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Today, more than ever before in the

history of science, theoretical

formulation goes hand in hand with

computational feasibility.

R. Bellman and S. Dreyfus

Iterative Price and Quantity Determination

for Short-run Production and Foreign Trade Planning

By
Tom. Kronsjo.
Institute of National Planning
Operations Research Center
Cairo - Egypt.

Economic interrelations of importance for short-run
production and foreign trade planning may, as a first approx-
imgtion ., be described by a very large linear programming
model. The great 5ize.of this model necessitates, if it
should become managable for practical use, special analysis
of its equational structure and exploitation of its special
features. This study will be centered on the utilization

of the structural properties of the equations déscribing

1) The author wishes to express his sincere gratitude to Dr.
Alfred Zauberman, London School of Economics and Political
Science, for stimulating discussions and proposals in
regard to the elaboration of this mathematical appendix
and to Dr. Salah Hamid, Director of the Operations Research
Center of the Institute of National Planning, Cairo, for
enabling the undertaking of this study as part of the center's
research actlvitles for the preparatlon of” the Bgyptian Five
Year Plan.
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the relationships of foreign trade and production variables.

This paper may be seen as a continuation of the dis-
cussion by We. Przeciakowski, J. Mycielski, K. Rey, Je GZo=-
wocki, W. Piaszczyaski in Poland, by A. Nagy, Te. Liptak, A
Marton, M. Tardos in Hungary, by V., Pugachev, V. Volkonskig,
Yu. Chernyak, A. Modin in the Soviet Union and by P. Pigot
in France as well as of earlier contributions by the author.

(Gf. par. 15 and literature references abt the end.)

Unfortunately, an older generation of economists, both
in the Bast and in the West, seems O have difficulty in
understanding the importance of the challenges of these
problems, and that mathematical and computational amalyses
will become as important to The economist in the future as 1t

is today to the mechanist or the physiciste.

A Survey of the Model Analyzed

The table at the end of this mathematical appendix may be
unfolded during the reading.

1. Variables

Quantity variables are demoted as followss

Production levels of various industrial

branches (i) with internal procerses:(j)

are denoted by the vectors xi(with ele= :
‘ ;5 (i=0,1, sm)

ments xij)°
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Export and import variables are denoted by the

vectors ¥, each of which embraces certain

commodity numbers and the relevant markets

for the commodities in question(thus similarly

with elements;yij)

Price variables are denoted as followss:

The feasible prices of the various foreign
currency resources are-denoted by -

the vector v (with elements J)

The fgasible prices of the various comme-

ditieé used orproduced by the industrial

branches (i) are denoted by the vectors u;

(with elements uij)

Phe feasible prices of the production
capacity vectors (cf. ~§i_in.par93 below)

are denoted by k (with elements kij)

The feasible prices of the export and
import constraint vectors (cf. =§i in
par. 3 below) are denoted by hi(with o

elements hij)

The iteration is denoted by the variables

rys,5. Subiterations (s) within -an

iteration (r) by rs, etc.

yi, (i=0»l,9 »I)

(i=99;9 ij

-(i=9919 rm)

(i=0;1, »m)



e T

Auxiliary variables in master (i.e. coordinating)

problems are denoted by z. Though the same name
(z) is used in various masters they are not

identicale. Zirs’zt etce.

2., Bguations or Inequality Constraints

The balance of payments constraints

(l) Goyo toeot (Jiyi toosot C‘mym = bp

where Ci(i=091, ,I) are watrices of

the foreign prices obtained or paid for
export or import quantities e various
markets: ( and possibly including certain
conditions for the commodity structure

as determined by trade agreements)s

bp is the vector of net® requirement ol
foreign currency holdings (and possible of
the trade composition). Its elements

are bpj.

The commodity balances which state

that import - export + production - use
in production should equal the requir-

ement wvectors bi with elements hiis
_ d

(2) B.o7s + Aolxl+ouu+ Aoixi toeot A X+ Aooxo=b0

B9y + A11% + Ay X,=0y



B v +A. X, - Aioxoibi

+ A X =b

2 Ammxm mo ¢ m

Bmmym
The important assumption has been made here that the produe-

tion .structure. may be characterized by the folleowing four

featuress

i) Certain commodities; e.ge¢ labour,electricity and water,

are inputs Lo or outputs from all branches of production,

as depicted by the first row in (2) of the o-group of
equations.

ii) Certain production processes require inputs from almost

all branches of production, as may be the case for the -

chemical. industry. . Such production processes are
grouped tbgether_in the penultimate column of theﬁxo astive
ities.

iii) BExcept for the common input or oubput commodities defined
above and those processes which use inputs from almost all

industrial branches,the industries are suppesed to be

groupakle in branches which only use or produce mutually

exclusive groups of commodities, e.g° The textile indus-

tries producing ecnly commodifties belonging to a "textile®
commodity group, the mechanical industry only those belong-
ing: to a- “mechanical” group as depicted by the matrices A,..

iv) BSpecial constraints on the export and import variables

such as bkalance of payments(and possibly on the balaneing



of certain commodities as determined by trade agreements)

are supposed %o be included in the matrices Ci.

» Bounds

The production level vectors have to be within the capae=-

ity bounds
(1) 0 £ Xiéii (i=0,1, ,m)

Similarly, the export and import vectors have to be within

Their corresponding marketing bounds
(2) 05;7153;1 {i=0,1, ,m)

We wish to state all the condifions of the original
problem in the form of 2 or = as we will then obtain all
feasible price solutions to the corresponding dual as non-
negative magnitudes. We therefore multiply the right hand

part of the above conditicns by (~l) and get

(3) - x5 %—ii (i=0,1, ,m)
and
4) - T4 2 “?i (i=0,1, ,m)

4. Preference Function

The preference function is formally defined by the ex=

pression
i o o0 o - o0 0 o 'Tx 0 0 C -XI+OOG x x
(1) Min g, teootBiYitoo 4G Fo#f i Xrtoo ot X, Fntto®o

No discussion is made on the actual coefficientse.



