

Q

(8)

W

o

rily holds, but it is not necessary that they must be s

All that is peeded feor the technical progress to take place is that
out of the twe expressions, the positive should be greater than the negative.
Now the Hicksian classification of techmnical progress can be egsily demon-

strated by the following figures.

1) J.R. Hicks, The Theory of Wapges, (Macmillan) 1832, Second Edition 1963.
2) Ibid., pe 122,
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In Fig.(3.1) L1 and K, produce an output given by the level of the
isoquant, The ratio of marginal productivity of labour and capital can be re~
presented by the slope of AB, i.e. tan a. In Figo(3.2), the same amounts Ll
and Kl are shown %o produce a higher amount of output, But the ratio of the
marginal productivity of labour and capital may increase as in the case of
the broken isoquant and the corresponding broken price line or mey remain
unchanged as in the case of the continued isoquant and the continued price
line AB which is parallisl %o AB in Fig.(3.l), or it may decrease as in case of
the dotted isoquant and the corresponding dotted price line CD, In the first
case, according to Hicks, the progress is capital saving, in the second, neu-
tral and in the third it is labour saving,

Two aspects of Hicksian definition are worth considering. The first
is that, as the factor amounts and hence the factor ratios remain unchanged,
it is only the expected changes in the factor ratios that are implied. Hence
the technical progress is capital saving, neutral or labour saving only in the
expected sense, Evidenily, if the marginal productiviiy of one factor rises
in comparison with the other, it will be expected to be utilised in greater
propurtion, Seceddfy, it has a bearing on the distributive shares of the fac-
tors. A capital saving technical progress will lead to a higher percentage of
oubput produced to be distributed o labour and a labour saving to capital,
while a neutral technical progress will maintain the distributive shares,

In Hicks' own words “In every case, however, a labour-saving invention will
diminish the relative share of i;bour. Exactly the same holds, mutatis mutandis,
1"

of a capitalesaving invention,

1) Ibid, pi 122,
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We have seen that when we keep the factor prices constant and the
factor amounts variable and also when we keep the factor amounts constant and
factor prices variable, it is pessible o state unequivocally whether techni-
cal progress has taken place or not. For in the first case, technical progress
can be assessed by the reduction in the cost after the technical movement for
producing the same volume of output, and in the latter case, the technical
progress can be gauged by the increase in the volume of output. Things becore
shoddy, when both the factor prices and the factors amounts are changed,
Since the factor prices are their own prices', i.e.; equal to their marginal
productivities, in full competitive equilibrium, the value of output will be
equal te the cost of production, So with changes in the factor amounts; the
volume and value of output will change, the cost being equal to the value of
output, the reduction of cost criteria cannot be applied, Similarly when the
fackor amounts vary, the variations of the volume of output deoes not provide
a ready guidance for the interpretation of the technical progress.

Let us consider two combinations of factors L-, Kl and LE“ Kz“
denoted by points T, and Tpe S0 that L, Z L, when K,Jﬁ' K o9 respectivelye
Let F be the 1n1t1a1 production function and F the production function after
the technical mavement then it is not sufficient for F2 tn represent a tech=
nical progrpss that 7 (L KE)‘>-F1(L Kl)o It is necessary that

F(L,K)} F(LZ,K.)

and F (Ll K ) et < E (L], K )
or more strictly, F represents a +echnnral progress when F > Fl for any
combination of L and K, How sheuld technical progress be represented in con-
erete functional form will be taken up {n the next lecture.
The definition given abové does not amount actually to more than
what is generally known as the shifting of the production cuzrve in case of
technical progress as contrasted with the movement along the same curve in

case of a technical change,
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Harrodi) has given an alternative definition of neutral technical
progress and there kas been a miner controversy whether Harrod’s and Hicks?
definitions are in essence the same or different., According to Harrod, techni-
e¢al progress is labour-saving if, at a constant rate of interest it raises the
share of capital and lowers the share of wages in the total national product,

neutral if it leaves the shares of beth factors unchanged and capital sawing,
if i% raises the share of labour and lowers the share of capital, Harrod's

2)

idea can be explained by a diagram introduced by Joan Robinson * for the same
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In Figeft, A Pl
capital corresponiing to imi$ial situvation and that after the technical pro-

and A ?2 are average product curves with respect to

gress respectively with constant amount of labour and and Eié'are the

corresponding marginal productivity éurves of capitals In full equilibrium
before the invention, the marginal product of capital, CB, is equal to the
rate of interest, and amount of capital employed with the given amount cf
labour is OB, Total product is equal to OE o AE, which is divided beiween

capital and labour in the ratio given by BEC to CA.

Now lst us suppose that when full-equilibrium is restored after the
technical progress has taken place, the amount of capital employed with the
given amount of Jabour iz OL whersas the marginal productivity of capital is
equal %o the rate of linterest, such that the average preduct of capital BkL

1) R.F. Harred, Review of Robinson's Essays in the Theory of Employment,
Beonomic dJourmsl, 1937, -

2) J. Robinson, The Classification of Inventions, Review of Eccnomic Studies,
1937-38; Reprinted in Readings in the Theory of Income Distribution, Ed, by
W. Fellner and B.F, Haley, London 1950,



sequals AE, In the first position, the ratio of the shares of labour and capi=

i

/ tal in the total product is AC to CE and in the second position after the
technical progress it is BD to DL. Thus the relative share of capiftal is un=—
changed when the BD is equal to AC as it is in the figure. But the share of
capital is increased or decreased by the technical progress according as BD
is less or greater than AC, According %o Harrod, if the share of capiial re-
mains the same at a constant rate of interest, the technical progress is
neutral, and labour saving 1r 1% rises and capital saving if it falls,

Mrs., Robinson has shownl) that the elasticity of curve APl at A is

%% and the elasticity of curve A92 is-%%. In the figure AE = BL and CE = DL;

therefore %%-= %%-. It means that when the technical progress is neutral in

the sense of Harrod, the average product curve rises iso=-elastically. A capi=-
tal saving technical progress lowers the elasticity of average prodiuctiviity
curve, while a labour saving, or more properly, capital using technical pro=-

gress raises %he elasticity of the average product curve.

Vii.