5, Summary of the Model

B otB1 T oo +B T e o tELTy + flx1+.. + £ X +eo # Lo¥m * %,

’,

COyO+Clyl+”+Ciyi+”+Cmym

+A 1 E o A Eytee +A o En +A X

i

1]

BOO;YO (o]
By173 +A19%) A%,
Bys3¥; +hog%y +A5 0%
Bmmym +Amm3m +Amo
Ly 2 Q, I3 =0 (i = 0,1, ,m)

e - 17 %4 i e

ile



6.__The Dual Formulation
Instead of considering the original formulation, it will be useful
at various calculation stages to deal with the dvals

¥ ] =) t at aal 25 1! = iy e =]
'+ bouo+ b u +eet biui+' ot bmum—;yoho—ylhl—-. .-yihi—..u,ymhm—xlkl-. .-—xiki-. .—xmkm-xoko— Max

1kl
| ] 1 1 Lf‘
Aoouo'mloul""'+Aio1"i+"+Amo'lm -ko_ 0
1 1 '
A +4A U =k Ly
om O mm m 1 m
{ | i k Af‘
Ae1% *hAi0s =5y =5
] ¥ éfi
Aol“‘lca"hAllul "kl =17
] Z T
r +Bmmum —hm <8y
] 1 74 !
4 B =14 . BBy
? 1" £ !
v B Gl =B
[ ]'1 £ ;g
”Boouo & —go
v =2 0
u, ¥ 0, h, 20, k.ie,o (d=0,-%, 5. 1)

1 g : s
(' denotes transposition of a vector or a matrix )

o



7., Parameters of Action

will in the following be both the quantity variables X935
(i=0,1, ,m) and the price variables V , Uy, hi and Xk

(i=0,1, ,m), as well-as the auxiliary variables Zno zirs,etco

8. A Graphic Picture

of the equation system, the variables, constants, prices and

preference coefficients is given in Table 4 ab page 56.

The pluses and minuses denote +1 and -1 respectively.
The reformulated bounds (cf. 3.3, 5;4) are found in the lower

half of the table.

9, Main Principles of Solution

As the foreign trade and production variables are subject to

very different structural constraints, they should be treated

as being gqualitatively different, and different methods of

calculation should consequently be employed in solwing thems
This will be an important theme of the following exposition.

Another, will be that of breakingthe problem into smaller
more rapidly sSolved subproblems, the solution of which are

coordinated at varicus levels.



10. A General Survey of the Iterative Procedure

An attempt will now be made to give a birds—eye view of
the general course of the solution process. The linear pro-
gramme will be symbolized by a large rectangle together with
two narrow ones. If some quantity solution is inserted and
1leads to the fulfilment of some equations the satisfied eque-
tions ; are indicated by horizontal lines. If some price solu-
tiOngto, the dual problem is inserted, the satisfied price zque-

tions - (columns) of the dual are indicated by vertical lines-

1. Various known quantity solu- : ‘ == —

tions satisfying part of the

equations (shown by lines in

}
i

the figures) are combined

Partial quantity Partial quantity
solution 1 ..es0lution r

Value of the primal

20 tO a quaﬂtity bOI.U.'tiOIl Sat“ = preference function
isfying all quantity equation }Prices obtained
s of the quantity
(rows). As a result prices constraints
of the earlier unfulfilled

equations are determined as is
also an estimate of the min-
imum of the  primal’. prefer«-

ence function.



3. .The feasible prices obtained = —

are inserted in the dual problem |

4, and:a feasible price solution 25 1 L |

of the left columns is obtain-

ed. . (The price equations

of the right columns have been

temporarily disregarded as

they are difficult to satisfy).

[IIIIEEREREINE 1
5. This feasible price gsolu=--
tion to the left columns is
combined with earlier known
price solutions which like=- Partial price
solution 1
wise satisfy only the left .
columns :
i 9 5 L |

{ : Partial price
' solution r



6.

8.

= lone

to give a feasible price
solution to all columns.

As a result we obtain the
"prices"™ of the price equa-
tions, i.e.; quantities as
well as an estimate of the

maxinmum of the dual prefer-

ence function.

These quantity solutions are

inserted in the right part of

the quantity equations and

feasible quantity solutions
are found which satisfy the

lower quantity equations.

RETURN TO 1. The partial quantity

solution is combined with the earlier
known ones and the process repeated
until the optimum has been found or
the repaining possible improvement i.e.
the difference between the minimum,

(¢f .point 2)) and The maximun estimates.

Quantities of price
constraints obtained

)

(EIEEENA NN

Value
of the dual preference

function

Partial quantity
solution r+l

]

7
g

(cf.point 6 ) is less than a certain tolerances.



11. The Favourable Properties of Some

Subproblems Involving Bii Matrices

The way in which we will solve the general problem will
partly be based upon exploiting the favourable structure of
the Bii matrices., We will mainly have to deal with two

different types of sﬁbbroblems involving these matrices.

The first of these we may name

11.A. The Export and Import Quantity Problem

which will be of the type

(1) Min 8y
Cy = bp
By = B
~y 2 -3
¥y A g

In dealing with a problem of this type, we introduce.
the indexes ¢ for commodity, 4 for incompletely convertible
currency block or district and a for trade activity, i.e.

either export (EB) or import (I).
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The price of commodity c¢ in incompletely inconvertible

currency block or district 4 is defined as PodR ¢ 3 0) Por
exports and pch(é 0) for imports,l)

The problem may now be restated as

(2) Min 2 = > 8cda Jcda
a

c d
%; %; Bl uann bgd (d=a1l)
= > £len(a) Toqq e (c=all)
~Yeda > ~Feda (e,d,e=dll)
Toin > 0 (c,d,a=all)
3 E
glgn(a) = if a =
- A

An illustration of this type of problem is given in table 1.

1) Individual constraints tying the export of one commodity
with the import of another commodity agreed upon in
bilateral trade agreements may be accounted for by a slight
revision of the problem 1132, the master 11:% and the
preference function of the subproblem 1l:4, but may prob-
ably be better handled by being included in the subproblem
11:4 and devising a special algorithm for its solution,
which would differ from the one presented in par. Tl As



Table 1. Typical structure of the export and import quantity problem,

Comment
Incompletely

convertiblie
currency

blocks,

- 15 -

T T .
. | \ I !
E116%128 5148 B211%21 %31 %51 5511553885315 58  BeszBest

Commodity

only exported |

only imported

-~
not subjectt4
foreien trade

-wm.hmmﬁef

and exporiced

= 2 I I T By i
| P1iR P11 19511 I = | bp,
e P1og | Pear | | bp,
V& P14m| | [p643p641 prF
5 l Pasrt | p55E| brg
| T —
uy +1 +1 +1 +1 I b2
5 | | Y
Y | 1 0
U, | +1 =1 +1 -1 b5
5
| < Sl b
% 1 : 6
ST o e ; | ; 2 =¥
- | ]
Byog L ! | | 128
1 | o=
B e -
f211 ;dl | l a1z
| =
i l
hoa1 | | | Y221
-1 ! =
r | _
h A -5
251 ST USRI U ool IR sl (PSRN (NI W o (- -
-1 S
o | [ I Yoit
=] | -y
f53p | | | Y538
h -1 ~y
227 | : ! 531
h | -1 =
55E i [ e R —l R, 55K
B0 % o e s -
= ~3
h64E l | : 6L4E
| | = '_'V
Beu1 | , l 641

|
|
V11891289148 19211%221231%251 | ¥5117538Y5 317558 esrYeut
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The problem (11:2) may be solved by making the preference
function and the: currency equations into a master of the

type i?

(2) Min (g g % Scda ygdua) £

O—:— Za Poda Yoas) Zp = PPa (d=all)

gz =1

I

5 =
Zp, = 0 (r=all)

and the subproblem

(4) Min 2 g = CBadn -~ Peda Va) Teda
¥~ ) sign(a) oda .= Po fezalil
d a
Y oda 2-F 4a (¢,d,a=all)
ok 2 0 (c,d,a=all)
ey B
Sign(a) = il a =
s T

V3 being the iterative or shadow price of the dth resource of

the master 1l:3.

1) A more effective formulation of this master problem will be
considered in paragraphs 12 and 14,
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The last minimization problem (4) may be separated into as
many independent minimization problems as there.are ccommodi-
ties. Every one of these problems will éontain only‘one

constraining equation and be of the type:

: x 72 £5e
(5) Min %E é; Scda Jcda (gzda“gcda—Pcdan)
é; é; sign(a) Vi = bC
~ Jeda = ~Toils (d,a=all)
s > 0 (d,a=all)
= E
sign( a) = i a =
3 T

This subproblem embracing only one commodity may be readily
solved by means of the folloﬁing algorithm, in the description
of which partiai use of the international algorithmic language
ATGOIM has been made.

For brevity of exposition we have omitted reference at most

places to the commodity index c.

Step 0. As we want to minimize the operations necessary to

T
cda

all calculate the value of the following terms for all commodi-

carry the y solution into the master (11:%), we once for

ties (the index ¢ is not indicated) and for all markets (the

index variable d):

1) Forreaders not familiar with ALGOL we point out, that a
variable index appears within a parenthesis (e.g. by eE(d)
we simply mean'edE),'that := means substituticn i.e.e—,
that begin and end work much like very large parentheses
and that : is used to indicate a place (label).

For particulars cf. the primer by Daniel D. McCrackem (12)-
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ep(d) = gp(A)x yu(d)s e1(d) 1= gr(d) x y1(d);
q-E(d) 3= PE(‘i> X ?E(d)i qI(d) o= PI(d) xi’I(d);
and define eE(E(O)) ¢ = eI(I(O)) 9= qE(E(O)) 1= qI(I(O))::O;

g%(E(O)) = g%(I(O)) := large negative number;

The effect in the master problem (11:3) of the yé&a solution
of subproblem (11l:4) will be defined by the vector 1)

[ ]
o =7
6) L 25 %; z; &cda Ycda

> Y poaiima
= = cda cda

E 1 .
Step 1. Before every solution (r) of the subproblem (11:4)

the vector ?Phas to be set equal to zero except for its unit

element,

Step 2. Thereafter we do the following procedure for all the

commodities of the subproblem (1l:4):

1) Tt will probably to suitable to let this vector have one
redundant element as has been done at p%geEO,cf, the foot-
note at the same page. ‘
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Step 2A. For the commodity c

the names of the export markets or districts are arranged
according to rising gg (d). As a result we get the export
order vector E. The consequtive terms of E indicate, which
export market is the best, next best, and so on to the worst.
The names of the import markets or districts are similarly
arranged in rising g%(d) order, and as a result we get the
import order vector I.

The consequtive terms of I will also give the name of the

best, the next best and so on to the worst import market.

Step 2B. Thereafter the following few. operations are done
which aim at‘pairing favourable export opportunities or
domestic requirements with import opportunities or awvailable
supplies.
1)
The local integer variables i and j will be used for

indexing. The cumulative sum of export and import bounds

will be denoted by the real variables SfE and S§i°

1) A local variasble is one which is only defined for a certain
part of the algorithm and though it may have the same name

as some variable used in other parts (e.g. i, j.in par. 2)
is not identical with the latter.
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begin

comment: neither net export nor net import (b=0)3

die—ijia=13 SﬁE zz_iE(E(l)); SiI :='§I(I(l));
comment: net export;

if b < O then begin J := 03 S§I s= ~b; goto I end

else
comment: net import;

if b > O then begin i := 0; SﬁE := b; goto L end;

comment: no remaining profitable re-export activities;

L e (RGN s g?(l(j)) then goto READY;

if  S¥p AN Syp then

begin comments cf. footnote;
V(O)g:V(O)+eE(E(i));V(E(i))3=V(E(i))+qE(E(i));i:=i+l;
if gg(B(i)) ¢ -gT(I(J)) then

begin S§E $= SﬁE + §E(E(i))g goto L end else

Begin y = 875 - S77 + Fp(I(3))s V(O) :=V(0)+yygr(T(3));
V(I(H)) :=V(I(H)) + yxpr(I(3)) end

end

1)