As stated above, according te Harrcd a techrical progress will he
neusral if the average productivity curve of capital rises iseo-alastically,
so that, with a constant rate of interest, the relative share of capital in
the total product is unchanged. But Mrs. Robinson shows that in Hicks' sense
the progress must be neutral if the elasticity of substitution is unity, while
if the elasticity of substitution is less ox greater than unity; the invention
must be capital saving or labour saving, %o a corresponding extent in Hicks!
sense,

This can be demonstrated in the following way. In Fige4y GBE is ths
average product of the original amount of capital, OE, with new technique and
HE its marginal product. Then wiih the new improved techniques and the old
amourts of factors, total product is GE x OE which is divided between capital

and labour in the proportion EH to GH.

1) Economics of Inperfect Competitioxn, pe36. This can be easily derived. For a
given amount of labour, agerage pr?duﬁﬁfva§y_lst§; The elasticity of E'wmth

respect to K is equal $0 = o 3% = de ¥ ° Gy 25 ratio of marginal Dpro--
ductivity, ie.e. it is equal %6 CE or ﬁg, ﬁ%nce the elasticity of cuxve AP,

ac ME  BL BD =
at A with respect to K is—Kﬁ-and that of APa at B iz - Fy o (This is nega=-

tive reciprocal of whai Mrs, Robinson states and so it has to be checksd),
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Mrs, Robinson argues that if the elasticity of substitution is
1) it follows that tha ratio of the
income of labour to the to al product is independent of the amount of capital.

GE . BL AR E AE
Therefore, GF © Bpe But BD AC’ therefore = Ac* It fellows that the mar-

equal to unity over the relevant range

ginal product of labour is raised by the 1nvent10n (with a constant amount of
capital) in the same proportion as total output and the invention is neutral
in Hicks' sense, If the elasticity of substitution is less than unity, then
gg is correspondingly greater than %% (as in Fige4), and the invention as
labour saving in Hicks' sense, while if the elasticity of substitution is less
than unity the invention is capital saving, to a corresponding entent in
Hicks! sense,

Harrod®s definition of neutral technical improvemenit or progress
has led to a good deal of discussions, most of it quite subtleolﬂhile it is
not possible to discuss the subtlelies herey, a few points that appear interest-
ing may be stated, .

The main peint of discussion about Harrod's definition of neutral
technical improvemeni hes been due to the discrepancy that seems to arise with

labour amount given and under the assumption of constant rate of interest, a
2)

€

technical progress ° may lead %o additions of capital stock, if it has to re-
main neutral, But if the ratio of capital to labour changes; then the generally
accepted definition of neutraliiy ceases to hold. How can then Harrod give

such a definition of neutrality? It has been shown, particularly by Kennedng
that according %o Harrod's definition of neutrality, capital labour ratioc does
not necei§arily change. Making use of a figure, originally given by Mrs,

Robinson ° which is similar t¢ her earlier figurs (Fig., 4 here), Kennedy shows

that if the technical progress takes place in the ngsumption goods sector,

unity, —;'“ s we2o Lhe relative change 1p e ratio of %he marginal
productivities’ls equal.te relative change in the ratio.of.faciors. Hencey
if facior price equals iiz merginal productivityy them.kthecratio af,income
of thé.two factors will not change, if b= 1,

1) Blastici ty o.d E;;:R stitution is defined as -—— where r = -—- it % is

2) As defined by Harred which leaves the share of output %o labour and
capital unchanged.

3) CoF, Kennedy, Techrical Progress and Investment, Epezggonogié Journal, 1961.

4) J, Robinson, Accumziaticn of Capital, (Macmillan) 1956,
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}he share of output to capital and labour may remain unchanged along with un-
Jchanged ratio of capital to labour (which here means without a2dditions o capi-
tal) at a constant rate of interest, Fig.5 reprcduces the figure given by Mrs,
Robinson and used by Kenuedy.

5 /
FigoeDoe P Q’

]
W
o In Fige.5, oubtpui per man is measursd on the vertical axis and real

capital (the value of capital in terms of wage uniss) per man on the horizoaz=
tal axis, Suppose initially that the real wage is OW, and that the valuses of
output per man and of real capital per man are givan by the point Qe Then ws
nave the value of capital per man in terms of goeds equal to OW.>° OR and the
rate of profit on capital equal %o 6%§5§ o ot us consider an increase in oute
put per man, As under constani rate of interest, the condilion of neutraliiy

is that the capital outpub retio is constant, 1% implies for any value of OP,

WP OW ° OR . :
—— ————— E con foll s o
oW - OR and — gz re constant since OP = OW + €P, it follows that both

OW/OP and OR are constant, Thus a newiral Hechuical progress means 2 change
from a point Q tc a point Q' (veriéically above Q), while the real wage raie
rises in the same propertion as oubpuld per man,

It can be seen now that if capital is measured iz wage uxits, then
no increase in the value of capital is required by zmeutzal “achnical progress,
but if a goods standard is chosen, then the value of capital stock must rise
* ¥ in the same proportion as output pexr man.

Keanedy then studies thrse cases. In the firsi he assumes that all
machines are everlasting and do not become obsclets, Technical progress takes

place as a result of the invention of new methods of using ths exisiing mechinss
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and not by the invention of new machines, As a result of the introduction of
some new methods of productiicn, the output per man in the consumption sector
rises, but the condition of neutrality requires that the number of men eme
ployed with each macihine remzins constant. In FigeJ, the value of capital
rises from OWeOR %o OW'e® OR, but Shis change is due entirely to the change in
the real wage, Since the technical pregress has come about as a result of the
adoptation of a new method of using existing machines, it is clear that no
additional machines are required,

Secondly, technical progress takes place because, as each machine

is scrapped, it is repiaced by an improved machine., The same amount of labour
is employed in combination with the new machine, bud the oufpul per man of the

consumption goods is increased, In this case if one measures the depreciation

Ay

by the original cost OWeOR of the machine, then the firm can be said to have

carried out net investment to the entent of WW'eOR, If, on the other handy the
? ?

depreciation is measuvsd by the replacement cost of the machine, then no ned
investment is carried out by the firm when it repiaces it by an improved machine,