The element of V corresponding to V(E(0)) and V(I(0)) is
redundant for the solution of the master (11:3) and only
used to permit the same algorithm being used for various
values of the commedity constraint b.
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lse if 8y; ¢ Syp then

(0]

begin
V(0):=V(0)+e(I(3))sV(I(J))e=V(I(J))+ar(L(J))sJs=J+1;

if  gR(B(1)) ¢ -gT(I(§)) then

begin S§I :=S§I + ?i(I(j)); goto I end else

begin y:=8y-8Yy +7(B(1))3 V(0):=V(0)+yxgr(E(1));
V(E(1)) &= V(B(1)) + v x pp(E(1)) end

end

else comments: S§I = S§E $

begin
V(0) :=V(0)+ep(E(1))+e1(I(J))3V(E(1))s=V(E(1))+qg(E(1));
V(I(3)) &= V(I(J)) + ap(I(3))s 1 s= i+l3 § :=J+1;

if gg(B(1)) < -g(I(J)) then

begin Siﬁ 3= S§E+§E(E(i)); S?I s=S§I+§I(I(j));goto L end

In general, either of the two parts of the algorithm
indicated by vertical lines has to be Tun through, though
Qg;x as many times as there are export and import bounds
that will become active. Very few operations, all of which

are simple additions and testings have to be made during

these runs.

The total number of export and import bounds will only
affect the necessary number of multiplications to obtain

the gﬁaa terms and the sorting required to get the export
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and import order vectors in step 2A. This work may be
brought to a minimum by using our knowledge of the approxima-

tive (i.e. the previous) order of the gga terms.

11,B The Export.and .-Import-Price Problem

The second problem involving Bij:matricesqwhichmm will have

to deal with is of the tjpe

3

(7) Max b'u— ¥y h

in which u is the vector of prices of the commodities and h ¢

of the export and import bounds in the various foreign markets.

The detailed structure of this problem is illustrated in the

table below.
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Table 2. Typical structure of the export and import price problem,

(Commodities 3 to 6

not subject to foreign trade.)

Max | b, b, b?"51lI"§12Eu§13I_§l4Im§21E"§22E"§711"5741
e
Y1z | | #2 -1 2 ey
Yieg | |t -1 21 o
0o B -1 b
V141 1 -1 B1a1
aE = Ei 821R
Vaon iz | Boog
Yoy il -1 B
T o g gfm-
o e up| Byp 7| Byog| By | P141| 218 Poer | P711 | Poax
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Tt is. evident that this maximization problem may be separa-
ted into one. for every u, (¢ being the commodity index) .
There will thus be as many independent maximization problems
as there are commodities. Every one of these will be of the

type (omitting the commodity index g)e

(8)  Max bu -7_(; Za T

sign(a) u | —-hda 4 83a (d,a=all)
u, hy. 2 _O (d,a=all)
b E \
sign(a)= if a =
+ T )

u = a single variable, corresponding to the price of one
commodity, hda = the price of the export or import bound

on this commodity in market d.

If we transfer the u variable to the right side and multiply

by -1 we get the identical problem

(9 Max - EE ST Tae Han * bu
a
hsg 2 - Bag + sign(a) u (d,a=all)
i b
L (d,a=all)

u =2 0
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For any fixed value of u it will always be best to select the
lowest possible value of hda which fulfills the two inequalities

above, which is

(10) by, = Max (—gda + sign(a) u 3 0) (d,a=all)

Thus we may insert these expressions (IISlO)for'hda'in the

preference function and get an expression in the sole variable u

(11) z(u)= Max - %é 3 ?da (Max (—gda + sign(a) u; 0)) + bu
a

- E
sign(a) = if a=

+ i j

ux290 ¢

In maximizing this function it will be of importance to know

for which ranges of u the expressions Max(—gda + sign(a) u; O)jwhen

u 2 0; begin 'to become greater than 0. These ranges of u

are given in the table below.

Table 3. Values of u for which the expression Max (—gda+'sign(a),u30)

Begins to differ from zero.

e s iy e Name-of “he-cofil
Sign of (=gg,) 81Zn(a) |yination of sigrs | Range of u

= 0

oy + Kl u

i % K5 u 2 gy

+ | - L 0O £u £ - gsp
- - K@ the expression

equals zero for
all wvalues of u
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The g3, values which are eritical are thus

s

(12 B3 -0

e
(@]

If we order these values, we will get the consequtive points

at which the preference function will change its direction.

Fig. 1 The typical outlook of the preference function as a

function of u

Prefe-
rence

! |

|
func- | | l
tion % | l |
| ', |
| I |
: I
laete] |

) The breaking points correspond to
= ng (:-'O) or —ng (lO)

\\fommodity
price u

An important question is whether this function has one or

several maxima, as it will _influence the number of points u

for which we have to calculate its value.

We therefore separate the terms of (11:1l) into the four

groups of (11:13) defined in table 3 by the indexes K;, K, ,

K, »K

5



e 0L ey e Jh-
ng(uégK ) K s
= AZ _K ("'gK )+ ;
KBG_(:u"'gK e 3%5(U—SK
-2 Tg -0+
Ky &
+ bu

s

w P

Ve U-
=3

Comments
the terms always included and
the variable terms always de-

creasing for increasing uj

the terms are introduced for

Bx and are always de-
creasing for increasing u;j

u 2

the variable terms are increas-
ing when u ghanges from O to

—gKE, the sum of each co -

corresponding constant and
variable term approaches 0 as
u approaches the corresponding

~8g value and assumes the

value O for u 2 - gKB;

the terms are always zero for the
permitted non-negative range
of u 3

the term.is always increasing

or decreasing depending on
the sign of b

We note that no new increasing term is ever introduced

after m has become greater than zero, the increasing terms

are switched off gradually (for u assuming the values -8x )

and new decreasing terms are switched on gradually (for u
assuming the values gK2)° This mean that once z has begun
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to decrease it may never begin to rise again. To find the
maximum of z we have therefore only to determine for which
84a value the derivative in regard to u changes from positive
to negative, or between whiéh‘gda valués the derivativé equals
zero. Thus for some value u = gy, we have only to fopm the sum
s E£=--2 F - & T T+
Ky 1 Kée(ué ng) 2 K5E(ué ngKa) 3
and note for which value of u it ¢hanges sign or becomes zero.
We may start with the correct expression for some arbitrary
value of u and increase or decrease the value of u to the
nearest gy, if thé”éxﬁression is positive - (or negative).

When the optimal value of -u.(or range of values) has been
determined the other iterative prices hda are easily obtained
from the expressions of (11:1Q)s
(15) hy, = Max (~gda + sign(a)_g s 0) (&,a = all)
Thus the determination of the iterative prices of the sub-

problem dealt with may be done in a very swift way.
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12. The Pecomposition of the Short-run Production and

Foreign Trade System.

12.1. Combination of partial solutions (¥*.XT) to enable the
fulfillment of all quantity equations.

Knowing various sets (r) of feasible x, y solutions

to all bounds and all equation groups except thebalance of

payment and the o-group,we attempt to find a combination of

solution vectors which satisfies all ¢onstraints. In principle

we are interested in solving the master:

(1) Min (gyt + £x%) Z
(cyT + 0x%) z, = bp (O=a zero matrix)
T o\ B L . :
(Boy b A% )zm = b, (BO_BOO+ a zero matrix)
2. 2 =1
P D
b S — 7\
Z.Il = 0 {,_I‘-—-al;,-

In practice we will use a slightly more sophisticat-
ed formula, which may be expected to be more efficient as
it solves the problem (1231) i) in several stages; and
ii) for a given number of auxiliary variables z increases
the range of possible combinations though at the cost of

increasing the number of equations.



12s1A. The (xi,yi)r sets are first combined to satisfy

the o-group of equations

(2) Min((gawvﬂfd)ygjz_ + Z ((g;=v0, )y:rs+f er)zlré +<fox§?‘:)2r

i=l
= : 5
B T + Z (Boy¥57) 25 g+ (g %o )7z
% Z_t =
% ZI‘ =k
S
Zys Zpy Zipg >0 . ({=1,2, ,m3bt,ry8= all}

This formulation will permit us to use one solution X,
together with many different solutions of each X, group and
with wvarious ¥ solutions. This is of great importance as
the number of equations of the o~group which have to be .
satisfied may be supposed to be fairly large(for instance,

of the order of 200). If we have one X solution and, for
instance, ;5)solufions of each X; group and 10 to the Yo
group, we will have obtained 1450x 5+50 = 261 vectors fairly
easily. These may be combined to satisfy the 200+1+50+1 =

—

252 equations.
Tt should be noted that this introduction of additional
equations is not necessary from a formal point of view. The

same over all solution may be obtained by making all possible
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extreme combinations of group solutions and including the

corresponding column in the master:

(3) Min ((g - vC)yT + fxr)zr
T T %
(Boy + on )zr = bo
Y z =
e
z A0

f 6

An equivalent programme would then consist of 5"507< 30 A 1036
variables and 200 + 1 equations.
If the computational work required to solve a linear pro-

gramme increases approximately according to the formula

2

(4) T1p= m % n X constant

in which m equals the number of equational constraints and n
the number of variables, we may expect the following total
computational time for solving (1232)

(5) 25223(261 X constant @4 the order of 10{?

while for the equivalent formulation of (12:3) we might expect

(6) 2012'K 1036x constant @ the order of 1041

The formulation (12:2) may therefore be expected to be more
effective than (12:3).
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12.1B The resulting (y,x) sets are then combined to

satisfy all gquantity equations.

: : : t rs rs r
: ing' found a solu = % : : s
Having' found tion gy x. ( To Z6r I Zips® ¥y Zpgr¥o Zp

S

which satisfi%s all constraints except the balance of payment
ones, we wish to find one which will also satisfy the latter.

In principle we do it by'sélving &8till higherrmaster

@70, Min(gy® + £x°) %y
(Cyr + Oxr)zr =Db

2

r iy

p

3%

1

Z 0

r

In solving the previous master (12:2) as many of the 2
Zipgd 24 will differ from 0 as there were equations. The
various possible T3 vectors would in turn be a combination of
the original y§ vectors multiplied by the non-negative 2zj..
terms and added together. If the master (123:2) embraced a
great number of equations, it may perhaps be more effective

to establish the net bounds for the B,.y; problems, and solve

them anew for given guantities, i.e. solve the m + 1 problems:

(8) Min (g; - vC;)¥5
Bie 7y =bs ¢y 3
~J4 2 _51



(x Dbeing a solution satisfying the (1E§'2}imaster)---usi'ng'~ ~the

procedure desalt withm2at¢11l:4) and seqiiels---

In analogy with (12:2) we solve the master (12:7) by formulat-
ing it as '

m
(9. Min 3~ (Ciygs)zi

w(£x7) 2
1=0 =

s

L rs
&= (037570250 = bp

D=t 1
2. Ip
g: Zirg™ %p (i,r=all)
Z,s Zirsé (58 (i,r,s=2al1l)

(xr being a feasiblé¢soiation %o thetl232)master)
It should be noted that the partition into subproblems (i)

need not be identical with the earlier partition used in

respect to production and may vary from iteration to iteration.
We may alsojtefatefbetweenl2a9 and 12:8 as many times we like,
and in doing that we are free to choose a Pimer or coarser
subproblem division in order to obtain the optimal structure
and size of subproblems of export and import quantitiesips well

as the swiftest Powting of their solution (cf..par,.l4).

The purpose of the earlier detailed investigation into the
properties of a simple export and import quantity problem for

fixed export or import quantities, should now be evident.
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12,2 Feasible prices Vv, uo_gbtained from the highest

quantity masters.