For as a resuli of the rize in the real wage, the replacement cost of the old

T

machine has risen to QW'eOR, even though the machine is in fact replaced by
an improved machine also costing OWoOR,

Thirdly, technical progréss will speed up the rate of replacement
of machines as a resalt of more rapid obsolescence, In this case the situation
is similar to the second cases

Harrofl> himself has tried to defend orp, as he would like %o pub i%,

to explain his definition of neutrality.'He suggests that, for this purpose

and in this comtexb, in ordsr to obbtain the required symmetry and conceptual

tidiness, we should measure the quantity of capital in different ways. The

quantity of capital should be measured by the average time of waiting multi-

plied by the number of man-hours (ozr other non-capital factors of production

as currently valued in terms of man-hours) in respect -of which there is waiting.
Then, if the average lesagbth of the productive process is unchanged, however,
much the non-capiital factors, in vespect of which there is waiting, rise in
goods value, Alsc with the rate of interest unchanged, the share of capital

will remain uachanged.'

1) The Neutraliiy of Improvements, Economic Jourmal, 1961,
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It seems that this ingeneous definitlon implies that the amount
of labour remains constant, though it has not been stated explicitiy by
Harred in the conbext of his re-sxplanation of his defipition of neutzral
technical progress, Once this is explicitdy taken into account, Harrod's exe
plapation becomes round-about, it assumed what it purports to explain.
Naturally, if the maun~hours are given, the sum of the man=hours already used
for the production of goods and the rest unused will be equal to the total
man=hours givenm, and if the average length of the productive procsszs is given,
then by the definition of Harrod, the amourt of capital will be constant,
because this is equal to the man-hours multiplied by the average waiting time
which is in turn equal to the average length of productivs process.

Referencess}

A E, Ot% s "Production Funchions, Technical Progress aund Economic Growbth®,
International Economic Papers, Noe.lle

J. Robinson , "The Classification of Inventions", Review of Beonomic Studies,
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Cc.F, Kennedy, "Technical Progress and Investmsni®, The Economic Journsi, 1961,
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Lecture 8,
ECONOMIC REPRESENTATION OF TECHNICAL PROGRESS.

I. Introduction, 9%4. II., Tinbergen-Solow Method of Representing Technical
Progress, 95. I1I, Arrcw'= Mathod of Learning by Doing eeceey 98 o IV. Kaldor's
Technical Progress Fuanction, 104 V. Concluding Remarks, 103 . z

I.

We have already defined or axp_a&nad technical progress in the last
lecture, As can be noted it is nol easy always to disentangle technical progress
from mere technical change, It is all the more difficult to find a quanzitatiﬁe
expkession for technical pregress which can be meamingfully used in economic
analysis and growth theory. Yot a growth model or a growth theory will be incone=
plete, if it does not take info asccount technical progress,

All that we bave bsen able to say in the last lecture is to make the
facile statement that 2 technical progress can be said to bave certainly taken
place if ths amount of oufput from some amounts of iupuls is higher than that
was obtained from the sawe amcunts of inputs whatsver the proportion of factorz
may be, Thiz means that Lf ths original production function is F and the funciion
after the technical progress ls denoted by Fﬁ, then

(1) ‘ Fﬁ (Lulg) } EU-%K)

for all values of L and K, Apparently (1) is a very trivial statement, But some
recont attempbs to £ind guantitive expressiens for technical pregress are esserm
tially based oxn this. : _

One way how 0 assurs that Fm)> F for all values of the fachors of

production is t¢ dsfine

(2) Fx = ‘}{F

b
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H where 3’ iz more than unity for a positive technical pr ogresg.1> It can be less
7 than unity if we have negative technical progress, which case, of course, is of
ne practical valus. Tephnical progress, as 1% czn be pasily conjectured, ftakes
time to come by. S Zf may be considered as a function of time.; What will be

the shape of this function is a tricky problem., Obvicusly technical progress he.z
no causal relationship wilh passage of time as such, Hence to express technical
progress ccefficient ?{9 as a fanction of Hime is not satisfactoly,That techni-
cal progress is correlated, if not causally related, with time has been implied
both by Tinbergen and Solow.

Finding several faulis with the above approach,to be discussed below,
Kaldorﬁa srgues that teshnical progress neses sarily involves capital accumulation.

So he represents technical progress as a funchion of capital per head.

Another me*hod of expressing tachnical progress has been recently
suggested by Awwwu. ) This iz that bechuical progress is veally a provess of
learning. Thers is mcrs $o be said for this method, bub az we shall see the way
Arrow expresses learning is mot very corvineing amd the process of learning it

self is nob She whole or the major element in e achnical progress.

Iz this fom, we shall discuss Solow's ® approac of representing
+

h
technical progress as a funutiam of time,'Selow sharss with a production function

(3) P & F(K,Dys)

ug technical progress was Lirsh aiopt@d by Je. Tinbergen:

1) This way of exprsssing e
langfristigen wirtschalfisentwic sklung®, Weltwirtschafiliches

WZur Theowris der
Archiv, 1942,

2) N, Kaldor, ®Copital Accumulation and Ecowomis Growhth®, in The Theory of Capi=-
tal,ede by Fols hﬂﬁ and D.C. Hague, (Mocmillan) 196h.

3) Kode Azrow, "Ths Economic Implicabions of Leawuing hy Doing", The Review of
Economic Studﬁeq, dJune 196&.

4) R.M. Sclow, wPackrical Change and the Avgﬂ' ate Produciion Funciion®,
Review of Bceomomizs axd Statistics, 1957
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which includes the time variable %t to allow for technical progress.'! Neutral
technical progress is defined as one that "leaves marginal rates of substiftution *
untouched and simply increases the output obtainable from given inputs". Solow
specifies the production function (3) as did Tinbergen by expressing it as

(4) P = A(t) F(X,L)

By assumung that F is &« nowugeneous function of degree one and that factor prices

equal their respective marginal products, he obtains the simple resultl)

(5) F=E+ol+ BX

where P, K, T, K are relative (percentage) rates of change of the respective
variables per unit of time, and ™ and [ are the ratios of the values of labour
and capital inputs respectively to the value of output in the base periodz),

oA + #= 1, Since B, T, K, A and ff can be derived empirically, &, the rate of
growth of the residual to be imputed to techknical progress can be eshimated,

If T = 1.5%, K = 3%, K = .75, (% = «25, as suggested more or less by the aggre-

gate American date, thew "in the absence of the residual P would be a weighted

"

mean of L and K, and since labour's weight is much larger than capital's, ¥
would be much closer to L than to K equalling 1,9%. Actually P approximatsd 3.5%
and the diffevence beiwean 3,5% and 1,9% yields an K of 1.6%.