As a result of solving (12:9) we have obtained the value
of the original preference function, feagible prices v of the
rows bp, from the renewed solution of (12:2) feasible prices

u of the rows b_
o) o)

12.3-4 Calculation of u;.h, and k.on the basis of given

Y......l_—uo
Our attention is now turned to the dual problem.

The selected v , u, are feasible price solutions to part

of the price equations. In principle we are now interested

in complementing them by feasible UjyeesUpi h ,..,hm and

0
'kl ,oo,,ko in such a way that the dual preference function
(cf. 6:1) is maximized.

In other words, we wish to obtain an improved solution to
the dual problem (631), using our knowledge of earlier partly
' feasible price solutions and the newly attained price solu-
tions W, M, .

As the number .of equations .is -supposed to be extremely
large, we will gain by solvimg. the Uymly -and k; i
in a two or three stage process, which' will mainly depend
upon the form of the matrix Aii‘

In principle, we attempt To solve the dual problem by

dividing into a price master of the types
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m m
(10) Max(va + Z b u -z y Z x; i)zrux k
1=0 =0 i=1

m 1
ey Aio uir) 2k, £f
' i=o0 ‘

e}

B
Z., > 0, k, 20

(a more effective formulation will be considered ini(12327))

and the subproblem of finding such s vectors which will maxi-

mize a modified preference function,

a3 . m R T
CLE) Ma:xbpﬁv +(bo-» Aooxg)uo+ b (bi-—AiOx )ui—yoho Z yihi—z
i=l 1=l i=d
7 1
A .u+ A .u -k £f; (i=1, ,m)
1 ” 1
T f 9
e £
Cov 4 Boouo hO £ g,
v o,u, , bk 20 (i=0,1, ,m)

This subproblem may be made separable, by inserting the last
feasible v , U, price solution obtained from the quantity

masters (12:9 and 12:2) and this will gives
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gne subproblem of the Type
(12) Mex =¥, b,

B e e
hy = 65 Gl =se o

fu s, -1

andngLsubproblems of the type

' Al
(13) Max (biuAiOxo) e yihi - X; k

&
I~
H
l

.
o

&
o

|
=

IN
(0]}

]_.I

I
Q
o

ugy by, kg 20

The problem (12:12) is equivalent to the following problem

(obtained by multiplying by minus ones):

x =
(14) Mln_yoho

h < 1 -O! Bl I!

o T TBREY T Pgs Yo T B0

h, 20
The minimum of this expression is readily found as
: £ \ .
(15) 8o A0

h . = if g2,

The subproblem (12:13) will be solved in various ways depending

on the dimensions of the Aii and the Bji matrices.
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A;; of the standing rectangle type

]
If Aii is of the narrow ilying rectangle form it may be most
effective to solve the problem (12:13) by formulating it as

a master of the type:

s rh—_! T __’
(&) Max((};i Aioxo)ui 73 hi)zr xiki;j
‘I‘ 1 !'
(A;395)2, -k =f5 - A4iY%
s I~ R
5 %
Y LY
Zr >0 '?i* 0

(which will give xi values as "shadow" quantities) and the

subproblem
.
(17) Max(bi - Aio B Aii xi)ui - yihi
t ¥, 1 . 4
Bisus ~h; £ 83 € O3V
N 3
u; = 0 hi = 0

the detailed solution of which was the subject of par.ll.B.

As the problem (12:17) will not determine uy values for
commodities not subject to foreign trade (cf. note in par.l1B),

the master above (12:16) will have to be formulated on the

following lines
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(18)  Max((b;y-A;6y%, ) =T8Ty ) 2 (0g (~As o (%o ) uy ~%ik;

1 T i 1 L

- S
(B33yU5y)2p + B33 Bi( i SE Ao
g; L 1l

s
z_ & 0, ui(né 0 ki *0

By the vector ugﬁ is meant the solution to (12:17) but exclud-
ing all fthe uit prices which correspond to commodities not
subject to foreign trade. The cloéing parenthesis may be
memofized as "already committed to", the opening as "open for
determination"° The matrices_%ii)and Aio) have been obtained
from the A % and A matries by deprivingithemcof the rows

Risq

to foreign trade. The .same is the case with the bjjand bj(

vectors.

and Aio( corresponding to the commodities not subject

Al of the lying rectangle type

f
If Aii is of the narrow standing rectangle form it may be

more effective to solve (12:13) by solving its dual

(19) Min (gi -VGi)yi +(fi,“ qulo)
a i
Byg¥y + A4 Fq = by = B4 %,
- > 5,
s N
Xl == Xi
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When the number of Vi variables is very great it may probably

be solved with advantage as a master programme of the type:

; T
(20) Min((g;-vC;)y3)z, + (£3-u ;)%

T 3 .
(Biiyi)zr + A, 0% 2 b. = 4. X

z_ 20 x. 20

(this problem gives the-féasible:priseés u, iand) k;

and the subproblem

(21) Min(gi-vCi - uy Bii)yi
e, Xt
yi - yi
T3 = 0

By reformulating (12321) as

3 . ) : -

(22) Min(g; 0 -uy-Bys)yy = 8573

I4 £ gfi

y; 20
it i readily seen that its ssdlution iis extremely -simple

' 0 s >0

(23) = 1 0

yi,] j_f 1d FARS

iJd
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but we note that in addition to sending a y; vector into.
(12:20) we have afterhaving found an acceptable u,, k. dual
solution to (12:20) to send the latters together with the

appropriate hi prices to the overall price master (1210

Thege dual prices hi will be easily found by formulating
(12:21) as

5]
(24) Max -¥; by
—h z 1 l_ 1
~#hy eigy = 0akeB g
Y
hi 20

which is equivalent to

?

(e5) Min y, hy
B S e oy B et
e e B 11240 =8y
h. =20
akt
thus
0 £ 0
(26) h. .=| - =
i af 2o
x 1d
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12:5-6 Obtaining feasible prices v, u;, h;, k., an

estimate of the dual preference function and

- an X selution.