As pointed oui by Domar, the value of A, by i%s very nature is a
residual, and its total walue or even a substantial park of it can hardly be
imputed o technical progress. In words of Domar, "It absorbs, l1iks a spoagse,
all increases in oulput not accounted for by the growih of explicitely recognized
inputs", Technical progress, if it has any meaning at all, should mean that the
factors of production become mere efficient in producing output, i.ee. either they
produce more of oubput of the initial quality with their amounis equal to the

1) cfe BoDo Domars “On the Measurement of Technological Change", Ecoromic Journal,
1961,

2) (5) can immediately be derived. Differentiate (4) with respect to %, to get

ap F,dL L, dK | dh
T s A TR e

Dividing both sides by P and substituting o = A L and 3= Lok we ged
(5), (assuming that of and/% are invariant with respect” to changes in E and L),

o F,
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initial amounis or Fhey produce the same guanbity of oubpud but of better qua-
1ityal) A techumical prograess if it bas to be represented in a nsaningful way
economically, them it must oxpress & cauzal comnechion between the inputs and
the outputs. That is, it must purpgys 1o express the increase in efficiency of °
the factars of production, as far as it is possible. The heazt of .the matier is
this that either labour or capital oz beth become more efficient in production.
The increase in efficleucy may be of two Lypes, firsily one that is obitained
from practice, workers woolking with the same mackines or tools find guicker and
casier ways of handling them and thus can produce more. The point is that no cost
on training them has bsen incurred, and labour hours in terms of %raining cost
remain the same and they produce more. Secondly, the same workers producing tools
and machines find quicker aad easier methods of producizg more tools and machines.
Labour hours in texms of training cost remain the same. The tools and machines
also remain the same, Just through practice and experiencs production has in-
creased, because of axn all-round increase in efficiency of laboure. This type of
technical progress is the simplest and can ke represented as a fanciion of time,
as practice does involve time, However, thers does not seem %o be an exach
relationship between time and the amount of practice, the latter depends on the
intensity with which ths work bas been performed during the time which has
elapsed and also on the jcherent and acquired capabilities of the workerse
Granting that we cay find a relationship vetween time and the improvement in

the efficiency of labour all round through prachiice in the way described above,
we can say that the produchion of all godds, gapital and consumption, will ine
crease withoub changing the capital-labour railc. 1% does not really matter
yhether the efficiency of labour kas increased more in the capital goods pro=—
ducing secter or in the consumpiion goodS, S LOLZ a8 4he number of workers per
machine either producing machine or consumpilon goods is nobt alfered, the capital
labour ratio remains cousbant, though the output has increased per worker and
per machine, In this simple example i%geems that only the efficiency of labour

13

kas increased, bub we cax just as well 58y that the efficiency of machines has

B

jpcreased, It seems more proper in this connection o state that the efficiency

of workers ard machines has muiually and mors or less equally increased. All

8
this leads us %o conclude that if the echnical progress is of this simple type,

1) Qeality is in realily & subjective evaluation, and depends on the preferences
of the users of the commoditge.
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Tinbergen—-Solow method of representing technical progress may be considered
appropriate depending on the degree of success with which we can relate the
extent of practice with the passage of time,

il1,

Recently Arrow has tried to represent technical progress in terms of
experience or practice, He takes cumulative gross investment as an index of
experience, Bach new machine produced and pui into use is capable of changing .
the environment in which production takes place, sc that learning is taking
place with continually new stimuli. This 4% least makes plausible the possibility
of continued learning in the sense, here, of a sieady ra%e of growth in produc-
tivity. He further assumes that at any moment of time the new capital goods inw
corporate all the knowledge then available, but once built,their productive
efficiency cannot be altered by subsequant learning,

To simplify the discussion, Arrow further assumes that the production
process associated with any given new capital good is characterised by fixed
coefficients, so that a fixed amouni of labour is used and a fixed amount of
output is obbtained, Thus the type of fechnical progress discussed above is ruled
oube I¥ 1s reasonably assumed that new capiital goocds are better than old ones
in the strong sense that, if we compare a unit of capital good produced as time
%y with one produced at time tz :>ﬁ1° the first requires the cooperation of at
least as much dabour &8 the.second, aund produces no more product. A specific
case of Arrow’s model is'gi?en by him as follows,.

' Le£ G represent cumplative gross investment in period t and G' the
cumulative gross iavestment in the period immediately before the time period in
which the capital items created are o disappear in pexiod %, assuming that
capital goods have a fixed life-iime and so they diszappear in serial order,

Arrow assumes capital cubput ratio consitant, so that total output in period ¢ is
(6) x =2 a(G=G")

where a is the constant oultput capital ratic. labour employment is a decreasing

) 1
function of cumnlative gross investiment, so thet ?

1) Total number of workers employed L is equal to the number of workers employed
with capital of each vintage from the one that is to disappear in the current
period up to the oma § whick is created in the current period, When a capital
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(7) L :fb(}"n QG = ﬁ&t}""’" aae where n > 0
R G

Substituting from (7) in (6) we ged

i
F o -l 1=y
8> x = afe - BB gy ]

1am L ""l""
= a0 [1-0-42 - " ]
J - i
G
When n=1, (7) becomes
(7%) L=5b log @ - b log G
so that (8) can be written as follows
(8t) x = aG(l-z T) when 1= L

(8) and (8') are production functions showing increasing returns to scale in the
n be zmeted et 2 incrsases more then proportionately

@
Y]
o)
1

i

variables G and L, It
to scale changes in G and D which is also obvious inbtutively, since the addition=-
al amountz of L and G are uzed nmore officientldy than the earlier ones,

Arrow®s point thet it is Ygross rather than net investmeat which is

the basic agent of technical change' will be readily agreed to.l) This is because
most of the funds set aside for h9p~nolat&aa and replacements etc, can be used

for any type of machinss and equipments a3 the net invesiments can be done.
2)
b

polated ent by XKaldor™’, experience or learning imvolves time,
A meaningful technical pregress funchtica or learning function must relate the

m

process of accumulation with passage of Hime, that is, it must nol depend only
on the magnitude of ascumulated gross iuvestment, buf also ...7 on the speed of
this sccumulation, A priori, it is difficuli to see whether the rate of learming
or technical progress will be higher when the gross investment accumulates at a

higher spesed or a lower speed as distinet from its magrnitude, It seems that when

o

1) ¢f. N, Kaldor, *Comment®,The Review of Economic.Studiss, June 1962.

2) N, Kaldor, opocibe
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a new technical process is discovered or invented, there may be some hesitation
or delay in making heavy gross outlay in the lines of production, in which the ¥
progress has taken place by junking out the older capital stock. And it is only
when the new processes have been proved more profitable than the existing ones,
with an adequate degree of certainty that substantial amounts of gross outlays
might be mades Confined to the trivial case of an increase in 'learning' with
the existing types of machines, this seems to be more dependent on the passage
of time rather than the magnitude of gross investment cumulated or not.

For Arrow's procedure to be satisfactory, it must also be necessary
to show that the wvalidity of the reverse tendency, l.€e; the gross investment
is constant when the technical progress or 'learning by experience! is zero,
Since obviously this is not the case in realityoto relate practice or learning

by experience to accumulated gross investment does not seem very reasonable,

IV,
We have briefly discussed two ways of repres?nﬁing technical progress,
In the first case it was related to time only and in the secomnd case fo magni-
tudes of acoumulaied gross investment, Both methods are of course, far from
satisfactory. One of the well-known scepiics about the former method and also a
critic of the latter as we have noted above is Kaldor, We shall give here his
own crude method of repraseting the technical progress and his comments about
the first method.l}
Kaldor takes exception to the neulrality of techuical progress and.
opines that the latber can hardly be expeched to follow a uniform course as
implied by neutrality. For the assumpilon of neutral technical progress means
that the productiocn enrve shifts in such a manner that the slopes of the tangexnis,
£

of the functions ft’ ft%"’ EY etce., remain unchanged along any radius from
origin (Figel.). The tangent of the angle between a ray from the origin and the
output axis measures the capilhal output ratio and the slope of the production
curves gives the marginal productivi ity of capital which under assumptions of
competitive equilibrium is equal %o the rate of profit or the share of capital.
Thus in order that a constant rate of profil over time may be consistent with a -
constant capital ocutput ratlo *i a constant rate of growth, the slope of each
successive production curves at the points where the ray from the origin interests

themmnust be the same,

1) This is based on Kaidox's papes®A Capital Accumulation and Economic Growthj
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Phe burden of Kaldor's criticism of neutral %echnical progress 2 la
Harrod is as follows. First, capital is not continuously adaptable in respect of
its different endowmenis and hence the actual production does not move along
the curve but inside it meking the pricing process along the curve irrelevant,
Secondly, there is no possible way in which comparing twe different positions,
at two different points of time, the change due to the movemeni along the curvs
could be isolated from the change due to the shift of the curve, Thirdly, tech-
nical knowledge cannob he quantified nor can it be brought under exclusive owner-
ship or bought and sold, hence it cannot receive its own marginal product. When
technical progress takes place, the production funciion will not be linsar homo=
geneous in verms of labour aand capital, bul a function of higher order in these
factors. In that case the share of profit nust be necessarily less than the
marginal product of capital, and there is no sure ground for relating rate of
profit to a given eapital output ratio om a technical ground, Fourthly, the raie
of shift of the production funchion due to changing state of knowledge cannot
be treated as an independent function of {(chronological) time, but depends on
the rate of accumulation of capital ifiself, i.2.p speed of movemean’ along the
curve, making any attempt to isolate the shift of the curve from the movemens
along the curve even more non-sensical,

According to Kaldor, technical prograss depends on two things, the
rate of accumulation of capital and the society's capaciiy tc absorbe technical

change in a given pericd. “Phe move ‘dynamict are the people in control of
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production, the kaener they are in search of improvements, and the readier they
are to adopt new 1deao and %o introduce new ways of doing things, the faster
production (per man) will rise and the higher is the rate of accumulation of
capital that can be profitably maintained®, 1)
Kaldor illustrates his point by what he calls 'techn;cal progress
function', In Fig.2 percentage growth rate of output per head x-, has been
plotted along Oy and percentage rate of growth of capital per hear along Ox,
The curve cuts the Y-axis at a positive level taking into account that a certain
rate of improvement can take place even if capital per head remained unchanged,
but it will be convex upwards, and reach a maximum at a certain point beyond
which a further increase in the rate of accumulation will not enhonce further
the rate of growth of ouiput,

Figga2 ,l»
B
o,

s E.

K

It means that as the rate of accumulation increases, the rate of
increase of output incrsases but at o diminishing rate, and reaches a maximum
point depending on society's dynamism (inventiveness and readiness to change),
Given the fact thai the technical progress curve starts at a positive levelﬁis
convex, it must be intersscted by a radius of 459. In Fig.2 this is done at
point P, A% this point all the conditions of neutral technical progress are
satisfied: the capital output ratio will remain constant at a coastant ‘rate of
growth, constant distributive shares, and a coustant rate of profit on capital.