A\

As the result of the above calculations we have found

sets of prices v, u;, h. (i=0,1, ,m) and ki(izl, ,I1) , every
one of which only fulfils the equations of (12:11). In analogy
to what was done with the partial quantity solutions (12:2),

we may now attempt to solve the overall price master (12:10)

by formulating it as.

' v I » “=it.p = ' 's =t.PS =$.7TS
(273 Max(BEy =i Dbl =T g0y #1208y~ ~Tiby ™ =%y 085 Tk

r 2 Sl rs
(Aoouo)zr g Egicﬁioui )2i5ng ~ ko =1,
er=l
T
é;zirs = 2z, (i=1, ,myop= all)
By Zdaust Ko =0 (d=1, sm;r.s= all)

Asg a pesult we. obtain'the “shadow"™ quantities X
of the above price problem and a value of the dual preference

function.
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12:7-8 Determination of_yi, X for fixed Xoa Vo U,

If we insert the last X, values obtained from the master

(12:27) into our primal. equation system (5:1) we may readily

obtain a new partial quantity solution (y,x) if we disregard

the balance of payments and the 6-group of commodity cone

straints and use a modified preference.funcfion.

. % B
(28) Min(g =vC,~uyB )Tt Y- (83 =VO;)y;+ Yy —uAsEs
i=1 : =1

ByyTy + Aggx; = by - Ay %, (=1, 4m)

o R,
Sy Ty

_xi > —-il (ll:ll 9 3 m)

vy ) (i=0, ,m)

x5 20 (i=1, ,m)

This problem is separable into

one of the type

: _ X
(29) Min(g, ~vC,~u Byo) T, = 8, To

14
I
1
(@]

"
o

yo"’



SR

with the obvious solution

0

(30) yoj = if E 3

1
O

41
(@]
cl.

and m of the type

(31) Min(gi- vCi)yi +(fi —uOAOi)xi

Bijv; + Bi3%y =Dy = A,

v
|
ey

|

o
v
|

As was the case in dealing with the corresponding price
problems in (12:13), we may also choose to solve these quanti-
ty problems in two ways mainly depending upon the dimensions

of the matrice Aii'

&ii of the standing rectangle type

We may then consider the dual of problem (12:31) which is
just (12:13) and decompose it into the master (12:18) and the
subproblem (12:17). The X5 quéntities will then be obtained
as "shadow quantities" from the master (12:18) and the ¥s

quantities from solving'the dual of (12:17) which is
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(32) Min (g;- v0y)y;

the solution of which was dealt with in par. 11.A.

&ii of the lying rectangle type

It may again be preferable to use a master identical with

(12:20) and a subproblem (12:22).

In solving the subproblems involving the 73 and u; variables,
it should be noted that these subproblems may in turn be

'~ partioned into smaller ones and so on until we have as many
subproblems as there are commodities. Appropriate changes
will then have to be made in the masters above. This possibi-
lity may be used to speed up calculations. This will be
brieflyudealtMWithiin?par.»l#.

As a result of these calculations we will have obtained a

new partial (y;x) solution and may again combine it with the
other known ones in(12:2)which was.the point of departure of

this chapter.
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1%3. The guccessive Gontraction of the Ppossible Range of the

Optimum value of the Preference Function.

The successive solutions of the highest quantity master
(12:9) will give a falling sequence of possible values of the
preference function. The successive solutions of the highest
price master(1l2:27) will give rising sequence of values of
the dual preference function. In the optimum the values of
these two functions will be equal. A useful estimate of the
possibilities of stil; further decreasing the preference
function will be obtained as the greatest possible improve-
ment cannot lead to a value that is lower thén the last and

highest value of the dual preference function.

14, The Optimal Structure, Size and Number of Subproblems

and the Routing of Iterations.

The most important factors for the swift solution of
the linear programming problem dealt with will probably be
the selection of the most effective structure, size, number
of subproblems and the routing of the iterations.

Some of the most interesting possibilities which

seem to appear here will be mentioned below.

Sensitivity of a subproblem

In dealing with for instance, an export and import

quantity problem we may notice that for certain commodities

the comparable prices (gzé) in various markets only slightly
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differ; very large unused import or export possibilities ..

are existant and the value of the export or import is
q§¥§tiveiz’la§ge in relation to that of other commodities.

The solution of the subproblem will then be extremely
dependent upon small changes in the currency exchange rates
(iterative prices v). The balance of payment vector which
enters tﬁg corresponding master problem, will in turn strong-
ly change its character, which will influencethe new currency
prices.

In solving the whole problem'it may then be mostcefficient

to partition, for instance; the export and import quantity

subproblem into one subproblem embracing very many insensitive

and unimportant commodities and one embracing very few but

sensitive and in value important commodities.

*

To obtain a feasible solution to tﬁg'whole problem we

repeatedly solve the relatively small but most important
subproblem and only some very few times the less important
though verw'largeuin:numb&rfqﬂpcommOEities.

The advantages of this principle are readily seen.

Suppose we have a master of 100 equations. If we introducé
only ggg%formal subproblem we will usually have o solve the
éubproblem at least 101 times to get a feasible solution of
the¢g§st€r$ 'If we assume that we have one largesized sub-

probiém emppgcing 99% of the commodity numbers and one very

small but sensitive and important embracing 1% of the

i
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commodity numbers, we may solve the small at least 98 times
and the large 4 times to obtain a feasible solution to the
master of 100+2 equations. The effort spent in solving the
foreign trade quantity subproblem, will then be equal to 98%
+ 4x99% o4 5 solutions of the entire subproblem. This would
lead to a 95% reductionﬁof computational work in regard to

the straight forward approach which used only one subproblem.

The sensitivity of a subproblem in respect to particular

price changes.

If, for instance, the foreign trade subproblems may be
so constructed that they include only those commodities which

are traded with some particular currency re@ions, then the

resulting subproblem will only be sensitive in regard to
iterative price changes of the corresponding currencies.