Kaldor asserts that there is a tendency of the system to move towards
a position where output and capital both grow at the same rate, and where there-

fore the rate of profit om capital will remain constant at s constant margin of

by

—



1

/ profit on turnover, This h2 Justtm#fb by the suppositions (i) that the pros-

pective rate of profit oa existing,will be higher than the currenily realised
rate of profit on existing capital wheaever production is rising faster than

the capital stocks (ii) that a rise in the prospective rate of profit causes

an increase in the rate of invesment, relative to the requirements of a staie
of steady growth, and vice versael)

In the model actually Kaldor uses a linear fuaction 'for the sake of
convenience? as he puts 1%, His technical progress funciion showing the rela-
tionship between the rate of growth of output per worker, Gb’ and the rate of
growth of capital per head, Gk - A\, ( A being the rate of growth of labour and

G, that of capital), is as follows,

¢ =off +ﬁ‘? (Gk—»)\)

G

7
where Hid >l >8>0,

Thus, in Kaldor's simple treatment of %echnical progress, the per
capita ouitput do3s not grow at the same rate as per capita capital (G 'A), bud
at a rate which is sum of a constant UL indicating the rate of growﬁh of per
capita output sven when the psr capiva growtu of capital is zero and a multiple
of the rate of growth of per capita capiial, '?Z:

I{ is obvious by now that disentangelment of technical progress fron
technical change is & cumplex and difficult problem, and a satisfactory method
of representing technical progress has yet to be discovered, The difficulties
are analogous to the coucept and measursment of marginal productivity, only a
bit more complicated, Just as in the case of the measurement of marginal produc-
tivity all factors units must be unifomm, so if{ seems that we can make a headway
in the study of technical change and progress when the uniis of factors used
remain uniform and unchanged. Unfortunately, in the case of technical progress,
though not in that of f{echnical change, we can hardly visualize a situation
where factor units can be regarded unchanged, when some technical progress have
had taken placs, For iIf the quality of a factor unit is judged by its producti-
vity, no technical progress can take place without invplving a change in the

-

quality of one or more of Hhe :

ha

achors. Aad if the factors arzs not the same in

1) Kaldor, OpeCite Do 21ke
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the initial and the current situation, thenm a comparison whether of productivity
or anything else is hardly meaningfule b

However, an alternative approach, though nov wholly flewless, can be
adopted, It is that we do not consider the quality of the factors by their pro-
ductivity but by the cost incurred on them, This is in itself not sufficient
for factor costgﬁggrtheir productivity changes, given the pattern of (derived)
demand for them, Factor costs are, therefore, dependent con their productivity
and hence the former cannct be used in measuring the latter. However, the change
in the productivity of a factor does not directly influence its own price ex-
cepting in so far it is used in producing itself, which can be neglected, Thus,
a rough measure of the increase in factor productivity can be obtained by esti=-
mating the reduction in coste

The problem becomes more tractable when we visualise an economy -
where the supply of the basic factory i.@ey unskilled labour is imfinitely
elastic or its supply price remains comsiant., Furthermoxre, if we assume compe=
titive equilibrium, so that prices of different factors such as different types
of skilled labour and different assortment of capital goods equal their cost of —=
production, then the reduction in the cost of production of certain commodity
will certainly become an exachi measure of technical progress. 1t seems that only
in this ideally simple situation, an accurate measure of technical progress is

; ey , The

main difficulty regarding the study of the present problem or for the matter

of any.other aconomic problem isg that itids not easy to determine the supply
price of unskilled labour and that whether it remains constant or nobt. In real-
ity, perfectly competiiive equilibrium also hardly exists. The problem of the
fixation of the exbtent of technical progress, 1S, therefore, likely to remain
uncertain and inexact.
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Lecture 9.

DISCRETE PRODUCTION FUNCTION,

I, Walras!? Approach, 105, II, Leontief's Approach, 107. 11Il, vor Neumann's
Approach, 109 o IV, Comclusiom., 111, :

L.

So far we have generally assumed that factors can be freely subgti-
tuted for each other or the possibilities of substitutiorn are infiniite, As
stated earlier, it is quite obvious that this assumption is not realistic., Iz
the last three decadss a2 great bulk of theoretical and empirical work has beer
done on the basis of discrete produciion funciions., We shall confine ourselves
t0 an elementary discussicn of the original conitxributions in this field made
by Walras, lLeontief, and von Eeumannl) and briefly note thelir distireciive
featurss,

It is convenient %o give the Walras sgquation-system fizmst %o enable
ourselves to study how the production furcition is treaied,

Let us consider an economy with n ccmmodities x (i=%yeeen) and m.
factors of productien g,(i 2l,e0el)e L&t the technical product:.on possibilitiss
be characterisad by mo fixed numbers a.j, representing the physical amount g§
the ith resource used up in the manufaciure of a unit of the Jth commoditye
The market demand for commodities is exXpressed as

§) This lect Urg is based on Prof, Bent Hansen' “Lectures in Economic Theory®,
“Part I, e 1 e waldye v

i) he Walyras, Elementz A'Economic Pplitique Pure, (i873), English trenslation
ie54, i = il i ¥ ¥ e Ay -l ‘
W ¥, Leombief, The Structure of American Economy, 1919-39, Oxford 1941,
Studies in the Structure of American Economy, Oxford, 1953.

: J. von Ne.;mam. A Model of G‘F‘?”PV?,E. EGOQF}I&”\P Eqillllbmum, Phe Review of
Economic hﬁuﬂapu 194546, 230 AN 6
q-‘—quzfn'mﬂ.u-mm

2) In some versicuns of Walyas' model (cf. B, Hansen: Lechyres in. Economie Tkea:y,
Zod revised editicn, Part I and II) a,.%s aré adsumed td be-#reely vaviabie,
deneﬁdent upon the price of factors aﬁi-oummqéwtweq. This case is not interw
gsting to us in bhe preseni.-content, for i% dep;ets iwﬁinx & possibilliies of
substitution to bur earlier discussions. . ., - Sl
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(1) X, Fj{bli"'k ? rﬂonoc\- ) dBlgcoeplip ¥

N,
where P(Jﬁl....,n) is the price of commodity j, 2nd =, (i8l,.eeem) the prics
of factor ie
The cost of producing each commodity equals its price heucs,
m )
(2 o= 8l ey J=hoeessks
iw] ¢
Equilibriurw rsquires that all faclors of production are used uvp in
production, no more, no lsss, so that
. B
;g B g 8. E i8] 0000l
(32 Y=g By T seesglie
Bl
The supply of factors is expressed as
- i’b P 45
(&) d; =GP 0000y nd ?Esooosrm) i8lgevepMe
Tt

In (1) o (&) we have 2m + 2u equations in 2o + Zn volmown variables
xa'w, PJVS, 3, 's and r. 5. This is Wa. k

thé prodiction funchion extexrs the modsl
is in fact described by the coeffipgien

express these lu a tabular foms

P =

Gag o ew o0 San ed a0 au;“,, \
Dl i . i
oee sono eew cooe eoe
ao-\ @o0uw 84» eocee i:a.g

(5) 14 i2 5. 513
aeo eso0 soe ceoe eee
aa oce0 0 E‘(‘\h s L a — ‘\
m.d i ikl

(5) can be called a matrix of teschnology or 2 matriz of production possibilitby
or just a discrete production functiom. It should be woticed that (5) gives only

one way of producing sach commodify™ L and that factors of production are trsaisd

quite separately from the comnod ities producsd, e
1) In a fully fledged medel of Walras wheu a ,;’s are trsated ; L2,
there are introduced infinite ways of predficing each commodify lsading %o

the other exbrema,
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11,

Of the two characteristics of Walras' model, i.e. singleton tech-
niques of production (or in the alternative case of an infinite number of tech=
niques) for producing each commodity and the complete separation of factors oxr
inputs from outpuis. Leontief's model modifies and amplifies the situvation as
regards the latter, Leontief's matrix of technology is derived from his input-
output table., It consists of a certain number of horizontal and the same. number
of vertical entrances, one {or each industry or each group of indusiries flanked
on the left aﬁd bottom side by entries for final demand and factor inputs.
Entries on a row corresponding to a certain sector express the magnitudes or
values of deliveries from that sector to other sectors, while entries on the
column corresponding to that seclor express the magnitude or values of receipis
from other secitors tc thai sector. Thus the goods belonging to each secior are
treated as both inputs and outputs. The same good is output of one indusiry and
jnputs to other industries or sectors, This approach is clearly closer to facts
for in reality there is no water-tight deivsion between factors oy inputs and,

outputs, The following is 2 sketch of Leontief's type input-output model,

Table I.
Deliveries %o seclors . Fipal demand Total

w outpus
5 No 1 10 2 | eoe | N0 jleee|No n Consumpe-} Invest— | Ex-
g ion ment port
0
N Ho 1 xll xl?- eoe xla eoo0 Xln ch DlK Dlx Ol
g r -
_g No 2 321 3:.22 ees :2!23 oo 5213. ch D2K sz 02
g : e s 09 LB o0 L e 00 o o9 oee e es L N ]
[=]
h 3 -
z No i xil Zi0 eco xij coe |, Dic DiK Dix Di
+2 °
'& L ] 200 L ooa 000 o %0 e 0o LN aoe [ N ] o0
@
(&) = s
&% NO n xnl }an oow -!Lnj aao Xnn Dnc DnK an On
Iabour qu 90 00 Ly |**° Un
Capital gy dgo eoe | Qg [ooe Qe
Iﬂnd q'Al qu oe0 qu 09 qAxl
Tetal T
inputs | 11 LU RTTI EI L2
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It is clear that total output of sector i
(6) 0. = 2 Xij + Dic + DiK + Dix iﬁlgoovgﬂg
and total inputs in sector j

)
I, = Xy ok S i : 80 0 009la
(7) ; El 15 5t %t %y L TP
It is obvious that inputs can be summed only when they are expressed
in value terms., If we express the outputs also in value terms then (in equilibzrium)

(8) 0, = I, i) oo oaale

Table I can be modified in various ways depending on the purpose for
which it is constructed and on the availability of time and resources. If we
divide each element in Teble I with the total oulpud of the corresponding sector,

4

we obtain the elements of the matrix of technology -y
> A ial’oo.’n
(9) a,. @ == - 3
ij 0 J®looeeghie

If we express all elemenis aiiFs for all i's and j's in a tabular . -
form, we gebt a square matrix of technology similar $o (5). F

The main contribution of Leontief's approach seems to be its prag-
matisme It is no wonder that this approach has led to such a tremendous amount
of empirical research, Walras'! approach was based on abstract logic in the sense
that the technical cosfficients of production.ware either given or were to depend
on supply, demand and cost functions and the equilibrium conditions. So long as
the supply and demand functions wsre not derived empirically, there was no
possibility of estimating the technical coafficients. The separation of factor
inputs and cutputs did not make it any lems;diffieuls for the Walras model o be
empirically tested,

Leontief's model, while amemable %o empirical studies, is simpler ™ -
and cruder than Walrds®', In Leontief's model, the role of prices remains sup-
ressed; technical coefficients depict the siate of production expost, making it

less suitable for fulure usej Leontief's technical coefficienits are really some

-
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sort of averages of the technical coefficients that held in different firms

using different techniques for producing the same commodity or group of commo=-
dities, and hence it is not possible to identify Leontief’s technical coeffi-
cients with any actual coefficienis that exisie )

i1,

As stated above, Lecniief's technical coefficients are some sort of
statistical catch-all cmi thcy may be heavily biassed in favour of obsolete
techniques specially when & major poriion of production is carried on with older
capital stock rather than the newer ones,. This and the fact that the model gives
only one technigue for producing a commedity or a group of commodities, it is
futile to try to find out optimal technigues of production from Leontief's itype
of matrix of technology. In both Walras® and Leontief's treatment technology
matrix once derived or arvived at is fixed and serves as datum, von Neumann's
mnodel removes this shori-coming and incorporates altermative processes for pro-
ducing commodities, The characteristic feature ol von Neumann's model is thai
it proveeds on the basls of processes of production as contrasied with individual
commodities (Walwas) or sectors (Leontief). Bach process, in theory, uses several
or all goods and may produce several or even all goods. Thus von=~Neunann's model
allows the possibility of joint proiuctisn. The following is the sketch of voa

Neumann®s model,

e

. Thepe axre 2 different goods and m Sechnical processes, m > 2.
A process j weorking at unil level is described in %emms of the inputs of goods

required and the outpubts of goods produceds

inputs required S O1j‘ utpu@s forthcoming
at unit level l » 2t univ activiity
of process j - R S G- level of activity jJ
e o
a o
A 0.
%03 nj

where z, (i=ly0e09n) and Oi (i=l,..0,0) give the amounis of inpuits and outpuis
respectively, some x's and.same 0's may be zero, but if some xij= O then Oij =>0
and vice versa, This is needed to hold the system together,