If in an iteration no appreciable iterative price changes of
some currencies but fairly large changes of certain other
currencies have taken place it may then be most effective to
solve those subproblems which embrace the .regions for which

large iterative price changes have taken place.

gge extremality of a subproblem

In dividing a subproblem into for instance, two subproblems
(each of which are assumed to be equally sensitive to price
changesA) it seems to be probable that a division into one

with predominant; positive effects (e.g. export cpmmodities)
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on the master problem and another with predominant negative

effects(e.g- import commodities) will be more effective than
two with more mixed effects (e.g. each one including both

export and import commodities in equal proportions). In the

first case we are likely to obtain more extreme vectors in
the master programme, which may permit the formation of more

advantageous solutions.

The size of a subproblem

Even though we may haﬁe succeeded in partitioning the :problem
imtoo some subproblems embracing approximately equally sensi=
tive commodities the problem of whether the size of the sub-
problem is the most appropriate one remains. If we, for
instance, would divide one of them into two and employ the
policy of immediately revising the master after the solution
of each, we may make use of the ﬁﬁprovementuﬁ?the iterative
prices gained from solviﬁg the first half of the original
subproblem, for solving the second half. This will lead
to an increase:din the relative number of times which we will
solve the masté;, Jbut may lead to a decrease in the total
computational work required to reach the 6ptima1 solution.
Even if we will'not reviSthhemmasterlafter;theXSOIutioﬁ'of
each of the two new subproblems,we may still have a decfease
in the number of times we will have to solve the master as
we have a greater number of partiél solutions that may be com-

bined in the master.
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The routiing of the iteration process.

If we have several subproblems to one master problem, :
a considerable saving of computational work may often be made
by immediatély revising the master after the solution of a

subproblem and then selecting that subproblem for solution,

which may be expected to have the greatest influence on the

general solution so far obtained. This will mean that we

will repeatedly solve the most sensitive subproblem, then at

one time or another swift Qver to a less sensitive one, and
again work repeated by with the more sensitive ones, etc.

We will then have to introduce a special mathematical programme

a_PBolicy Problem , the solution of which gives the .subproblem

which has to be solved in the current iteration,

The topies mentioned in this paragraph would for their
detailed analysis require much the same space as this mathe-
matical appendix. Their discussion will therefore have to

wait for another opportunity.
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15. Belations to Certain Bast~RBuropean Investigations

One of the aims of this paper has been the further
development of some'forﬁﬁlatiohs for both production and
foreign trade planning made by J. Mycielski, K. Rey and
W. Trzeciakowski, (1,2). Certain disadvantages are asso-

ciated = with their conception in that:

i) the proposed procedure will not necessarily give

a series of solutions converging to the optimal solutionl);

ii) +the restricted use of the knowledge gained aboub

other possible solutio_n;ﬁ, Emtb have fhe advantage of

iii). implicitly raising the question of whether a swifter
road to the optimal priéés and quantities may be found than
that which is derived by combinations of known solutionsa).
To implement such an idea various approaches are possible.

We may make an attewpt by introducing the principle of over-
and underrelaxabion or in economic interpretation of "spec=
glation” and "inertia®, ;é has been done in certain studies

in the Soviet Union.

1) The thought expressed in "Decomposition and Optinization
of Short-Run Planning", (1), P.35,thats s
"On the given step of iteration the inequality 551 AkijLBki

suggests that lk must-be lowered, and the opposite -one that it
. 3
must be raised"

will by itself not guarantee convergence® The simplest way cf
showing this seems to be by inspecting table 3, rows 3 and &
in the author's study "Iterative Pricing for Planning Foreign
Trade" (9). Using the términologyiof Mycielski~Rey-Trzeciakow-
ski. and adding superscripts to indicate iteration we find that
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Continuation of footnote from p. 50.

12 = ¥ = 1.300 contributes to Z by = ~0.85 £ B,=0,
thus, according to the prlnclple suggested_it may be raised to
& _ A
l1 = Hl = 2.900; ’
M3 = 0.210 contributes to E by, 7y = -22.854B, = +1,
2 j=1 23 "3
thus in accordance with the‘said principle it may be raised to
o < i
1§ = aﬁ% = 1.000; :
= = . : : R , A=]lph=
;3 HB- 0.160 contrlbutea to g[i ABJ Z 60.00 > =16 3
thus still in accordance. with the said principle that it
may be decreased to lg Mﬁﬂ = 0.095;

=
A\
]

If we study the balances of trade which correspond to

“the Hg, Mg and M& thus chosen we see that while still
adhering to the above principle we may set M{ = Mi ’ ﬁz = Mg

and !g = lg_ and continue in this way, always putting the

iterative prices of an gven iteration equal to those of the
fourth iteratidn, and those of an uneven iteration equal to
those of the third, without ever reaching the optimal solutione.

2) This possibility may be felt by inspecting Table 4 in the
author's study "Iterative Pricing for Planning Foreign Trade"
(9) , where certain price sets as in iteration 8 seem %o
deviate strongly from what in the end will turn out to be the
optimal pricese.



- 5Dha

The production and foreign trade model of this paper
aﬁfempts to use the method of D. Pigot (4) and theoretigcally
relatéd concepts of Kornal and Liptak as described in A. Nagy-T.
Tiptak (3) for solving systems with some filled rows and
columns in an otherwise separable problem, and analyzes how

the foreign trade matrices should be treated.

An interesting conclusion is that the problem of optimal
allocations of export and import quantitives on incompletely
convertible currency territories will become a subproblem in
the overall system of'economic planning. This will enhance
the importance of empirical studies of this subproblem which »
are being undertaken by A. Marton and M. Tardos (6) in Hungary
and by W. Trzeciakowski in Poland.

This study deviates also from some Russian concepts of
employing one auxiliary constraining inequality at each level
of a pyramidal economic planning system and considers that
it in general will be more effective to employ several in--

equalities (cf. the discussion in par. 12 and 14).

Complementary views on how blocks of different levels of
planning models may be integrated to form am all embracing
planning system.are contained in Yu. I Chernyak (7) and
A. Modin (8).
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