As is the case with Walras! and Leontief's models, comstant returns
$o scale ig implied in veon Neumann's model tooe If the activiiy J (j=lse..,m) is
worked at level, saj, aég then the ianputs will be xi;aj sos X Ja:I and the outpuis

o
W:Lll be 01 X1 o8O0 O.,‘..ia‘_:'

—— oW
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The two major contributions that follow from representing the pro-
duction function in the way von Neumann did is that a choice of processes is N
possible and thus an optimal set of processes may be attained, and that it leads
to dynamic analysis. won Neumznn also proved the existence of the system, which
cannot be sketched here as it involves advanced mathematics,

Production will be possible only when

2 . 2 t+l
(11) 2 Oj." a., = Zh J‘:i. & . i“lgo.o'n’

i.8. the amounts of individual outputs in period t must be equal to or greater
than those required in the next period of production. Let us suppose that the

equilibrium rate of growth is &, so that in equilibrium we have
P
(12) a§+l = (1 'l“aJ) a; j=l._,..-,m-

Substituting (12) in (11l) we have

i 5 2 %
(13) Z (5 e Ul 2 X .(l + g) a il’.oo,no
jmp w3 T e ij J

Another equilibrium condition is that in no process revenues should exceed
costs, so that

Zoe b a o, :

(14) S pr 0L (er) T X T R
R jm) =+ ‘

where r is the rate of interest.

In (13) if for certain good the inequality holds, then its price
will be zero, and im (14), if for certain activity or process the inequality
holds then that activity will not be used. We now multiply (13) by p;'s and (14)
by aj's and know that in case of inegualities they become zero so that the

inequalities disappear and we have

a n ben T et AR ot
(15) 2 2011 a: p; = (1 +8) & & X . a: Py
jml j=1 *J 9 im1 jml *d J
m n n n
% % g%
(16) o Py @, . 'ad a'(L » B)GENS B, x4, 8.
=2, 4w 2 jmy g8y + 13 3
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From (15) and (16) it is obvious that € = r, i.c. the rate of equi-
librium growth is egual to the raie of interest,

Without proving mathematically it can be intuitively observed that
the equilibrium selution in von Neumann's model is optimal for if & is less than
the maximal, then it can seem that in (13) nc equality will appear and then
obviously 8 can be raised, till at least there is one equality. Similarly it can
be seen that the rate of interest is minimal, fox, otherwise, there will not be
any equality in (l4J).

von Neumann'!s model has led %o a spate of theoretical research-work
as did Leontief's model to empirical research work, We have seen the shori=
comings of the latter; As regards the former, it paved the way for dynamic
linear programming and the enormous literature that has followed, It has not been
very successful in practice, simply because it bas not bheen posgigégdgor any
matrix of technolcgy containing an exhaustlive list or at least aqmnawn list of
alternative processes of produciion %o be prepared., Hence, so far von Neumann's
fundamental contribution has noi been used in aciual progremming of economies,

as such,

IV,

¥e have discussed above the three major attempts to construct discret
production funciion under different sets of assumpiions., One thing is common %o
all of them, they are all linsar in inputs and imply constant returns Lo scale,
These characteristics are quive justiﬁiable for the pyrposes of shorid twerm pro-
duction function, but the longer the period that is taken, the lesser the justi-
fication for these agsumptions Lo hold, For leag-ierm and mediun~term planning,
what is meeded is not so much expost matrixz of technelogy, but an ex-ante one
and that too of the won Neumenn type. Such a matrix of %technology can be con-
structed by production engineers rather than the economists and statisticlans,
though the former may need the assistance of the latter, As stated above such a
patrix of technology has not been comstructed so far hence the discrete produc-
tion. functions outlined above are so far of taﬁgggigéiga& value only. The matri:
of technology of the Leontief type is useful under static conditions or perhaps

for countries whose economias have already settled on an equilibrium technology.
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This is hardly true for underdeveloped countries and hence the limited utility
of Leontief'typg inpui-output tables for planning in these countries except in
so far input-output tables are of some help in national accounting. Fortunately
or unfortunately, the statistical data available in the underdeveloped countries
are quite inadequate for constructing input~output tables and the ones that are
available are of the nature of guess~work.

If production functions and techniques do help or matter in actual
planning and programming, they can more gainfully be based on or derived from
continuous functionsy rather than the discrete ones. The economic theory in this
field lags behind actual practice or reality perhaps more than it does in other
fields of our economic life, This points up the need for greater efforts to be

exerted by the economists and production engineers in this area,

(AGH,)
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4 Appendix to Lecture 4,

Definition of elasticity of substitution is
(1) Laa (ﬁgﬁ)g
Let the production function be
x = f(X,L), £ being linear homogeneous

azd) -2

Fo MP 1L

MPy = f'(%)o

Case 1: = Q.
In (1) if we put 8w 0, we get the case of factor combination in

~—" gized proportion of the i}:pu’-‘;uou'tput types

= A or K s AL,

el

(2)

Case 23 & =1, _
If we pub ¢ w1, in (1), we have
X oo Keo (K
£(5) = 380 ()

L
£1(3)

K
L-—A

55 P where T%A- = B

or log % =B log :E‘(%) + log C
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£’ e
B o
S xwE L ° D where Dm ¢ 5
3
or (3) X & pr~%e 1= wheresd = 1 B

(3) is the Cobb-Douglas production function.

Case 3: 8 = any constant

S
i— = A =
£ (‘ﬁ)
g gl P
T + (i:) & 21“(1{) 0 putting Aml for simpliciiy
L

@ ad
or = 1 -

t@ Eo 3

o
ik )3 &

= as
(-i.-)i’.- ! + & =

s

s Log £5) w 10g (&) - f’—g 105(Ey -4
- c?

c;_g ((K)@a 1) e

sl
3 L

2

A

+ 1)+ logC

%) =

or _X; ! C(l (L)

T )

a:‘él-a-ligi:})z-gy

or Xsc

By putting some restrictions’on the shares of labour and capital we get the SMAC %

2= Y (5K G a-5 L"P)? where 9'-"-1?1" and '§ .is the

distribution parameter,

1) We shall complete the derivation as soon as I get a reference required,






